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1. MOAYJb JEMCTBUTEJBHOI'O YHUCJA. YPABHEHUS U HEPA-
BEHCTBA, COAEPKAIIIME MOAYJIb

Onpez[e.ﬂeHHe M CBOIICTBa MOaYyJIsd AEHCTBUTEIBHOI0 YHCJIA.

OHDCI[GHCHI/ICI MOJYJIEM YHCJIa X HA3bIBACTCA PACCTOSAHUC (B CAUMHUYHBIX OT-

pe3Kax) OT Hayajia KOOpJAUHAT IO TOUKU X. MoaysIb 1eHCTBUTEILHOI0 YHCJIA -3TO
a0COJIFOTHAS BEIIMYMHA YTOTO YHCIIA.

[TompocTy ToBOPSI, MPH B3ATHU MOIYJISI HY’)KHO OTOPOCHTB OT YHCJIa €TO 3HAK.
Monynp uncna a o6o3Hauyaetcs |a|. ObpaTuTe BHUMaHKUE: MOYJIb YHCIIa BCEria He-
oTpurareneH: |aj> 0.

6| =6, |-3| = 3, |-10,45| = 10,45

OnpeneneHue MOIyJIst

X, X=0;
‘X‘: —-X, Xx<0.

CBoWcTBa MOJTVIIS

1. Moaynu npOTHUBOIOIOKHBIX YUCET PABHBI ‘a‘ = ‘_ a‘

2. KBazpat Moaysist unciia paBeH KBaapaTy 3TOTO Yncia ‘ a‘z —3a?

3. KBanpaTHblii KOpEHb U3 KBaJpaTa 4ucia €CTh MOIYIb | /52 — ‘ a‘

9TOI'O 4HCJia

4. Moaynp yuciia eCTh YUCIO HEOTPULIATEIbHOE ‘a‘ >0

5. TIOCTOSHHBIM MOJOXHUTEIBHBIA MHOMXHUTEIbL MOXKHO ‘C-X‘ZC-‘X‘

BBIHOCHUTD 34 3HAK MOAYJIA >0

6. Eciin ‘a‘ = ‘b‘, TO a=+b

7. Mozyns nponsBezieHus AByX (1 Gonee) umcen paseH | [a-b|=|a|-|b|

IIPOU3BENCHUIO UX MOAYJIEN




Pelenue ypaBHeHMI M HEPABEHCTB, COAEPKANIUX MOAYJIb.

YpaBHEHHS, COIEPIKAITNE MOIVIIE.

1. Ypaeuenns Buaa |f (X)) = A, AeR pemarorcs cieayromum o6pasom.
Ecou A <0, To KopHEel HeT.

Eciu A=0, To ypaBHEHHIO ‘ f (X)‘ = A cootBercTByeT ypaBHenue f(x)=0.

Ecmm A > 0, 1o ypaaenmuio | f (X)| = A cooTBETCTBYeT paBHOCHIIbHAS COBOKYTI-
F(x)= A

HOCTb .
f(x)=—A

2. Ypasuenus Buaa | f (X)| = g(x) pemarores caexyromum oGpasom.

YpaBHEHHUIO ‘ f (X)‘ = g(X) COOTBETCTBYET paBHOCHJIbHAS COBOKYITHOCTh CHCTEM
{g (x)>0

f(x)=9g(x)
{g (x)>0

- f(x)=9(x)

3. Ypasuenus Buaa | f (X)| =|g(X)| pemarores caeayromum oopasom.

Crioco0 Nel

YpaBHEHHIO ‘ f (X)‘ = ‘g (X)‘ COOTBETCTBYET PaBHOCUJILHOE ypaBHEHNE

f2(x)=g%(x)
Croco0 Ne2

YpaBHEHHUIO ‘ f (X)‘ = ‘g (X)‘ COOTBETCTBYET PaBHOCHJIbHAS COBOKYITHOCTD

{f (x)=9(x)

F(x)=-9(x)

4. Ypapuenus suaa | f (X)) =—f(x) n |f(x)|= f(X) pemarorcs caexyromum 06-
pasom.

YpaBHEHHUIO ‘ f (X)‘ = —f (X) cooTBeTcTBYeT paBHOCHIbLHOE HepaBeHCTBO T (X) <0,

YpaBHEHHUIO ‘ f (X)‘ = f (X) cooTBeTCcTBYET paBHOCHIBHOE HepaBeHcTBO f(X) > 0.



HepaBeHcTBa, coaeprkalme MOAYIb.

OCHOBHOI METO/T NP PELICHUH HEPABEHCTB, COAEPKAIMX 3HAK MOJIYJIS, 3a-
Kitoyaetcs B ciaeayromeM. O3 HepaBeHCTBA pa30MBalOT HA YaCTH, HA KaXJI0M U3
KOTOPBIX BBIPAXKEHUS, CTOSIIIKE MO 3HAKOM MOJYJIsA, COXPaHAIOT 3HaK. Ha kaxnon
TaKOM YacTH pelIaloT HEPaBEHCTBO U MOTyYEHHBIE pelIeHHs] O0BEAUHSIOT B MHOXKE-

CTBO PEIIECHUI UCXOJIHOI0 HEPABEHCTBA.
. HepasenctBo Buia \f(x)( < g(x), roe f(x) m g(x) — HexkoTOpBIE hYHKIMH, MOKHO

pemaTrb OCHOBHBIM METOAOM HJIM CBEACHUEM K PABHOCHIIbBHOMY €MY I[BOﬁHOMy HE-

PaBEHCTBY:
[f(x)} < g(x) = —g(x)< f(x)< g(x).
. HepaBeHCTBO B a4 ‘ f (X)‘ > g(X) MOJKHO p€lIaTb OCHOBHBIM MCTOAOM HJIN 3aMeHOU

Ha PaBHOCWIBHYIO CMY COBOKYIIHOCTb JIBYX HCPABCHCTB! ‘f(X)‘ > g(X) =

{f(x)> 9(x),
f(x)<—g(x)

. Hepasencrsa Buna ‘f(x){ > ‘g(x){ u ‘fl(x){ +| fz(XX +o ] fn(X){ > g(x) pemarorcs
METOJIOM MHTEPBAJIOB (METO/ ONMCAH B ITyHKTE 3.3) MO TOM K€ CXeMe, YTO U aHaJIo-

rHYHble ypaBHeHUs. HekoTopbie HepaBeHCTBA BUA \f(x)‘ > \g(x)( 1erecooopa3Ho
. 2 2
pemaTh, mepeiiia kK paBHOCHIBHOMY HepaBeHcTBY T %(X)> g?(X).
3agaum 1J9 peleHus:

Bapuant Nel.

(1-4) Pemmre ypaBHEHUS.
D]x°- 5 =|x*+4
2).2lX +2|-3X - 3 =5
3)[3- |X +1| =4

4).3- 2X = 3+2X|



(5-6) Pemnre HepaBeHCTBA.

5)W X2 - 6X +9 <5
6)[5- 3X| =5

(7) Haitnute 4nciio UeabIX pelieHuid HepaBeHCTBA, MPUHAIIICKAIUX TPOMEKYTKY.
2X - 3> X +2;X €|- 45

(8-9) Haiinure nmpousBeneHne KOpHEH ypaBHCHHUS.

8).2|X +1|+3X - 1- |X +3 =4

9).X° +|X| =2

(10) Haiinure cpennee apudmMeTnyeckoe KOpHEH ypaBHEHUS.

X7- 2X|+|X7- 3X +2)+

+|X?-5X +6/ =0

(11) Haitnure cymMmy HeNbIX pelIeHU ypaBHEHUS, IPUHAIJICKAIINX OTPE3KY.

|- 6

TETA =1, X €|- &1

Bapuant Ne2.

(1-4) Pemmre ypaBHEHUS.
D2X -6 =X +§
2)|X|- |X +1] =1
32+|X - 2| =5
4).3+8X =[3+8X|

(5-6) Pemmre HepaBeHCTBA.



5)/ X2- 16X +64 <4
6)/8- 2X| >3

(7) Haitmute ynciio menibiX pelieHud HepaBEHCTBA, TPUHAIICKAIINX TIPOMEKYTKY.
2X - 3> X +4;X €|- 45

(8-9) Haiinmure npousBeacHe KOPHEH ypaBHEHHS.

8).2|X +1|+3X - 1- |X +2 =3

9).X°- 2|X|=8

(10) Haiinute cpennee apudmeTnyeckoe KOpHEH ypaBHEHUS.

X7 - 4X|+|X7- 7X +12)+

+|X?-2X -8 =0

(11) Halimute cyMMy LI€JIbIX PELICHUN YpaBHEHUS, IPUHAJJICKAIIUX OTPE3KY.

X -2
X +1]- 3

=1, X €|- 53



2. IEUCTBUA CO CTENNEHSAAMMU U PATUKAJIAMUA. TOKJIECTBEH-
HBIE IPEOBPA3OBAHUS AJITEBPAMYECKUX BBIPAXKEHUI

JleficTBHMS CO CTENEHAMM U PaJUKAJIaMH. YIPOLUEeHHEe BbIPAKEHU M.

a.
OOBIKHOBEHHAS IPOOb — YHCIIO BHJIA b a — IeJyoe 4ncio, b — HaTypaibHOe

yucno. J[Be apobu %:% paBHbl, ecid a-d =b-c. OCHOBHOE CBOWCTBO JpoOeit

C o
=——,raeC— JF000€ OTIINYHOE OT HYJISI ACUCTBUTCIIBHOC YUCIIO.

a.
b-c

OCHOBHOE CBOMCTBO MpONopiuu: a-d =b-c (B BEpHOH MPOMOPIIUU TPOU3-

a
b

BEJICHNE KPallHUX WICHOB PaBHO MPOU3BEICHHUIO CPEIHUX YJICHOB).

JICUCTBUS C I[DO6SIMI/I:

CnoxxeHnne Brruuranue YMHOXEHHE Jenenue
a c_ad+cb | a c_ad-ch | ac_ac | ac_ad
b d b-d b d b-d bd b-d b'd b-c

IIepecTaHOBKA WIEHOB NPOMOPLIHHU:

a_c. d_c a_b. a_b

b d b a c d c a

I Ipon3BOIHBIE TPOTOPIINH.

Jlana nponopuus % = %, CIPABEJIMBBI CIEAYIOLINE TPOTIOPIIUH:

c
d




DopMYJIbl COKPAIICHHOTO YMHOKCHUS

at =a“t2-a-b+b ath)=a’+3-a“-b+3-a-b°xb
( b)2 2 2 ( )3 3 2 2 3

a’—b®*=(a-b)-(a+b) a3ib3:(aib)-(a2$a-b+b2)

DopMyJIbl KOPHEN KBAJIPATHOTO YPABHCHMUS

a-x>+b-x+c=0, IMCKpUMHUHAHT D =b’> —4-a-C

D>0 D=0 D<O0
—b++/D -b Cpenu neiCTBUTEIbHBIX
=—F X2 =52
b2 2-a -a YKCce KOPHEH HeT

Eciu 3aaHo0 KBagpaTHOE YpaBHEHHE B 00IIEM BHIE: a- X2 +b-X+¢ =0, TO

b
JCJICHUEM YpaBHCHUS Ha d =0 MOXHO CBCCTH K IIPHUBCACHHOMY, I'IC p=—,

DopMyJIbl KOPHEHN MPUBEACHHOTO KBAJIPATHOI'O YPABHECHMUS

2

X2 +pP-X+Q= 0, JUCKPHUMHHAHT D0 :pT_q
DO > O DO = 0 DO < 0
P [ p Cpenu JeiCTBUTEIBHBIX
X2 ==+ X2 =75 .
2 YKCeN KOpHEH HeT

Teopema Bueta. B npuBejeHHOM KBaJpaTHOM ypaBHEHHMH X + p-x+q=0

CyMMa KOpHEeH paBHa KOA(POUIIUEHTY MPU X , B3ITOMY C IPOTHUBOMOJIOKHBIM 3HA-
KOM, a ux HpOI/IBBeI[eHI/IC — CBO6OI[HOMy LI.HeHy:
{xl +X, =—P;
X, - X, = 0.

OOparHas Teopema. Ecnu uncna t; u t, TakoBsl, uto t, +t, =—p, tit, =q, 1O

OHM  SABIAIOTCA  KOPHSAMH  KBAAPAaTHOTO  ypaBHEHHA X~ + pX+Q=0.

10



PaznoxxeHne KBaApaTHOTO TPEXWICHA HA JIMHCHMHBIC MHOXKHMTEIHU. €CIIN X, U X

KODHM  KBaJpaTHOTO  ypaBHeHHs, To  ax” +bx+c=a(x—x JX—X,).

JIleiCTBHUS CO CTETIEHAMU

(a.b'c)n:an_bn.cn am.aq" = g™n am)n:am,n
a " a" a” m-n 1 aO n
o T PYEe e
b b a a a

JelicTBuUs ¢ KOpHAMU (KOPHU MPEATNOIAraloTcsl apuPMeTHIeCKUMN):

e O
mE:W a =a

m/an _ m'p/an-p (m an )p _m an_p m an b aq :m'P/an-p+m~q _

n-p+m-q
n

—gMP_g mp

o =i |Wa) -a @z0 ¥-a--¥a (az0)

CBoiicTBa YHCIIOBBIX HCPAaBCHCTB

a>b & b<a, a>pbub=2c = a>c,

a2b < at+cxbtc, a’>b? < [al>],

nycte ¢> 0, Torma a>b< a-c>b-c,
mycTb c< 0, TOorma a>b<~a-c<b-c,

nyctb a>0b >0, Toraa aszEgl.

a b

ToxknecTBeHHbIE IPeodpa3oBaHus ajaredpanyecKuX BbIPaKEHUI.

AHFG6DaI/I‘—IeCKI/IM BBIPAKCHHUCM HA3bIBACTCA BBIPAKCHHUC, B KOTOPOM 4YHCJIA

)51 6yKBLI COCIUHCHBI )ICI\/'ICTBI/ISIMI/I CI0XCHUWA, BbIYUTAHUSA, YMHOXCHHA, ACIICHUA,

BO3BCACHH B CTCIICHDb MJIM N3BJICUCHUSA apI/I(l)MeTI/I‘—IeCKOFO KOPHA.

11



PaBeHcTBO, 00€ YacTH KOTOPOTO MPUHUMAIOT OJJMHAKOBBIE YUCIIOBbIE 3HAUE-
HUS TIPU JTIOOBIX IOMYCTUMBIX 3HAYEHUSAX BXOISIINX B HETO OYKB, Ha3bIBACTCS TOXK-
JIECTBOM.

Hampumep, kaxnas u3 GopMys COKpalIEHHOTO YMHOXEHHUSI TPE/ICTaBIISET

co00# TOXKIECTBO, MO0 JIeBask M MpaBasi YaCTU KaKJI0TO U3 PABEHCTB:
(a+b)’ =a?+2-a-b+b? (a+b)’=a®+3.a’-b+3-a-b?+b?

a? —b?

(a—b)-(a+b) fiﬁ3:®ib)@2$ab+bﬁ
PaBHBI APYT IPYTY OPH JIIOOBIX 3HAUCHUSIX g U b . [Ipu 3TOM 0HO BBIpaXKeHuUe mpe-
oOpasyercs B Ipyroe — eMy TOXKJIEeCTBEHHO paBHOE.

[Ipu BBITIOTHEHUH TOXKIECTBEHHBIX MPE0Opa30BaHN alireOpandecKux BhIpa-
YKEHU HEOOXOIUMO 3HATh MOPAJIOK BBINOTHEHUS NEUCTBUH, NEUCTBUA C APOOSIMHU
1 CTETICHHBIMH BBIPOXKCHUSIMH, (POPMYJIIbI COKPAIIEHHOT'O YMHOXEHHUS U JIp.

Cnenyer uMeTh B BUY, YTO MPHU TOXKIECTBEHHBIX MPeoOpa3oBaHUAX OCTa-
FOTCSI HEU3MEHHBIMU:

BEJIMYMHA JIOMYCTUMBIX U3MEHEHU OYKBEHHBIX BEJIUYMH;
00J1aCTh JIOMYCTUMBIX 3HAUCHUHN KaK/I0M U3 OYKBEHHBIX BEJIMUYUH.
[TepBoe u3 3THX TpeOoBaHUH SBJIsETCS 00s13aTEIILHBIM IIPH BCEX MPeoOpa3o-

BaHUSX, UMEIOLIUX IEJIbI0 YIPOIICHUE BBIPAKCHUS WM MPUBEICHHUE €ro K HYX-
Homy Buy. Eciiu Hamo, HarpuMmep, JONOJIHATE KBaAPATHBIM TPEXUIEH X2 +6-X —7
JI0 TIOJTHOTO KBaJparta, TO, IprOaBUB K HEMY YUCIIO0 9, HEOOXOAMMO TaKOE KE YUCIIO
Y BBIYECTb, T.C.
x24+6-x—7=x*+6-x+9-9-7=(x+3)" —16.
ToxxnecTBeHHbIE TTPeOOpPa30BAHUS MMOCIEIHETO BHIPAXKEHUSI MOXKHO TPOJI0JI-
KUTh U MPUBECTU UCXOJHOE BBIPAKEHHUE K TPOU3BEACHUIO JIBYUJICHOB:
(x+3)* =16 = (x +3+4)-(x +3-4) = (x+7)-(x-1)
Bropoe TpeboBaHne — HEU3MEHHOCTh 00JACTEH TOMyCTUMBIX 3HAYEHUM, HE

BCET/Ia BBITMIOJHSETCS MPU OOBIYHO MPUMEHSEMBIX HaMu Mpeoopa3zoBanusx. Cokpa-

2 2

a
TUB, HaIPUMEP, APOObH Ha pa3HOCTh g —1 1 HaIlKMCaB PaBEHCTBO
a-1 a-1

=a+l
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, MBI 3aMe€YaeM, YTO HapyIlIeHO BTOPOE TpeOOBaHUE, KOTOPOMY JOJKHO yI0BJIETBO-
PATH TOXKJIECTBEHHOE MpeoOpa3oBaHKe: MpaBasi 4aCTh PABEHCTBA UMEET CMBICI TIPU
JT00BIX 3HAUYEHUSAX g, a JIeBas TOJIBKO MPHU YCIOBHUH, YTO g # 1, T.€. IPOU3OIILIO U3-
MEHEeHHEe 00JIaCTH IOMyCTUMbBIX 3HaYEHUH BeIMUUHbI g . ClienoBaTenbHO, Ipeodpa-
30BaHUE B TAHHOM CJIy4ae HE SABJIAETCS TOXKIECCTBEHHBIM.

OpnHako 3TO HE 3HAYUT, YTO HYKHO OTKa3bIBAaThCA OT TAKUX MPE0Opa30BaHUil,
KOTOpbIE U3MEHSIIOT 00JIaCTH JOMYCTUMBIX 3HauYeHMI BeluyuH. Hago Tonbko npu
Ka)XJIOM TaKkoOM NMpeoOpa3oBaHUM yKa3aTh, KaK U3MEHWIUCH 00JIACTH JOMYCTUMBIX
3HaUYCHUN OYKBEHHBIX BEJIMYMH.

[Hopsa1ok BEINOJHEHUS JIEHCTBUIA.

JICUCTBUSA C OJHOYJICHAMM;
JEUCTBUS B CKOOKAaX;
YMHOXEHUE WU JIeJIeHHE (B MOPSIKE TOSIBICHUS);
CJIO’K€HHE WJIM BRIUUTAHUE (B TIOPSIAKE MOSBICHUS).
[Ipu neicTBUSX C paguKalamu CleIyeT UMETh B BUIY, YTO MPaBUIIa, MO KO-

TOPBIM OHH BBIIIOJIHATOTCA, 6€3OFOBOpO‘IHO BCPHBbI JIMIIb AJIA apI/ICpMCTI/I‘IeCKI/IX KOp-

meii. ITo onpe/eNeHIIo KOpeHb Y/a HaspIBaeTcs apiH(pMETHIECKIM JIHIIb B TOM CITy-
yae, €CIIM YHUCJIO A MOJIOKHUTEIBHO WIIM HYJIb, & TAKXKE IMOJOXKUTEIbHA UM PaBHA

HYJIIO U BCJIMYMHA CaMOI'O0 KOPH:I. Ecau sToro He YUUTBIBATh, TO MOKHO AOITYCTUTDb

ommoOKky. Hanpumep, paBeHcTBo §/x2 = 3/x BEpHO NUIIL IIPU YCIOBHH, UTO X > 0.
IIpu x < 0 HyXHO mucath Tak: §/x? =3/—x.
AHAJIOTHYHO PaBCHCTBO G,l(a_b)2 —3/(a—b) BepHO IMIIL B CIydae, €CIH

a>Db.Ilpu a <b OHO HEBEPHO M HYKHO NMHUCATH G,I(a — b)2 = 3/ib —a ) Ob6a ciyuas

MOYHO OXBAaTUTh TAKOM 3aIHChHIO; 6,/(3 - b)2 — 3/ ‘a - b‘ .

13



Boimonants apudmerngeckue neficrsuns:

31— (3) 4
1. 3 (50 -1 421071
2_(%)2 ( E)

35+2,5 4,6—23 0,05 _
2,5—13 4.6423 =—0,125

3. (4v27— v’_ \/W+3\/_

R

vy

VIPOCTUTDL BBIPAXKEHHS:

av/a+bvb _ Vb
22. ( \/E—|—\/E —\@)(ﬂ—b)—l—m

1 1
yszE—z y
23' 2 _|_ 2 1"
_i—” y—|—y335
325 —4
24, — /5bs.

\/_bz-i—Z

-\TIII_')UCTI»ITI_: BLIPAZKEHHA H BLIMHC/IHTE HX SHAYCHHA TP 3a/1aHHOM SHaYCHHH ITapaneT-

POBE:
2. -1 -1, -2

- — . 1
28. mon mon ——(mn-_l—l—Q—I-m_ln)_l mpu m=0,003; n=0, 007.
m~2—n—2 m
be+4 b
29. (\/a Tty C) (Vabe+2) mpr a=0, 04,
a a
+b2  aiVa—
30. s +b: i upu a=1,2; b=0,6.
(a®—ab)? a\/_—b\/_
31. v : vtz apu x=0,5.

1—zy/T .L'—|—\/_ +1
32. (a—i—r ) Z—(a— Iz) %upﬂ r=4a—4,1<a<?2.
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1)

2)

3.CTEIIEHHBIE ®YHKIINHU. KBAJIIPATHBIE YPABHEHUSA. PALINO-
HAJIBHBIE YPABHEHUA U HEPABEHCTBA

Omnpenesienue u cBoicTBa creneHHbIX pyHkuui. [locTtpoenne rpagukos cre-

NMEeHHBIX PYHKIUM.

DOynkuuyn Y=X, y=x?, y=x3, y=1/X u T. A. ABJIAIOTCA YACTHBIMHU CIIy4asMH CT€-
neHHo QyHKIUH, T. €. QyHKIMu Y= XP, rae p - 3aganHoe IeHCTBUTEIIBHOE YHCIIO.

CpoiicTBa 1 rpaduK CTEIEHHON (DYHKIIMH CYIIIECTBEHHO 3aBUCHUT OT TOTO, PU
KaKUX 3HaYEHUAX X U P UMeeT cMbIci crenenb Yy=XP. [lepeitnem k mogobHOMY pac-
CMOTPEHHIO pa3IMYHBIX CiTyJacB B 3aBUCUMOCTH oT

IIOKa3aTesd CTCICHHU P.

[Tokazarens P=2n - 4eTHOE HaTypaldbHOE YUCIO. B 3TOM ciydae cTenenHas QpyHK-
—y2Nn
s y=x", e N - HaTypajabHOE YKUCIIO, 00JIAAET CIEIy-
y o} ¥
IOIMMH CBOMCTBAMH:
80t
00J1acTh OIpeNeeHUs - BCE IEUCTBUTEIbHBIC YUCIA, T. s0t
€. MHOXKECTBO R; 407
20t
MHO>KECTBO 3HAUECHUM - HEOTPULIATENbHbIE YUCHA, T. €. Y . X
5 0: -10 -3 0 5 10
oJiplie win paBHo 0; Puc. 3.1

Gynkms y=X*"uerHas, Tak Kak X2"=(-X)*"
byHKIUS sBIsEeTCS yObIBaromeil Ha mpoMexyTke X<0 u Bo3pacTaroliel Ha mpome-
xyTke X>0.

I'paduk pyHKIMEU Y=X>" UMEET TAKOM K€ BUJI, KAK HAIIPH-
mep rpaduk Gynkuuu y=x* (Puc. 3.1)

[Tokazarens p=2n-1 - HeyeTHOE HaTypajbHOE YuCio. B

5TOM cIlydae cTeneHHas Gpynkuus y=x>"!, rne Harypais-

HOE YHCII0, 00J1a7aeT CIeIyIOIIMMH CBONCTBAMU:

00J1aCTh OIpeeICHUS - MHOXECTBO R;

MHO>KECTBO 3HA4YECHUI - MHOXECTBO R;
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3)

4)

XZn-l

dynkumEs y= HEUYETHAas, TaK KaK (-x)?"1=x2n-1,

(bYHKIUS SBISIETCS] BO3pACTAIOIICH Ha BCEH eWCTBUTEIBHON OCH.

I'padux Qpynkimu y=x>"! nmeer Takoii e B, Kak, HapuMep, rpaguk GyHKIUN

y=x3 (Puc. 3.2)

[TokazaTenb p= -2Nn, rae N - HaTypalibHOE Yucio. B 3ToM citydae creneHHas QpyHK-
—y -2N— 1/ 2n o » .

s Yy=X “"=1/x"" obnagaeT creayronMu CBOMCTBAMHU:

o0J1acTh ornpesieeHus - MHOXecTBo R, kpome X=0;

MHOKECTBO 3HAYCHHH - TTOJIOKUTEIbHBIC Yncia Y>0;

gynkms y=1/x*" yeTHas, TaK KaK 1/(-x)?"=1/x2";

dbyHKIUS SBIsSETCA BO3pacTaroiel Ha mpoMexkyTke X<0 u yObIBarolieit Ha mpome-

xyTke X>0. ot Y

I'paduk Qpynkuuu Y=1/x*" umeeT Takoil ke BUJ, KaK, oleh
Hanpumep, rpaduk pynkuun y=1/x? (Puc. 3.3). A
[Tokazarens p=-(2n-1), rae N - HaTypaiabHOE YuCiio. B 5

3TOM ciydae cTeneHHas ¢ynkuus y=x"V o6nagaer S 1};
CHEAYIOINMHU CBOMCTBAMM: Puc.3.3
o0JacTh onpeaeneHus - MHOXeCTBO R, kpome x=0; ol y
MHOKECTBO 3HAYCHHH - MHOXeCTBO R, kpome y=0; otk

gynxuus y=x?"Y geuernas, tak kak (-x) "D =-x-n-D; ,

=]
[

byHKIUS sBIsETCs yObIBaKONIEeH Ha mpoMexyTkax X<0 u

x>0.

I'padpux pynkuun y=x@"D pmeer Takoii ke BuA, Kak,

Hanpumep, rpadux pyrxumu y=1/x3 (Puc. 3.4)

KBaaparnbie ypaBHeHusi. PaumonanbHble ypaBHeHUsI

Ecnu BeIpaxkeHus, CTOSIIME B JIEBOW M MPABOM YaCTIX YPABHEHUS, COCTAB-
JICHBI JIMIIB C MIOMOILBIO ONEPALUN CIIOKEHHUS, BBIYMUTAHUS, YMHOKECHUS, ICIICHUS U

BO3BCJACHHA B LICIIYIO CTCIICHb, TO YPABHCHUC HA3BIBACTCA PAlIMOHAJIBHBIM.
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PanmonanbHoe ypaBHEHUE HAa3bIBAECTCS HEJIBIM, WIN aJredpandecKuM, €Ciu
B HEM HET JICJICHUsI Ha BBIpAKEHUE, cojieprkaliee nepeMeHnyto. K nensim ypaBHe-
HUEM OTHOCATCSI, HAIIPUMED, JINHEWHBIE U KBAIPATHBIE YPABHEHUS.

Pemenuem, win KOpHeM YpaBHEHHsl, HAa3bIBAETCSl BCSIKOE 3HAUCHHUE HEU3-
BECTHOTI'O X, IPU MOJCTAHOBKE KOTOPOro B 00€ YaCTW ypaBHEHHS MOJIy4aeTCs HC-
TUHHOE YUCJIOBOE PABEHCTBO. PelIuTh ypaBHeHHUe - 3HaYUT HATHU BCE €ro KOPHU
WIH JI0Ka3aTh, YTO KOpHEW HeT. Pelias ypaBHeHMe, Mbl IPUMEHSIEM K HEMY HEKOTO-
pbie npeoOpazoBanus. Ecinu ncxoqHoe u mpeodpa3oBaHHOE YpaBHEHHUS UMEIOT OHH
U T€ )K€ KOPHHU, TO OHHM HA3bIBAIOTCS PABHOCHJIBHBIMH. B yacTHOCTH, ypaBHEHH,
KOTOPBIE HE UMEIOT KOPHEH, TAKKE CUUTAIOTCS PABHOCHIIBHBIMHU.

OcHOBHBIE TEOpPEMBI TPEOOPA30BAHNS YPABHEHUS B PABHOCUIBHOE EMY:

Ecnu kakoii-nmu0o 4jieH ypaBHEHHUS MEPCHECTH U3 OJHON YacTH ypaBHEHHS B IpPY-
I'YIO C MTPOTUBOIIOJIOKHBIM 3HAKOM, TO TMOJIYYHUTCS ypaBHEHHE, PAaBHOCUIIBHOE JIaH-
HOMY.
Ecinu 06e yacTu ypaBHEHHS YMHOXHTD WM Pa3ICIUTh HA OJHO U TO K€ OTIHYHOE
OT HYJISl YUCIIO, TO TIOJYYUTCS ypaBHCHHE, PABHOCUIIBHOE TAHHOMY.
Ecnu 06e yactu ypaBaenus f(X)=g(X) yMHOXHUTb Ha OJJHO M TO YK€ BBIPAKCHHE
h(x), koTopoe:
a) UMEET CMBICI BCIOTy B 00J1aCTH ompe/esieHus (B 001aCTH TOMYCTHMBIX 3HaYe-
uuit) ypasaenus f(X)=g(x);
0) Hurae B 3Toi obOyacTu He oOparmmaercs B 0, TO MOTYYUTCS ypaBHCHHE
f(x)-h(x)=g(x)-h(x), paBHOCHIILHOE TaHHOMY.
Keaopammuwie ypasnuenus.

ax? +bx+c=0, a=0.

dynkums f(x)=ax? +bx+c, rae a# 0, Ha3bIBaeTCA KBAAPATUIHON (ByHK-

e, ['paduk stoit pyHKIMM — mapadosia, KOOPAMHATHI BEPIIUHBI KOTOPOI paBHBL:

b 4ac-b?

%o T2 Yo 4a

. IIpn a >0 BeTBM mapaboJbl HAMIPABJICHBI BBEPX, a MPH
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a <0 - am3. Haxoxmenune KopHeil ypaBHeHHs ax’ +bx+c=0, a# 0 moapo6Ho
U3TI0KeHO B ImyHKTE 2.1.
I]envie payuonansusle ypaguenus.

MHorouieHoM N - ot creniern (N e Z,n>0) oT mepeMeHHOW X Ha3bIBacTCS BBIpa-
KCHHEC

P,(x)=a,x" +a,x"" +...+a,,x+a, ,
rae  8y,8,...,d, — 3aJaHHBIC JCHCTBUTEIbHBIC 4YHcHa, mpuuem a, #=0.

MHorouseHaM HyJIE€BOW CTEIICHU SIBISIOTCS OTJIMYHBIE OT HYJSl AEHCTBUTEIIbHBIC
yucia. Yucno 0 €AMHCTBEHHBIM MHOTOWIEH, CTEIEHb KOTOPOTO HE OMpEAEseHA.

Vpasnenue P (x)=0, e P,(x) — MHOrouien n-oii creneny, N >1, Ha3biBaeTcs

n
anredpanyeckuM ypaBHEHHUEM N -0 CTENEHHU.

Ecnu x, — kopens Muorowiena P, (x), T.e. P,(x,)=0, To P,(X) 6e3 ocTarka je-
autes Ha (X — X,):
P (X) = (x— %o )Py 4(x),
rae P, (x)— muorounen crenenn n—1. Muorouwten P, ;(X) MoxHO Haiftn nu6o
JIeIeHHEM «yTOJIKOM» MHorounena P, (x) Ha (x —x,), 60 rpynnupoBKoii cnarae-
MBIX MHOTOUIEHA P,(X) ¥ BBIIEICHHEM U3 HUX MHOXHUTENS X — X,. OCHOBHBIMHU Me-

TOAAMM PELICHUS ypaBHEeHUs P, (X) =0, rne P, (x) — MHOTOYIEH cTereny N (N> 2)

, SABJISIFOTCSI METOJI PA3JIOKEHUS JIEBOW YaCTH ypaBHEHHSI Ha MHOXHTEIH M METO/T
BBEJICHUSI HOBOW NIEPEMEHHOM.
MHOXeCTBO palliOHAILHBIX YPABHEHUH 32 TUTIOM U METOJIOM PEIICHUS

MOJKHO Pa3JICINTh Ha CIICIYOIIHE:

1. Pemienue ¢ moMoIIbIO MOACTAHOBKH. [Ipy penieHnr HEKOTOPHIX paIlHOHAITBHBIX
yYpaBHEHHI HKMEET CMBIC BBECTH HOBYIO MIEPEMEHHYIO, 3aMCHUB €10 HEKOE pallo-
HalbHOE BEIpaxkenue. Hanpumep, B ypaBuenuu aP?(x) + bP(x) + ¢ = 0, rme P(X) -
MHOT'OYICH, BBEJIeM HOBYIO niepeMeHHyto Y = P(X). Perraem kBapatHoe ypaBHEHUE
ay? + by + ¢ = 0 oTHOCUTENBLHO Y M BO3BpAIAEMcsl K pelIeHnIo ypaBHeHuii P(X) = y;,

r€ Vi - peLIEHUs] YPAaBHECHUS.
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2. Pacnanaromieecst ypaBHeHue. PainoHanbHOe ypaBHCHHE HA3bIBACTCS paciiajia-
IOIIUMCS, €CITH ero MoxHO mnpeactaButh B Buae P(X)Q(X) = 0, rme P(X) u Q(X) -

1esble pauuoHalIbHbIE (DyHKIMH. /{7151 pelieHns Takux ypaBHEHUI HY>KHO MpeAcTa-

BUTh ypaBHEHHUE P(X)Q(X) = 0 B BU/JIC COBOKYITHOCTH:
{Pm (x)=0,
Q,(x)=0.

3. OgHopoanoe ypaBHeHHe BToporo mopsiaka aP?(x) + bP(x)Q(x) + cQ?(x) = 0.
Jlyis ero perreHust paccMoTpuM aBa ciaydas. [lepswiid - Q(X) = 0, Torma ypaBHeHHE
CBOIUTCS K perienuto ypasaenus P(x) = 0. Bropoii ciyuaii - Q(X) # 0, Torma uexo-
HOE ypaBHEHHE MOXkHO noaenuTs Ha Q?(X) u momyuuts a(P(X)/Q(X))? + bP(x)/Q(X)
+ ¢ = 0. Beogum 3ameny P(x)/Q(X) = t u nomyuaem kBaapaTHOe ypaBHeHHe at? + bt
+ ¢ = 0. B oTBeT BKJIIOYaEM PEIICHUS 000MX CIyJacs.

4. BuxkBagpaTHoe ypasHenne ax’ + bx? + ¢ = 0. Jlng pelenus Takoro ypaBHEHHs
nenaetcs 3ameHa X? = t, x* = t2, Iloclie oCTaHOBKU HOBOM IIEpEMEHHOI MOTydaeM
KBaJpaTHOE ypaBHeHHe at’ + bt + ¢ = 0. Pemms ero, IpuxoauM K ypaBHEHHIO X* =
ti, rae tj - KopHU ypaBHEHUS.

5. CUMMeETPHYHOE YPaBHEHHe TpeThero mopsaka ax® + bx? + bx + a=0. [lns ero
pelleHys IPoBeeM cleayromue npeobpasosanus: ax® + bx? + bx +a=a(x® + 1) +
bx(x + 1) = a(x + 1)(x? - x + 1) + bx(x + 1) = (x + 1)(ax®* + (b - a)x + a). B urore

I[IoJIydacMm pacimagaromeccs YPaBHCHHUC, peuracMm COBOKYITHOCTbB:

X+1=0,
{ax2 +(b-a)x+a=0.
6. CUMMeTpHUYEeCKOe YypaBHEHHE YeTBepToro mopsiaka ax* + bx3 + cx? + bx + a
=0. CrpynnupyeM ciaaracMble U pasaeauM obe yactu Ha X2, [loxydaum
a(x? + 1/x?) + b(x + 1/x)+ ¢ = 0.
CrenaeM MoAcTaHOBKY X + 1/X = t, Torga X2 + 1/x2 = t2 - 2. Tlony4aeM KBaJpaTHOE
ypasHenue at? + bt + (¢ - 2a) = 0. IToce ero penreHus BO3BpaILAaeMcs K KCXOAHOM

TIEPEMEHHOM X.
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7. Bo3BpaTHoe ypaBHenue. YpasHeHue Bujia ax* + bx® + ex? + dx + e =0, rue a #
0, b # 0 u e/a = (d/b)?, Ha3bIBaeTCA BO3BPATHBIM YPaBHEHHEM YETBEPTOTO TOPSIKA.
Jlist €ro penreHus AenMM ypaBHEHHE Ha X2 U BBOAMM IepeMeHHyro t = bx + d/X,
nocJie 4ero 1ojyuyaeM KBajapatHoe ypasHenue at?/b? + t + ¢ - 2ad/b = 0. Pemwus ero,
BO3BpalaeMcs K UCXOJHOU IIEPEMEHHOM.

8. YpaBuenust Buaa (X + a)(X + b)(x + c)(x + d) =m, ecoe a + b = ¢ + d. B nansHom
cilydae BBOJMM HOBYIO IiepeMeHHyIo t = X? + (@ + b)X 1 nomyuaem KBagpaTtHoe ypas-
Henue (t + ab)(t + cd) = m. Pemms ero, Bo3BpariaeMcs K HCXOTHOM ITEPEMEHHOM.

JlpobHo-payuonanvHble ypagHeHus.

YpaBHeHHe BUIa gm EX; =0, rne P,(x) u Q,(x) MHOrouneHbI, Ha3bIBACTCS
X
n
P,(x)=0,
paHI/IOHEUIBHBIM. 9T0 ypaBHeHI/Ie paBHOCHJILHO CUCTEMC
Q,(x)=0.

OO1uX METOAOB pelIeHUs] JPOOHO-PAallMOHAIBHBIX YPAaBHEHUH, TEM HE Me-
HEe, HE CyIIEeCTBYET. Perenne o4eHb MHOTHX U3 HUX OCHOBAHO HA YJIa4YHOM I'PyII-
INUPOBKE U MOCIEAYIOLIEM NPUBEIECHUU CTPYIIIUPOBAHHBIX CJIaraéMblX K o0LIemMy
3HaMeHaTeno. B Oosiee MpocThIX ciayyasx TpyNInupoBKa He TpeOyeTcs, a MHOrAa
ypaBHEHUE MOKHO YIPOCTUTh, BBES HOBYIO NepeMeHHyto. [Ipu pemenun panuo-
HaJbHBIX YPABHEHUI BO3HUKAET OMTACHOCTH MTOJTYYEHUS IOCTOPOHHUX PELICHHUN, KO-
TOpasi Kynupyercs 00 MPOBEPKOM, MO0 HAXOXKIEHHUEM OOJACTH JOMYCTHUMBIX
3HAYEHUH, MO0 MPOCTO yKa3aHUEM COOTBETCTBYIOIIUX OTPAHUYEHUN U JabHEH-
HIEH MPOBEPKOU MX BBITIOJHEHUS.

Pemenne apoOHO-palimOHAIBHOTO YPABHEHUS! CBOAUTCS B KOHEYHOM UTOTE K
3aMEHE UCXOJHOTO YPABHEHUS LIEJIBIM YPAaBHEHUEM, KOTOPOE PABHOCUIIBHO UCXO/-
HOMY YPaBHEHUIO WJIU SIBJIIETCA €r0 CIEACTBUEM.

[Ipu pemeHnn ApoOHOro ypaBHEHUS LEIECO00pPa3HO MOCTYNATh CIAEAYIOMINUM 00-
pazom:

1. ompenenuTh 001aCTh TOMYCTUMBIX 3HaUeHU niepemenHo x (O/13);

2. HaWTU HAUMEHBINUN 00N 3HAMEHATENh IPOOeH, BXOIAIINX B YPABHEHHE;

3. YMHOXHUTH 00€ 4YaCTH ypaBHEHHsI Ha OOLINI 3HAMEHATeNb U PUBECTHU MOJOOHBIE;
20



4. pemuTh MOTyYUBIIEECs IeJI0€ YpaBHEHHUE.
Perenre HEKOTOPBIX BUAOB IPOOHO-PAMOHAIBHBIX YPaBHEHHUM:

1. YpaBuenne Buaa P(X)/Q(x) = 0. Pemaem ypaBuenue P(X) = 0. [IpoBepsiem, yemy
paBHo 3HadeHue Q(Xi), rae X; - kopau ypasuenus P(X) = 0. Ecau Q(X;) # 0, 3HauuT
OHH SIBJITIOTCS pelieHreM ucxogHoro ypasaenus. Ecim Q(X;) = 0 - kopeHb BbIla1aet
13 00JaCTH ONPECIICHNs UCXOAHOTO YPAaBHEHUS U €r0 HY)KHO UCKJIIOYHTHh U3 OT-
BeTA.

2. Ypasuenne Buaa aP(x)/Q(Xx) + bQ(X)/P(x) + ¢ = 0. BBoauM HOBYIO ITepEMEHHYIO
t = P(x)/Q(X) u monyuaem cienyroiee ypaBaenue: at + b/t + ¢ = 0. Mm nocie qom-
Hoxenus Ha t (t # 0) nomyuaem kBazpaTtHoe ypaBHeHue at’ + ct + b = 0. Pemus ero,
BO3BpAIIAEMCS K HCXOJTHOW IEPEMEHHOM.

3. YpaBHeHue cocTosinee U3 CyMMbI Apodeii. OJIMH U3 METOJI0B COCTOUT B TOM, YTO
HY)KHO ITEPEHECTH BCE WICHBI yPABHEHUS B OJTHY YaCTh U CBECTH YPaBHCHHE K BUTY
P(x)/Q(x) = 0.

PanuonajabHbIe HEPAaBCHCTBA

ITycte Gynkmum f(x) U ¢(X) ONIpENENEHBl HA HEKOTOPOM MHOXECTBE A.

[TocTaBuM 3a7a4y: HAMTH MHOKECTBO X , Ha KOTOPOM 3HAYEHUS OJTHOM U3 QyHKIIUN
OoJibllie (MEHBIIE) 3HAUCHUHN JPYrod U3 HUX, IPYTUMH CJIOBAMHU, HATH BCE 3HAYE-

HUS X, JUI1 KOTOPBIX BeIMOHAEeTCS HepaBeHCTBO: T (X)>@(X) (f(X)<@(X)).

HpI/I TaKOM MOCTAHOBKE KaXXJ10€ U3 OTHUX HCPABCHCTB HA3bIBACTCA anre6[3an—

YCCKUM HEPABCHCTBOM C HCU3BECTHLHIM X .

Kax npu pemenun ypaBHEHHU, TaK U IPU PEIICHUH HEPABEHCTBA TpeOyeTcs
HAaWTH BCE T€ 3HAYCHHsI HEU3BECTHOM BEJIMYMHBI, U1 KAXKIOT0 U3 KOTOPBIX YKa3aH-
HOE COOTHOILIEHHUE OKa3bIBAECTCS BEPHBIM. [109TOMY €CTECTBEHHO M JUJI1 HEPABEHCTB
BBECTH MOHATHS, AaHAJIOTUYHBIE TEM, KOTOPbIE OBbLII BBEJICHBI /1JIs1 ypaBHEHUH.

MHOX€eCTBO A Ha3bIBA€TCS MHOXKECTBOM (O6J’IaCTBIO) JOIMYCTHUMBIX 3HA4YC-

HUM HEU3BECTHOT'O AJIs1 JaHHOT'O HCPAaBCHCTBA.

MHOXeCTBO X HAa3BIBACTCS MHOXKECTBOM PCIICHUM JAaHHOI'O HCpAaBCHCTBA.
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Pemuts HEPaBCHCTBO — 3HAYUT HAWTH MHO>XXECTBO BCEX X y AJIA KOTOPBIX OaH-
HOC HCPABCHCTBO BBIITIOJIHACTCA.

I[Ba HCPABCHCTBA HA3BIBAIOTCA PAaBHOCUJILHBIMH, C€CJIIM MHOKCCTBA pemeHHﬁ

HUX COBIIaAArOT, T.C. CCJIN BCAKOC PCIHICHHUC KAKIOI'0 M3 HHUX ABJEKICTCA PCHICHUCM

JPyTOrO.

3HaYeHNE HEU3BECTHOT'O Ha3BhIBACTCS JAONMYCTUMBIM JIsI HEPABCHCTBA, C€CJIIN

IIp1 5TOM 3HAYCHUU 00e JacTu HCPaBCHCTBA UMCIOT CMBICII. COBOKYHHOCTI) BCCX

AO0IyCTUMBIX 3HAYCHUH HEU3BECTHOI'O HA3BIBACTCSA 00JACTHIO onpecaAcCICHUA HEPA-

BCHCTBA.

OcHOBHBIC TCOPCMBI Hp606pa3OBaHI/I}I HCPAaBCHCTBA B PABHOCHUJIbHOC CMY:

Kakoe-HuOyIb ClIaraeMoe MOKHO IIEPEHECTH U3 OJHOM YaCTU HEPABEHCTBA B JIPY-
TYIO C IIPOTUBOIIOIOKHBIM 3HAKOM;

OGe YacTH HEPABEHCTBA MOKHO YMHOKHTh UITH Pa3JIeIMTh HAa OJHO U TO OTIMYHOE
OT HyJIs ITOJIOKUTEIBHOE YUCII0; €CIIU ATO YKUCIIO OTPULIATENILHOE, TO 3HAK HEPABEH-
CTBA MEHSAETCS Ha IPOTUBOIOJIOKHBIIA;

Ecnu Hepasenctso umeet Bua f(x)- g(x)> @(x)- g(x) mma f(x)- g(x) < o(x)- g(x)
, TO JieNieHne o0eux ero yacteil Ha g(x), KaK NPaBUJIO, HEIOIYCTHMO, MOCKOJIBKY
MOKET IPUBECTH K TI0TEPE PELICHMIA.

Mesxy pelIeHUsIME HEPABEHCTB U yPaBHEHMI MHOTo o6miero. Omimune xe
COCTOMT B TOM, YTO PELICHHEM HEPABEHCTB Yallle BCETO SABISIOTCS OECKOHEUYHBIE
MHOKECTBA.

3HauuT, CAENATh HONHYIO IPOBEPKY OTBETA, KAK 3TO IEIA€TCs IS ypaBHe-
HUi1, Heb3s. [109TOMY 0YeHb BaKHO IIPH PEIICHUH HEPABEHCTB IIEPEXOAUTE TOJIBKO

K pPaBHOCHUJIBHBIM HCPABCHCTBAM.

K paBHOCHIIBHBIM HEpaBEHCTBAM MPUBOJAT TOXKIESCTBEHHBIE TIPeoOpa3oBa-
HUSI, HE U3MEHSIONINUE 001aCTh JOMYCTUMBIX 3HAYEHUMN.
CBoiicTBa YHUCTIOBBIX HEPABEHCTB MPUBEEHBI B yHKTE 2.1.

Penienne HepaBEeHCTB, COAEPKAIINX KBAIPATHBIN TPEXUIICH

a-x>+b-x+c.Iycts D=b? —4.a-¢ - AMCKPIMHUHAHT KBaJAPATHOIO TPEXUJICHA.
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(= 0:%) L (%;0)

Bunx HepaBeHncTBa D<0 D>0 D=0
X
, Xe ( )
a-x“+b-x+c>0 X € (—00;00) X € (—00;00
(=00 X ] W [X;50)
Xe Xe
a-x>+b-x+c>0 X € (—o0;00)

(— 007 %)) U (Xg;0)

a-x2+b-X+c<0 | peueHuii HEeT X € (X;;Xy) perieHuit HeT
2 . . b
a-x2+b-X+c<0 | peleHuit HeT X € [X;; %] XO=—2—a
. X
X x "
2 . : b
a-x“+b-x+c>0 Pemienuii et X €[X;%,] on_ﬂ
a-x>+b-x+c>0 | Peurenunii HeT X e (X;;Xy) Pemenwii HeT
( ) Xe Xe
2 . .
a-x“+b-x+c<0 X € (=00,
(= 003X ) U (Xg300) | (=001%g) U (Xg:90)
Xe
a-x*+b-x+c<0| Xe(-0;0) X € (—o0;00)

(=005 % ] U [Xy;500)

Pewenue yenvix payuonanibHblX HEPABEHCHE
€CJIM B HEPABEHCTBE f (x)< (p(x) Gynkuun f (x) u @(X) 3a/1aHBI LEJIBLIMA PALUO-

HaJIbHBIMH BBIPAKCHUAMU, TO €0 HAa3bIBAIOT LICJIbIM PAllMOHAJIbHBIM HCPABCH-

CTBOM.
Ecnu HepaBeHcTBO f(X)< ¢o(X) mpuBecTH k paBHOCHIBHOMY f(X)— @o(X)< 0
¥ PA3JI0KUTE JIEBYIO YaCTh Ha JIMHEHHBIE MHOKHTEH, TO TAKOE HEPABEHCTBO MOYKHO

peUInTbL MCTOJOM MHTCPBAJIOB.
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CyTb 3TOro METOJ]a UHTEPBAJIOB B CIETYIOIIEM:
Omnpenenuts 065acTh 3HaUeHUs nepemennon (O/13);
[lepenecTu Bce B JIEBYIO YacCTh U PEIIUTh YpaBHEHHUE, IPUPABHAB BbIpAKEHHUE B Jie-
BOH 4acTH K HYJI0. Pa3ioXuTh Ha MHOXKHUTENH, CKOOKH COKpAIIaTh HEJb3,
HaiineHHble KOpHU ypaBHEHHSI HAHECTH HA YHCJIOBYIO OChb. ECIM KOpHH BXOAST B
O/13, oHM PUCYIOTCS 3aKpAIlIEHHBIMU, €CJIM HE BXOJISIT, TO BEIOUTHI. DTH KOPHU pPa3-
OWBAIOT YMCIIOBYIO OCh Ha TIPOMEKYTKH, HA KOKIOM M3 KOTOPBHIX BBIPAKEHHUE, CTO-
s1ee B JIEBOM YacTH, COXpaHsET 3HAK;
Br16path B KaXJI0M U3 IPOMEKYTKOB Kakoe-HUOYIb 3HAaUCHHE («IIPOOHYI0» TOUKY)
U OTIPEICIINTH 3HAK BBIPAKCHUS B OTOU TOUKE;
Br16paTh MpOMEXYTKH, B KOTOPBIX BRIPAKEHUE UMECT TPeOyEeMBbIi 3HAK U 3aITUCaTh
OTBET, B35B UX O0BETUHEHUS.
Ecnu HepaBeHCTBO HECTPOTOE HYKHO ydecTb KopHH, Bxoasmue B OJ13 u nmpuBoms-

II1€ YpaBHEHUE K HYIIIO.

Pewenue OpooHO-payuoHaIbHBIX HEPABGEHCM G

P(x
JPOOHO palMoHaIbHbIE HEPABCHCTBA Q > (0 MOXXHO IIPUBECTH K PaBHO-
Q(x

P(x)-Q(x)=0

CHJIbHOMY HEPABEHCTBY < P, (x) =0, TOTJa METOJT UHTEPBAJIOB MIPUMEHUM U
Qn(x)#0

JUISL pelIeHUs: IPOOHO-palMOHATBLHBIX HEPABEHCTB.

1. PewnTb HEepaBeHcTBA

1) x* +2x-32>0. 3) x*-2x+1>0

2) —2x* +x+3>0; 4) —x* +4x-52>0.

2. PellinTb HEpaBEHCTBA METOA0M MHTEPBA/OB:

Geod2) o e

x-5 x-5
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3) (x—3)(x+2)>0_ 4) (x—3)x+2) <0:

x—5 ’ (x—5)?

) =9 6e2) g

3. PewunTb ypaBHeHuUe
1) x* —10x* +9=0; 2) x* =3x*+2x* —6x=0;
3) (3x? —x—1) —18x” +6x+6 =0; 4) x* —4x® + 2x+1=0;

4. PelwnTb ypaBHEHMUA:
1) x*-7x-6=0; 2) (x+2)x+4)x+6)x+8)=105;
3) 3x® -13x* +13x -3 =0; 4) x* —5x® +4x* +5x+1=0.

Pemmrs ypasnenus:

4 1
4., —+5=—.
I .’EQ
5. 2:%+5:—7=0.
14x2 N 11 49
16—22 r—4 x+4
7 2 + ! =1
Coxi+3 2247
3 r? — 31 T —2 _o9
Tr—2 72— 37 >
™—64 9
9. =—r+3.




4. BEKTOPBI U UX TEOMETPUYECKUE ITPUJIOKEHUSA

I'eomeTpryecKkuii BEeKTOP NPEICTABIECH B IBYMEPHOM U TPEXMEPHOM IPOCTpaH-
B CTBE B BUJIE HANPABIIEHHO20 OMpe3Ka, T.€. OTPE3Ka, Y KO-

TOPOIO PA3IN4arOT HA49aJIO0 U KOHCII.

—

A a/' Ecmu A - Hawano BekTopa, a B - ero koHer, To BEKTOp

Puc. 4.1 0003HaYaeTCsl CHMBOJIOM MJIM OJHOM CTpOYHON OYKBOM
a. B nurepaTtype 4yacTto BEKTOp 0003HAYAETCs JKUPHBIM
mpudTom AB wiu a. Ha pucyHke KoHell BeKTopa ykasbiBaeTcs crpeikoit (Puc. 4.1).
@Ou3nyecKUMH NMPUMEPAMH BEKTOPHBIX BEJIIMYUH MOTYT CIY>KUTh MEepeMelIeHUe
MaTepUaIbHOU TOYKHU, IBUTAIOIIEHCS B POCTPAHCTBE, CKOPOCTh U YCKOPEHHE ITOU
TOYKH, a TAKXKE ICUCTBYIOINIAst HA HEE CUJIa.
JuHO# (M1 MO/yJIeM) TeOMETPUIECKOTO BEKTOpa Ha3bIBACTCS JJIMHA ITOPOKIa-
IOIIETO €r0 OTpe3Ka U 0bo3Hayaercs | AB|.

KOJlJlllHetlprle, PAa6HbBIE, KOMN/IAHAPHbBIE 6EKMOPbL.

Onpenenenue. BekTopsl, nexamuye Ha OJHON MPSAMOW MM HA MapajuIesIbHBIX Mpsi-

MBIX Ha3bIBAIOTCS KOJUIMHEAPHBIMHU. B Bi M
_ — . — A 1 // ‘-N-\"—H_\‘N
O6o3navator: AB || AB,, AB || CD, A /C
AB me || MN (Puc. 4.2) D
Omnpenenenne. BekTopsl Ha3BIBAIOTCS PABHBIMU, €CIIA OHHU: Puc. 4.2
B C

1) KomnuHeapHsr;

2) imeroT paBHBIC MOIYIIH;

3) OarHAKOBO HAIPABIICHBI. A D

Puc. 4.3

[uuryt: AB = CD, Ho AB = AC (Puc. 4.3)

B ¢usuke wacto paccMarpuBarOTCs 3aKpenJiéHHbIe BEKTOPbI, 3a/laHHbBIE
TOYKOW NPUJIOKEHUS, JJIMHOM U HAIIpaBJICHUEM. ECIM TOUKa NPUII0KEHUS BEKTOPa
HE UMEET 3HAUYCHUS, TO €r0 MOXKHO MEPEHOCUTD, COXPaHSIs INIMHY U HAIIPaBJICHUE B
JT00YI0 TOUKY MTPOCTPAHCTBA. B 3TOM citydae BEKTOp Ha3bIBAaeTCs CBOOOAHBIM. by-

JIEM paccMaTpUBaTh TOJIBKO CBOOOIHbIE BEKTOPHI.
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1)
2)
3)

OHDGHGHCHHC: TpI/I BCKTOpa HA3bIBAIOTCA KOMIIJIAHAPHBIMHU, C€CJIM OHH JIC-

KaT B HEKOTOPOM OAHOW IUIOCKOCTH WJIM MApaJIJIEIbHbI Ka- — €
KOH-TO oJtHOM T10cKOCTH (PHC. 4.4). !
[Ipumepom HEKOMIUTITAHAPHOM TPOWKHA BEKTOPOB MO-
TyT CIY>KUTh HaIllpaBJICHHbIE PEOpA KyOa, UCXOSIINE U3 OJI- Puc.d.4
HOM BEPUINHBI.
Jluneitnvle onepayuu Hao 6eKMopamu.
Han BexkTOpamMu NpOM3BOAAT pa3IM4YHbIE AEHCTBUA (Oneparuu). Y MHOXKE-
HUE BEKTOpa Ha CKaJIsIp (UHUCIIO0) U CI0KEHUE BEKTOPOB Ha3bIBAIOT JIMHEWHBIMH OIle-

paluAaAMH.

VYMHOXKEHNE BEKTOPA HA YHUCIIO.

OHDGIIGJIGHHG: HpOI/IBBeIIeHI/IGM BCKTOpa d Ha CKaJIiAp A Ha3BIBacTCA BCKTOP b , KO-

TOPBIN:

mMeet Moxyis |b =] 4 ||d];

KOJUTMHEAPEH BEKTOpY a;

HAaITPaBJIEH TaK e Kak BeKTop d npu A >0 ¥ MpOTHUBOIIOJI0KEHO BEKTOPY @ IpH A

<0.

O6o3HavaeTcs mponsseaenne b = A d. B uactHocty, pu A = -1 umeem (-1)-

d. Bektop -@ Ha3bIBacTCs MPOTUBOIIOJIOKECHHBIM BekTOopy a (Puc. 4.5).

Ecimu @ =0 umu 4 =0, To A - 8 =0 — HyneBo# BexkTop. Emy

*
<L

HC IIPHUIINCBIBACTCA HHUKAKOI'O OIIPCACICHHOI'O HaIIpaBJICHHA,
-4

Ha4daJ0 U KOHEIl COBIIagaloT.
Puc. 4.5

['eOMETPUYECKHI CMBICH ONEpPAlMM YMHOKEHHUS BEK-

TOopa @ Ha YUCIIO A COCTOMT B "pacTsukeHuun" BekTopa d B A pas, (ecnm | 4 [>1, To
3TO JCUCTBUTEIHHO PACTSIKCHHUE, a 1pH | A |[<1, — 3TO c)kaThe) ¢ BO3MOXKHBIM H3Me-
HEHHEM HaIlpaBJICHUS.

Ecnu |€ |=1, To BekTOp € Ha3bIBaCTCS €AMHUYHBIM BEKTOPOM (opToMm). Bek-

Top d=48°|d|, ecnu @ ° equHUYHBII BEKTOP (OPT) BEKTOpa 4.
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Ecan ABa BEKTOpa aumb KOJNIMHCApPHBbI, TO OJJUH U3 HUX JIMTHEHMHO BbIpaKa-

eTcs uepes Apyroi: a=Ab (wmm b =1d). OueBnmno A=+|a|/|b |.

"+" ecim @ m b HampaBlIeHBI OJIMHAKOBO;

— CCJIK ITPOTHUBOIIOJIOKCHO.

Cnoxenue BCKTOPOB.

Onpenenenne: CyMMOUl BEKTOPOB &,,d,,..., 8, HA3bIBaeTCs BEKTOp R, 3a-

MBIKa}OHII/Iﬁ JIOMAaHYIO JIMHUIO, ITIOCTPOCHHYIO M3 HUX IIapaJlJICJIbHBIM IICPCHOCOM,
KOTJla KOHCII IPECABIAYIICTO BCKTOPA ABJISICTCS HAYaJIOM CJIC-

-
JYIOIIETO, IPUYEM HAa4yaJIo €ro B Hayaje BEKTopa d,, KOHEI| b
_ =~ _ > T
B KOHIIE BekTopa &d,. O6o3Havaror: R=8 +4d, +...+ 4, a/ =%

W3 sToro olrmiero mpaBuia JIETKO CIeAyeT yaoOHOe

IIPaBUJIO HNapaujcjiorpaMmmMa AJjsd HAXOXKIACHUA CYMMBbI JIBYX b
Puc. 4.6

BEKTOPOB: CyMMa JIByX BEKTOPOB & u D , mpuBEAEHHBIX K OJ1-

HOMY Ha4ally O, CCTb BCKTOP—AHUAaroHaJib I1apaajIciio-

rpamma, IOCTPOSHHOTO Ha BEKTOpax a W b Kak Ha

croponax (Puc. 4.6)

N3 pucynka 4.6 BUAHO, YTO BEKTOP—IUAro-

Hallb R =a+b sBiasercsa 3aMbIKaHHEM JIOMAHOM U3

BeKTOpOB d u b, 4To cormacyeTcst ¢ 0OIIUM TIpaBu-

JIOM CJIOXKCHMS.

U3 O6HICFO JKC IMpaBuJia CJICAYCT 1 NPABUJIO MMAPAJIICIICTIMIIC/Id HAXOXKICHMA

CYMMBI TPEX BEKTOPOB, IPUBEJAEHHBIX B OJIHO
Hayasio O (M He KOMIUTAHAPHBIX): 3TO €CTh BEK-
TOp—IMaroHajb NapajjlelieuIeaa, NoCTPOEH-

HOI'0 Ha AJAaHHBIX BCKTOpPAX, KdK Ha CTOPOHAX

(Puc. 4.7).

Onepartiyst BIYATaHUS BEKTOPOB & U b

Puc. 4.8

(0o0o3HauaeTcss 8-b ) MoOHMMaETCs KakK CIOXKe-

HHUE BEKTOpa & C BEKTOPOM -D , IPOTHBOMNOJIOKEHHBIM BEKTOpPY b .
28



1)
2)

4)

6)

7)
8)

Ha mpaktuke mo Bekropam d u b, npuBeaéHHbIM B 0iHO Hauasio O, cpa3y
cTposT BekTop BA=a-b , kak uaymuii U3 KOHIIA BHIYUTAEMOr0 BeKTOpa b B KOHeEII
yMeHbIIaeMoro BekTopa a . (Puc. 4.8)

CBONCTBA JUHEUHBIX OIEPAITHIL.

OTMeTHM BOCEMb OCHOBHBIX CBOWMCTB JIMHEHHBIX ONEpalnii HaJ BEKTOPAMHU:

d+b=b+a (KOMMYTaTUBHOCTb CIOKEHUS UM IEPEMECTUTEIIHLHOCTH )
a+b+c)=(@+b)+c (accoIMaTUBHOCTH CIIOKECHHS UJIM COYETATCIIbHOCTh)
3) a+0=a (CylllecTBOBaHHE HYJIEBOI'O BEKTOPA)

Jy1s1 1r060T0 BEKTOpa a8 CYIIECTBYET €My MPOTUBOIOJIOKEHHBIA BEKTOP —a , TaK YTO

d+(-a)=0

5 l-a=a (CyIIeCTBOBaHUE BEKTOpPA PABHOTO JAaHHOMY)
a(fa)=(af)a, (acconumaTUBHOCTh YMHOKCHUS Ha CKaJIAP)
Ala + b )=Aa + Ab; (pacnpenenuTenbHbIe CBOMCTBA OTHOCH-
(ax+ pla=aa+ pa. TEJIbHO YMHOKEHUS Ha CKaJIsip)

[IpocTpaHCcTBO, B KOTOPOM OMPENECICHBI JAHHBIC JTUHEUHBIE ONEpaluu Hal
BEKTOPaMH, Ha3bIBAIOT JJUHEUHBIM.

IIpoexyus eexmopa

IIpoekuueii Bektopa M;M, Ha 3amaHHyIO

och | Ha3bIBaeTCS YHCIIEHHOE 3HAYECHHE BCKTOpa

N:N2 Ha ocu | (Puc. 4.10a). IIpoekiueii Bek-

Topa & Ha BEKTOp D Ha3bIBaeTCs MPOCKIUS BEK-

TOpa 8 Ha 0Ch, UMEIOIIYIO C BEKTOpOM b o/1u-

HakoBoe Hamnpasienue (Puc. 4.100).
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2)

npya = ‘é‘ COS« , TA€ 0- YyrOJl MEXKAY BEKTOPOM a U OChIO I

Ceoticmeo npoekyuii: /
a
£

1) [Ipoekiusi CyMMBI BEKTOPOB Ha OCh PaBHA CyMME ]
IIPOEKILIMM 3TUX BEKTOPOB, T.€.

Hp|(§+5)=l_[p|é+ TIpib ; b
MIPOCKITUS TIPOU3BEACHUS BEeKTOpa d Ha 9ucio A Puc. 4.100

paBHa MPOU3BEJICHHUIO YKCTIa Ha MpoeKInio Bektopa d, 1.e. [Ip) A-a=Allp,a.

Pa3znoosrcenue eexkmopa no o6asucy.

[Tyctb 3amaHbl BEKTOpPHI &,,d,,...,8, U YACTA &, Ay, ..., &,. COCTaBUM KOMOU-

HAIMIO U3 3TUX BEKTOPOB, UCIOJIB3Ys TOJBKO BBEJCHHBIC JTMHEIHBIE KOMOWHAIIUN
CIIOXEHUSI U YMHOXEHHSI BEKTOpa Ha yucio. B camom oOmiem ciayyae oHa uMeer

BUA: o,d, + a,8, +...+ a,d,. Takue KoMOMHALIMU HA3BIBAIOTCS JIMHEWHBIMUA KOMOU-
HAIUSIMU BEKTOPOB&,,d,,...,d,, a YUCIA O, Xy,..., X, KOOI ULIUEHTAMH JTUHEHHON

KOMOMHAIIUH.
Ecnu BekTop mpencTaBieH Kak JIMHEHHAss KOMOWHAIIAS HEKOTOPBIX BEKTOPOB,
TO TOBOPSIT, YTO OH PA3JI0KEH IO 3TUM BEKTOPAM.

Teopema 1. Ilycte nan HeHyneBOW BekTopd . JIF0OOI KOJUTMHEApHBINH emMy

BEKTOp b TIpe/ICTaBIICH B BUJE b = d eMHCTBEH-

B C
HBbIM 00pa3oMm. -
Teopema 2. JItr000i1 BeKTOp 8 Ha MIOCKOCTH ’
MOXeET OBITh Pa3IOXKeH IO JIBYM HEKOJUIMHEap- ?:';
HBIM BEKTOpaM €, U €, €IUHCTBEHHBIM 00pazoM. O f A
1 Puc. 4.11

Ezza]é] +052§2.
HekonnuHeapHble BEKTOpPBl €; U €), B3AThIE B OIPENEICHHOM IOPSIKE,

Ha3bIBAIOTCS 0a3UCOM Ha IJIOCKOCTH, a KO3 DUIIMEHTHI JIMHEMHOW KOMOUHAIIUY KO-

OpAMHAaTaMU BeKTopa d B Oa3uce €;u é;.
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Teopema 3. Ecnu €;, €, €;Tpu HEKOMIUJIAHAPHBIE BEKTOPA, TO BCSIKUN YETBEPTHIN
BEKTOpP d PACKIAIBIBACTCS MO HUM U 3TO PA3JIOKEHHUE €IUHCTBEHHO.

OHDCIIGJIGHI/IG: JIro0kIe ABa HCKOJUIMHCAPHBIX YIIOPAOAOYCHHBIX (BB}ITBIX B OIIpC-

JICJIEHHOM MOPSIIKE) BEKTOPA HA IMJIOCKOCTH HA3BIBAIOTCA 0a3MCOM Ha 3TOW MJIOCKO-

ctu. JIroOnie TPHU HCKOMILIAHAPHBIC VIIOPAOOYCHHBIC BCKTOPA B IIPOCTPAHCTBC

Ha3bIBAIOTCA 0a3UCOM B IIPOCTPAHCTBC.

Taxum 06pa3zom, B IPOCTPAHCTBE C BEIOPaHHBIM 0a3UCcOM €;,€7,€3 HaM yJa-

JIOCh KAXKAOMY BCKTOPY INOCTABHUTH B COOTBCTCTBUC TpOﬁKy YHUCCI - €ro KOOpArHAT.
Tenepb ITPpHU BBIIIOJIHCHHUH BBCACHHBIX onepaunﬁ HaJa BCKTOpaMH MOYKHO 3aMCHUTD

TCOMETPHUCCKHE TOCTPOCHHUS aHATMTHYSCKUMH BBIPAKCHHUSIMH.

IlycTh 8 = €, + 2,8, + 38,0 = B8, + .6, + Subs,

Torna d+b = (a + P& + (ay + B,)E, + (a5 + f3)E;

U Ad = (/Ia])é] + (ﬂ(lz)éz + (10{3)53.

Taxkum oOpa3zoMm, TP YMHOKEHHH BEKTOpa Ha YUCJIO BCE €ro KOOPAMHATHI
YMHOJKAFOTCS Ha 3TO YHUCJIO, a IIPHU CIIOKCHUH BEKTOPOB CKJIAIBIBAIOTCS X COOTBET-
CTBYIOIINE KOOPAMHATHI, €CJIM OHM OTNPEIETICHBI OTHOCHTEIEHO OJHOTO M TOTO K€
Oasmuca.

exapmoswl npsimoy2oibHble KOOPOUHAMbL

OnpeneneHue. AEKAPTOBOM CHUCTEMOW KOOPAMHAT HA3bIBAIOTCS COBOKYII-

HOCTh TOYKHU M 0a3uca. Touka O - Hayano koopauHat, OX,0y,0z - koopAUHATHBIC
ocu, Oxy,0yz, OXz -koopAMHATHBIC TIJIOCKOCTH.
Ocp Ox Ha3pIBAIOT OCKIO abcyucc, ock OY - ocbto opournam u ock OZ - OChIO
annauxam.
YacTo UCHoJIb3yeTCs B IEKAPTOBOM CUCTEME KOOPIMHAT, 0a3UCHBIE BEK-

TOPEI KOTOpOﬁ B3aMMHO IICPHICHIUKYJIAPHBI U UMCHOT CAMHHUYHBIC NJIMHbI:
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iLjLk, mzmz\ﬂ:l.
Pa3yi0uM Npon3BOJIbHBII BEKTOP & Tpexmep- 3

HOT'O IIPOCTpAHCTBA IIO OpTaM. I[J'IH 9TOIr'0 IIO-

ctpouM BekTopOM , paBHBIII BekTOpy @

(Puc.4.12). Torga d=Xi + Yj + zK , uHaye Bek-

TOp & MOXKHO 3amucath B Buae: a = (X, Y, 2). Pic.4.12

W3 eTMHCTBEHHOCTH Pa3IOKCHUS BEKTOpa @ IO OpTaM, CIICIYET, YTO SCIIU
KOOPJMHATHI MOOBIX IBYX BEKTOPOB &(X,, Y,,Z,) ¥ D(X,,Yp,2,) PABHEL T.e.
Xa=Xb, Ya=Yb , Za=Zp, TO ITH BEKTOPHI TOKE PABHEI.

Bextop OM , maymuii ot Hagana Toukn O k Touke M (X, Y, Z) Ha3bIBaeTcs pa-
ouyc - 8eKmopom STOW TOYKH, W €ro KOOpPJIUHATHI
OM (X, Y,Z) COBHAJAIOT ¢ COOTBETCTBYIOIIMMHU KOOD-
JTMHATAaMH TOYKH M.

HYCTI) AB - BCKTOP, KOOPANHATBLI Ha4adJld U KOHIIA KO-

toporo mBectHel A(X1, Y1, Z21) u B(Xz2, Y2, 22) .

Torga koopauWHATBI BEKTOpa AB BBIPAXKAIOTCS 1O X Prc. 4.13
dopmynam: X =X, —X%,Y =Y, —Vy;,Z =2, — 2.

U3 puc. 4.13 BugHO, 90 AB=F, +T,.

Wcrons3ys cBoiicTa mpoekumii, umeem: X = IIp,, AB = IIp,, (F, — 1, )=X, — X, 1
aHAJIOTMYHBIM 00pa3oM HaxomumY =Y, —V,,Z =2, — Z;.

Paznoxenne BekTopa AB 1o opTaMm OyJeT UMETh CIETYIOIIUA BU/I:

AB :(Xz - Xl)l + (Y2 - y1)J + (22 - Zl)k -
ITepeMHOKEHHE BEKTOPOB M CBOMCTBA HE3aBUCHMOCTH BEKTOPOB IOIPOOHO pac-
CMaTPHUBAIOTCS B KYPCE BBICIIEH MATEMATHKH.

3amauu

—

1. JlaHbI BEKTOPHI ézZi—4j+R u 6:—i+]+3E. Haiitu mp_ . b.
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2. HaiiTu kocuHyc yria, 00pa30BaHHOTO BEKTOPOM b=10i—2v2- j- 6K 1 ocbio
OZ.

3. JlaHbI BEeKTOpHI @ = 5] +k u b= i+ 4] + 3k . Haiitn KOCHHYC yTJa MEXIY

JMaroHaJISIMK TTapaijiesiorpaMMa, MOCTPOSHHOTO Ha BeKTopax au b.
4. Jlauol BeKTOpl d=-6 i —5K u b{5; J3; 6}. Bbruuciuts 1ip; (a + b).
5. Haiitu xocuHyc yriia, oopa3zoBanHoOro BekropoM a=31—2 j+ K u ocero OY.

6. Jlansr BekTopEr a=1{3; 1, -1} u b= —~2i + 3]+ 4k Haiitu xocunyc yra,

o0pa3oBaHHOTO BeKTOpoM d + b u ochio OX.

7. JlaHBI BEKTOPHI AB=i- 3] +k U AC=2i+ 4] +K. Haiitn
up__(AB + 2AC).

8. Berumciauth mpoekimio BekTopa a=5I+2)j+5k Ha ochk Bekropa
b=2i- j+2k.

9. OnpeaenuTsb yroi MeKAY AMarOHAISIME TapajuieiorpaMma, OCTPOSHHOTO Ha
Bektopax a=3i+4 j+5k n b=4i+5j-3k.

10. Ompenenutb, MpU KAKOM 3HAYEHUHM M BEKTOppl d=Mi+ ] u

b=3i- 3] + 4K MEPICHIUKYISPHBI.

11. OmnpenenuTh, IpH KaKOM 3HAYCHHWH O BEKTOPHI a =i —3]+E u
5{1; a; 2} B3aMMHO MEPIECHIUKYIISIPHBI.

12. Jlanbl BepIIMHBI TPEYTOJbHUKA! A(— 1 —2; 4), B(— 4; —2; O), C(3; - 2; 1)
. Onpenenuth BHYTPEHHUH yroja Npu BepiinHe B.

13. Jlanbl BepIIMHBI TPEYroOJIbHUKA! A(3; 2; —3), B(5; 1 —1), C(l; -2; 1).

OnpenenuTs BHYTPEHHUN YIOJI IIPU BEpLIMHE A.

14. Haiftu BexkTOop X, KOJUTMHEAPHBIA BEKTOPY a{2; 1; —1} U YJIOBJIETBOPSIO-

Ui ycioBuo X -a =3.
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15. JlaHbl IB€ TOYKHU M(— 5 7 — 6) " N(7; -9 9). Bpraucauth npoexuuto
BekTopa d{1, —3, 1} Ha och BekTopa MN.

—

16. JlaHBI BEeKTOpBI: a = 2i - 4] +K u b=—i+ ] + 3K . BbraucauTs mp, . b.

17. Halti OCTpBIM yrosl MEeXAy AUaroHaJsIMU IapajuiesiorpaMma, MOCTPOEH-

HOT'O HAa BEKTOpaxX 5{2; 1 0}, b= —j + E

18. JlaHbI TpH BEKTOpA: §{3; -6, — 1}, 6{1; 4, — 5}, 6=3i— 4] +12K . Haiitn
p, (ﬁ + B)

19. JlaHbl TpU BeKTOpa: é{l; -3; 4}, B{ 3 -4 2}, C=—i+ ] + 4K . Haiitn
Hp b+¢ é:

20. Haiiti ocTphIil yroa Mexx 1y AUaroHaJIsIMU MapajiieiorpaMmma, ToCTPOSHHOTO
Ha BEKTOpax 3{2; 1; 0} u b= —2] +Kk.

21. laHbl Tpu BEKTOpa: 4a {3;— 6;—1}, 5{1; 4; — 5}, c=3i— 4] +12K . Berunc-
JUTH TP, (6 + C).

22. HaiiTi BEKTOp X, 3Hasi, YTO OH MEPICHIUKY/ISpEH BekTopaM ad=21—K u

—

b=3j
U YJIOBJIETBOPSICT YCIOBUIO X (Zi —j+ k): —6.

23. Haiitu BekTop X, KOJUTHHEAPHBINA BEeKTOpY 8 =21+ ]— K 1 yaoBiaeTBopsio-
M YCIIOBUIO X - b=6.

24. JlaHbl BEpIIMHBI TPEYTOJIbHHKA: A(— 1 -2 4), B(— 4; —2; 0), C(3; - 2; 1).
OrnpenenuTs BHEIIHUMN YTOJI P BEPIIMHE A.
25. JlaHbl BEpUIMHBI TPEYrOJIbHUKA: A(3; 2; —3), B(5; 1; —1), C(l; - 2; 1).

OnpenenuTs BHEIIHUI Yroy Npy BEPIIMHE A.

26. Jlan BekTOp a= 30+ 2] —K u TouKH M(3; -1 2) 51 N(4; -2 1). Haiitn

mp_a.
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27. B tpeyronbhuke ¢ BepmmHamu  A(2; —1; 3), B(L; 1, 1), C(0; 0; 5). Omnpe-

JEIUTh BHYTPEHHUI yroJl PY BepUIMHE A.

28. JlaHbl BEKTOPBI ﬁ{l; -1 2} u 5{2; -2; l}. Haritu npoexiuro BekTopa

€ =33d — b na Hanpasienue BekTopa b.

29. JlaHbl BEPUIMHBI TPEYTOJIbHUKA! A(4; 1; 0), B(2; 2; 1), C(6; 3; 1). Haiitu

MPOEKIUIO BEKTOPa AB Ha cropony AC.

30. JIaHbI BEKTOPBI ﬁzB?—Gi—E, 6=]+4j—5§, E=3i+4_j+2E.HaﬁTH

MPOEKITNIO BekTopa d+ C Ha Bektop b+ C.
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5. NIOKA3ATEJ/IbHASA ®YHKIUS. IOKA3SATEJIBHBIE YPABHEHU S
N HEPABEHCTBA

Omnpenesienue u cBOMCTBA NOKa3aTebHOU pyHkuun. I'paduk nokasaresb-

HOM (PYHKIIUM.

Oynkuuio Buaa 'y = a*, rae a > 0 u a # 1, Ha3bIBAIOT nokazamenvHol (yHKyuel.

OcHOBHBIE CBOWCTBA MOKa3aTeNbHON QyHKIUH Y = 8

CBoiicTBO a>1 O<ax<l1
OO6nacTh ornpeneneHusI D(f) = (-o0; +00) D(f) = (-o0; +00)
OO0acTh 3HAYCHHIM E(f) = (0; +0) E(f) = (0; +0)
MOHOTOHHOCTh Bo3spactaer YoObiBaet
HenpepriBHOCTH HenpepsiBHas HenpepriBHas

I'pa¢guk nokaszareibHOM PYHKIUN

['padrxom nmokazarenbHON PYHKIIUU SBISAECTCS 9KCHOHEHMA.

& }i" }i"
X X
y=2a y=2a
a=1 0=a=<1
1 X ! X
e . I
0 0

Puc. 5.1. I'paduku nokazarenbHbIX (PYHKIMI (3KCTIOHEHTHI)
Pazanunbie cioco0bl pelieHus MOKa3aTeJIbHbIX YPABHEHHII 1 HEPABEHCTB.
IloxkazamenvHblmuy HA3bIBAIOTCS YPAaBHEHUS M HEPABEHCTBA, B KOTOPBIX HEU3BECTHAS
nepeMeHHasi HaXOUTCS TOJIBKO B MOKA3aTeNsIX KaKUuX-11u00 cTeneHel.

Pewenue nokazamenvhnwvix ypa(meuuﬁ

36



o~ WD E

A A o

Teopema 1. ITokazatensHoe ypasHeHue a' ® =a9® (rge a> 0, a # 1) paBHOCHIBHO
ypaBuenuto f(x) = g(x).
OcHoBHBIE (POPMYIIBI U ICUCTBUS CO CTCTICHSIMHU:

a>0,b>0:

k
a®=1,1=1; a"=Ya*(kezZ,neN) a‘xzix; a*-a¥=a";

QD

a - y X a* (a)
—=a""; (@) =a”; a*-b*=(ab)’; —=|_-| .
= ) @r: 2-[2)

OcHOBHBIE MeTO/IbI pPellleHNsI 0KA3aTeJbHbIX YPABHEHHUI

Merton npuBeeHUs CTENEHENW K OJJUHAKOBOMY OCHOBAHHIO.

BriHecenne 00111ero MHOKUTEINS 3a CKOOKH.

Merton BBe1eHUS HOBOM ITEPEMEHHOM.

MeTox OWIEHHOTO JEJICHHUS.

['padprueckuit meTo.

|. Ypasnenus Buga a’®=1. (Meroa npuBeieHusl cTeNneHell K 0IHHAKOBOMY 0C-
HOBAHHUI0).

Il. YpaBnenus Buga a”™=q* (MeTox NpuBeIeHNs CTeNeHell K 0MHAKOBOMY
OCHOBAaHMIO).

I11. YpaBnenus Buga Aoa™ %o + A1a™** +42a™; +  +A4n0a™* =M. (Bbinece-
HHe 001ero MHOXKHMTEJIA 32 CKOOKH).

[IpuBeném oOLIMIT aNrOPUTM METO/a BBIHECEHMs OOILIEro MHOXKHUTENS 3a
cKkOOKH Ha ripumMepe ypaBHeHus Aoa™ Ky + A1a™H +A4,a™H + | +A4,a™ K =M:
BBIHECEM OOIIMIT MHOKHUTEIb 32 CKOOKU: a™ (doako + A1a* +A2a% + | +A4nd . )=M;
0003HAYNM BBIpakeHHe B cKoOKax Aoako + A1a*t +A42a% + . +A4na*, =N;

MOJICTAaBUM 3aMeHy B M3HauajabHOe ypaBHeHue a™ N =M;

TIOJIY4UM MpOCTelIiee mokasarenbHoe ypasHenue a™=M/N;

HAXOJIUM PEIICHUE ITOTO YpaBHEHUs MpH yciioBuH, uto eciii M/N<0, To ypaBHeHUE
pELIEHUN HE UMEET.

IV. YpaBnenns Buaa Aoa® + A1a* +A42 =0. (MeTox BBeeHHsI HOBON IepeMeH-

HOI1).
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[TpuBeném oOmUi aNropuT™M METO/Aa BBEJIEHUSI HOBOW NEPEMEHHON Ha MpH-
mepe ypaBHeHus Aoa™ + A1a* +A4, =0.

Ecnu B noka3arenbHOM ypaBHEHHUH BCE OCHOBAHMS OJJMHAKOBBI, a MOKA3aTeJIN
CTEIICHEN — pa3HbIE, TO:
MPUBEIUTE K OJTHOMY MTOKA3aTENI0 CTEIICHH U MOJyYUTE YPAaBHEHHE C OJIMHAKOBBIMU
OCHOBaHUAMH M OJMHAKOBBIMH IIOKA3aTEJISIMU CTeNeHel, Hanpumep Ao (a¥)? + A1a”
+4, =0;
ceNaliTe 3aMeHy MTepeMEHHOM, Hanpumep a*=y;
pelInTe ypaBHEHHE OTHOCUTEIBLHO 3TOH HOBOM nepeMenHoi (Ao V> + A1y +A42 =0);
cAenaiTe 0OpaTHyIO 3aMeHy IEPEeMEHHOM U MOJIYyYHUTE COBOKYITHOCTh MPOCTEHUIINX
ITOKA3aTEJIbHBIX YPABHEHUMU.
V. YpasHenus Buaa Aoa* + A1a?0? +A420*=0. (MeToa no4ieHHOr o jJejieHust).

OxHOpOIHBIE YPAaBHEHHUSI BTOPO CTEIIEHH B OOIIEM BH/IE MOYKHO 3aIIMCaTh TaK:
AOaZf(x) i Aiaf(x)bf(x) 4 AZbe(X) —0

rae Ao, A1, Az, @a 1 b — HekoTopsIe uncia, mpuyéM a u b — MoJI0KUTENBLHBI M OT-

JIMYHBI OT CAUHUIIBI.

UToOBI MPUNATH K TAKOMY BUJTY, IOYTH BCET/Ia YpaBHEHUE TPEOyETCs IpeIBapu-

TETbHO TIpeoOpa3zoBaTh. Yale Bcero ypaBHEHHE 3allMCHIBAIOT B BUJIE
f
A% ¥ 4 A (a-b) ™)+ AD2® =0
3anuiemM IMPU3HAKHW, KOTOPLIC ITO3BOJIAT OTIIMYHUTb OJHOPOJHOC YPAaBHCHHUC OT

YPaBHEHHM APyroro BUIA.

[Ipu3HAaKM OJHOPOJHOTIO MOKA3aTEIAbHOIO YPAaBHEHHUSI BTOPON CTEIICHU

YPaBHEHUE COJICPKUT POBHO TPU CTENEHU C Pa3HBIMU OCHOBAHUSIMU;
MOKa3aTesy JIBYX CTeNeHEeH pPOBHO B JIBa pa3a O0JIblIie MOKa3aTelis TPEThel CTENeHH;
OCHOBAHMUE ITON TPEThEU CTENEHU PABHO MPOU3BEICHUIO OCHOBAHUM JIBYX APYTHUX
CTEIICHEMN.

[TpuBeném oOmIMi aTOPUTM METO/1a TTOUJICHHOTO JICTICHHS Ha IPUMEPE ypaB-

uenus Aga* + A1a’? b2 +A4,b* =0.
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Ecnu B moka3aTelbHOM YpaBHEHHH BCTPEUAIOTCS JBA Pa3HBIX OCHOBAHUS CTe-
TIEHEH ¢ pa3HBIMH MTOKA3aTeISIMH, TO:
MPUBEIUTE K OJIMHAKOBBIM IMOKA3ATENSIM CTETICHEH U IMOJIYyYUTE YPABHEHHE C IBYMS
Pa3HBIMH OCHOBaHUSIMU U OJIMHAKOBBIMU (WJIM KPATHBIMH ) IIOKA3aTEIISIMU CTEIICHEH;
paszienuTe BCe ypaBHEHHUE MOWICHHO HAa MEHBIIIEe OCHOBAHKE B CTEIICHN YPABHCHUS
(marmpumep Ha b*; 0). [IpeoOpasyiiTe TpoOH ¢ TOMOIIBIO TOXKIECTBA CTCIICHH APOOH
¥ TIOJTyYUTE TIOKa3aTeIbHOE YPaBHEHUE C OJIMHAKOBBIMU OCHOBAHUSAMH U OJTUHAKO-

BBIMH ITOKa3aTeaMu creneHei (Ao(a/b)* + Ai(a/b)? +A4,=0);

)y=y);

pEIINTE ypaBHEHHE OTHOCUTEIBLHO 3TOM HOBOM mepeMeHHoM (Agy? + A1y +A4,=0);

clenanTe 3aMeHy nepementoi ((a/b

cenaiTe 00OpaTHyIO 3aMEHYy MEPEMEHHOM U MOJIYYUTE COBOKYITHOCTh MPOCTEUIIINX
[I0Ka3aTEeIbHbIX YPABHEHUN.

V1. Ypasuenus Buaa a’™=f(x). (F'paduuecknii cnocod).

Pewenue nokazamenvnvix HéepaseHncme.

OmnpenencHue: HyCTB a - IaHHOC ITOJIOXKUTECJIBHOEC, HC PABHOC CIMHUIIC YHUCIIO

u b- nanmnoe neiictBurensHOe umcao. Torga HepaBeHCTBA a* >b(ax Zb) u

a*<b (ax < b) Ha3bIBAKOTCS NPOCMEUUMU NOKA3AMENbHLIMU HEPABGEHCTNEAMU.
PemenriemM HEpaBeHCTBA C HEM3BECTHBIM X HA3bIBAIOT YUCIIO X, IPY IIOJCTA-

HOBKE KOTOPOTO B HEPABCHCTBO IOJIy4aeTCsl BEPHOE YKMCIOBOE HEPABEHCTBO. Pe-
IIATH HEPABEHCTBO - 3HAYMT, HAWTH BCE €TI0 PEIICHNS WK TI0Ka3aTh, YTO UX HET.
Teopema 2. Eciu a > 1, To HepasenctBo a '™ > a 9 ® papHocunsHO HepaBeHCTBY
toro xe cMmbicia: f(X) > g(x). Eciu 0 < a < 1, To nokazareabHOE HEPABCHCTBO

a'® >a9® papnocunsHO HepaBEeHCTBY IPOTHBOINONOKHOTO cMmbicha: f(X) < g(x).

Memoowl peutenus nokazameibHblX HEPABGEHCME.
1. Iloka3aTe/ibHbIe HEPABEHCTBA, CBOASIIIIUECH K MPOCTEHIIINM.
2. MeTo/1 BBeJieHHsI HOBOI NepeMeHHOiA.

MeToa BbIHECEHHUS 00IIero MHOKHUTEJIA 32 CKOOKH.
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4. Metoa NOYJIEHHOIO JeJICHHUS.

5. Meroa panuoHaJIM3aNUH.

Mertoa pannoHaaM3aMK 3aKI0YaeTCs B 3aMEHE CII0KHOrO BhIpakenus F(X) Ha
0onee nmpocroe BeipaxkeHue G(X), mpu kotopoit HepaBeHCTBO G(X)VO paBHOCHIBHO
nepaBeHcTBY F(X)VO B o0actu onpenenenus Beipakenus F(X). [Tox 3nakom V moj-

pasyMeBaeTcsl OOUH U3 3HAKOB >,<,> <.

u, -u, -...-u
JIt060e HepaBEeHCTBO MPHBOAUMO K BUIY ——2 nvO,
VAR VARNN VA
rae Ui,...,UnVi,...,Vk — HEKOTOpble (YHKIHHU. J[0BOJIBHO YacTO KaXIyH M3 HHUX

MO’KHO 3aMEHUTbH Ha APYTYI0 3HAKOCOBMAJAIONIYI0 (DYHKLHIO HA 00JIaCTH Ompese-
nenwusi. [IpuBenémM OCHOBHBIE THIIBI BBIPAXKEHHM, JJIsI KOTOPBIX MOKHO HCTOJIB30-
BaTh METO/] pallMOHATIN3ALIUY.

B niepBom cronbiie Tabmuibl — dyHkus F(X), KoTopyro Mbl palluOHATH3H-
pyem. Bo BTopom cronbiie — dyukuus G(X) — 3HakocoBnagaroiias ¢ GyHKIueh
F(x) Ha obnactu e€ onpenenenus. [Ipu 3TOM, UCHONIB3Ys] METO]] pAIlMOHATA3AIIUH,
HEJb34 3a0bIBATh NMPO 001acTh onpeaeneHus GyHkuui. [Ipu pemenun 3agaun uc-
XOJTHOE HEPABEHCTBO MPE0Opa3yeTcsl B CUCTEMY: pallMOHAIM3UPOBAHHOE HEPABEH-

ctBO 1 OJ3 nCcX0AHOTO HEPABEHCTBA.

Boipa:xenue F Boipa:xenue G o3
h(x)™@—h(x)o® (h()—1)-(f()—-g(x)) h(x)>0
h(x)™—-1 (h(x)—1)-f(x) h(x)>0
f(x)"®—g(x)"® (f0)-9(x))-h(x) f(x)>0,9(x)>0

Teopema 3. [Tokazarensroe nepasercto a(x) '™ > a(x)?™ pasrocmibHO criemy-

a(x) >0,
IOIICH CUCTeMe HepaBeHCTB: < a(X) #1,

(a(x) =D(f (x) - 9(x)) 2 0.
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23.

24.
25.
26.
27.
28.

29.

30.
31.
32.
33.

34.

35.
36.

Ll
Pemmure nokas aTe/IbHble YPABHEHNA!

v/ 12532z — i

4
32—z _[.32xr —q2z+1
2.6°+3.6"13=325.3"1,
49=+1 L 55. 71 _56=0.
32:1.'+5 _ 22:1:+7 4 321:+4 _ 22.1:+=1 -0

4. 32.1: . 22:1.'—; _32.1:+1 o 22:1.‘ —(.
]. o a—
6v2 (E) +36"T =66.

(2° =22 +2)" " =(a? - 20 +2)* "
3.92%F L 6F —2.3% =),

5*—1=y6+2-5%.
z— 4|V 5 = | — 4|2,

a
T
Haitru npounssenenne kopueil ypasnenns 02T — 1

- T 2
Haiiti cymmy xopueil ypapnenns 27 +2% 73— 27+l =7.95+6

Haitru cymmy kopreit ypasnenus: /xr — 1, -'3(2‘I +8.-27F — 6) =0.

HaliTin HauMeHbIIHIe HeJIbe T, VI0BAETBOPAIONINE HEPABEHCTBAM:

24.
25.
26.
27.

28.

29.

30.
31.
32.

5:1:+1 _3:I:+2 ~ 25;1.'_23.1:—1
Tz+2 _ 8:+2 <6- -Ta.-+1 _7. 8'E+1.
22 _3.2742<0.

9:1:+1 _3:+3 <3 _3.

9 244z ] x+2
- > = _
(5) (=)

6r—1 5

1
(0,2) 3—=x {(E) .
sV plve2iy

(z—3)=0>1.
(z4+1)"*>1.

Penmre HepaBpencTEa:

33.
34.

35.

3\f:13+1+1 _28+32—\.-"E-‘+1{:0.

(z+1)= 36 <1,
647 _3.4° 3

4221 "4z —1 47+1
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JJOI'APUOMHNYECKAA @YHKIUSA. TOTAPUOMHUYECKHUE YPAB-
HEHUSA U HEPABEHCTBA

Omnpenenenue u cBoiicTBa Jorapupmudeckoii pynkuuu. I'padux jgorapud-

Mu4yeckoil pyukumu. Jlorapupmuueckas pynkuus. Jlorapugmel.

OHDGHGHCHHC: .HOl“apI/I(bMOM IIOJIOXKUATEILHOIO YKca b o OCHOBaHHUIO a, rae

a >0, a#l , Ha3BIBAETCA MOKA3aTENb CTENEHHU, B KOTOPYIO HAJ0 BO3BECTH YHUCIIO A,
4TOOBI OJYYUTE b.
1 1
Hampumep: 10g,8 = 3, Tak kak 22 =8; log s 9 =2, tak kak 32=9;
log;7 =1, Tak xak 7' = 7.

92> — . J10 paBencTBoO crpa-

Omnpenenenue porapruma MOKHO 3aMHUCATh TAK: &
BeuiBo Tipu & > 0, b > 0, a#1. Ero 00b4HO Ha3bIBalOT OCHOBHBIM JIOTapu(pMu-
YEeCKHUM TOKIAECTBOM.

JeicTBue HaXO0XI€HUS Jorapudma drciia Ha3bIBaloT JorapupmMupoBaHueM.
JleficTBHE HAXOXIEHUS YUCIIA 110 €T0 JIorapu(pMy Ha3bIBAIOT MOTEHIIUPOBAHHEM.
CaoiicTBa orapumMoBs.

[Ipu BeINOTHEHUHU TPe0Opa30BaHUi BBIPAXKEHHM, COAEpKAUX JTOTapu(MBbl, IPH
BBIUHCIICHUAX U MPU PEIIEHUHA YPABHEHUHN YaCTO UCMOJIb3YIOTCS Pa3jInyHbIE CBOM-
cTBa JjorapudmoB. PaccMOTprM OCHOBHBIE U3 HHUX.

[Tyctb a > 0, a#1 ,b >0, ¢ > 0, r — moboe nericTBUTENBHOE Unci0. Torma crpa-

BEJIJTUBBI (POPMYIIBL:

Iogagzlogab—logac | r
C og,b" =rlog,b

Ioga(bc):logab+logac’ | .
JlecATHYHBIC U HATypaJIbHBIC JIOTaApU(PMBI.
Jlns morapudMOB YHCEN COCTABJICHBI CTICITUAIbHbBIC TAOIHITLI (Ta0IUIIbI JJorapud-

MOB). Jlorapudmbl BEIYUCIISIOT TaKXKeE C MOMOIIBI0O MUKPOKAIIbKYJIsiTOpa. Y B TOM
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M B APYIr'OM CJIyda€ HaxXoasATCsA TOJIBKO ACCATUYHBIC NI HATYPaJIbHBIC JIOra-

pudMBI.

Omnpenenenue: JlecaTHIHBIM JIOTapU(pMOM YK CIIa Ha3bIBAIOT JOTapru(M 3TOrO

ypciia 1o ocHoBanuio 10 u mumyt Ig b BMecto logiob.

Omnpenenenue: HartypanpHbiM Jorapudmom dmcia Ha3bIBAIOT JIOTapupMm

3TOTO YHKCIIA TI0 OCHOBAHUIO €, TJIC € — UPPAIIMOHATIBHOE YUCIIO, TPUOITKEHHO PaB-
Hoe 2,7. Ilpu stom tumryT In b BmMecto logeb
HppaimoHalibHOE YUCIIO € UTPACT BYKHYIO POJIb B MATEMATHKE U €€ MPHUII0Ke-

HUsIX. Ynucio € MoXKHO IMPpCACTAaBUTDb KaK CYMMY:

1 1 1 1
e=l+-+—+——+. .+ ———+... 1
e~2,7182818284.
I[OCTaTO‘-IHO 3HATh 3HAYCHUSA TOJIBKO JCCATUYHBIX HWJIM TOJIbKO HAaTypPaJIbHbIX JIOT'a-

pI/I(bMOB YHCCII, YTOOBI HaXOIUTb JIOFapI/I(i)MI)I quCcCl1 II0 JIIO6OMy OCHOBAHHIO.

Jlnst aToro uenonb3yercst popMy.ia 3aMeHbl OCHOBAHMS Jorapugpma:

log, b

log, b =
log, a

wi tak log, b-log,a=1log b,

rneb>0,a>0,a#l,c>0, c#l

CaencrBust u3 GpopMyJibl 3aMeHbI OCHOBAHUA Jiorapudma.
[Tpu ¢ = 10 u C = e momyyarotcst popMyJIbl Iepexoa K AECATUIHBIM U HATypallb-

HBIM Jlorapudmam:

lgb o

log, b=—", _Inb
lga

b= .
Ina

a

Jlorapudmuueckas GpyHKIus, €€ CBONCTBA U Tpaduk

B maremartuke U €€ NpuiI0oKEHUAX 4acTO BCTpeUYaeTcs Jorapupmuyeckas QpyHk-
uus Y = l0ga X , rae a - 3amannoe yucio, a > 0, a£l.

Jlorapudmuueckas pyHKuus 00J1a1aeT CBOMCTBAMM:

1) OGaacth onpeeeHus JorapuGMUIECKON PYHKIIMH — MHOKECTBO BCEX
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ITOJIOKUTCIBbHBIX YHCCII.

2) MHOXeCTBO 3HaYCHUH JIorapu(PpMUIecKoi (PYHKIIMM — MHOKECTBO BCEX JICH-

CTBHUTCJIBHBIX YHCCII.

3) Jlorapupmudeckast GyHKIUSA HE SBIISICTCS OTPAaHHUCHHOM.

4) Jlorapudmuyeckas Gynkius Yy = 10ga X sBIsIeTCS BO3pacTaroniell Ha mpome-

xyTke (0;+0) , ecu @ > 1, u yosiBatromieit, ecnu 0 < a < 1.

5) Eciu a > 1, To pyHkmwms Y = 10ga X mpUHUMAET MOJIOKHUTEIbHBIC 3HAYCHUS TIPU X
> 1, orpuniatensubie pu 0 < X < 1. Eciiu 0 < a < 1, to ¢pyskiwms Y = 10ga X mpuHu-
MaeT MoJoXuTenbHbIe 3HaueHus npu 0 < x < 1, otpuniarensHbie pu x > 1.

Ocb Oy siBisieTcst BEpTUKAIBHON acuMITOTON Tpaduka yHKIuu Y = 10ga X

] I
¥ y=log _x 4
a>1 y=log_x
1 1 O=-a=1
1 1
d X a X
1 a ] a 1
-1 -1
Puc. 6.1

Otmerum, 4To Tpaduk Jr000H orapudmudeckort pyHknuu Y = 10ga X mpoxoaut
yepes Touky (1; 0).

[Ipu peuieHnr ypaBHEHHUM 4aCTO UCIIOIb3YETCS CIEAYIOIAsl TEOPEMA:

Teopema. Eciau 10ga X1 = 10ga Xz, tme a > 0, a#1 , X3 >0, X2 > 0, T0 X1 = Xo.
Jlorapudmuueckas ¢pynkuus Yy = 109, X u mokaszarenbHas ¢pyHkius y = a%, riae a >

0, a#1 , B3auMHO OOpAaTHBI.
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Paziuunblie crioco0bl pemeHus JorapupmMuieckux ypaBHeHUl U Hepa-

BCHCTB.

OcHOBHBIE METO/IbI pellleHNsl JOrapu(pMHUIeCKNX YPABHEHMIA:

Ha ocHoBanuu omnpeneneHus gorapudma.

Meton noTreHUUpOBaHUS.

MeTo MOCTaHOBKH.

MeTton norapudmMupoBaHusl.

OcHOBHBIC IPaBUJIA:

. HyxHo Haiitu obnacte qonmycrumbix 3aadenuit (O/13).

. C moMo111b10 OCHOBHBIX Jiorapudmudeckux (opmyJi IPUBECTH B YpPaBHEHHUH K JIOTa-
pudmMam ¢ OJMHAKOBBIM OCHOBAHHMEM CJIEBA U CIIpaBa OT 3HAKa PABEHCTBA.

. Ecnu myHKT 2 HEeBO3MOYKEH, TO BBOJUTCS MMOJCTAaHOBKA.

Pewenue nozapugpmuueckux nepagencme.
[Ipu pemennu norapuMUUECKUX HEPABEHCTB HEOOXOIMMO YUYUTHIBATh, YTO

>a” < <aP
1.ecmna>0,a#1, tologaf(x) >b <=> f(x)za W O_f(x)_a.
a>1 O<axl

< <aP S b
2 coma>0,a#1 10 logsf(x) b <=> 0= TWE8 ) Tlx)=at,
a>1 O<axl

g(x)>h(x)  (h(x)=g(x)
3. 109 1% 9(X) > log 1x) h(x) <=> h(X)> 0 U g(X)> 0
f(x)>1 0< f(x)<1

g(x)<h(x)  [h(x)<g(x)
4. 10g 1 9(x) <log g h(x) <=> {g(x)>0 u <h(x)>0

f(x)>1 0< f(x)<1
__[0<p(x)<1  [p(x)>1
5.109,( f(x)>0 = log, f(x)>log,1 <=> {0< f(x)<1" {f(x)>1'
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HmeeTcs He MeHee 4 IPUHIMITUATFHO Pa3IMYHbIX THUIIOB MOAX0/1a K PEIICHUO
Jorapu(pMHIECKUX HEPABEHCTB:
1. mepebop cimydaeB «OCHOBaHHUE OOJIBINE €IUHULIB, «KOCHOBAHHE MEHBIIIE €I1-
HUIIBD»;
2. TIepexo] K PaBHOCHJIBHBIM COBOKYITHOCTSIM CHCTEM HEPAaBEHCTB, HE COJEPIKa-
IUX JJOrapu(MOB, METO/I PaIliOHATH3AINH;
3. 000011IeHHBIM METOJT UHTEPBAJIOB;
4. rpaduyeckuit METO/I.
MeToa pauuoHaJU3AIMH.

HamomMHuuM, B 1iepBOM cTOJIOIE TabIuIbl — QyHKIUsA F(X), KOTOpyro MbI paru-

oHaimm3upyeM. Bo Bropom cronmbue — ¢yHknus G(X) — 3HaKOCOBMaAarOmas ¢
¢dyukuueit F(X) Ha obmactu e€ onpenenenus. [Ipu 3TOM, UCTIOIB3YsT METOT PaIHoO-

HaJIW3alWU, HEIb34 3a0bIBATH PO 00JIACTh ONpeAeIeHNs (PYHKIUIA.

Boipa:xenue F Boipaxenune G o3

0G40 1ogyg0) (N0 1) (7(00-(1) :(XX); R

lognf(X)—1 (h(x)—1)-(f(x)—h(x)) f(x)>0,h(x)>0,h(x)#1

loghf(X) (h(x)—1)-(f(x)—1) f(x)>0,h(x)>0,h(x)#1
h(x)>0, f(x)>0,f(x)#1,

108100109 (10019001 (-1 (@GN '

Teopema 1. JIorapudmuieckoe HepaBEHCTBO
IOga(x) f(X) 2 IOga(x) g(x)
PaBHOCWJIBHO CIEAYIONIECH CUCTEME HEPABEHCTB:
a(x)>0,
a(x) #1,
f(x) >0,
g(x) >0,
(a(x) =D(f(x) - g(x)) = 0.

Hepasenctsy log,,, f (x)- 109, y(x)<0
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)

)
COOTBCTCTBYCT paBHOCHUJIbHAA CUCTCMaA y(X) >0

)

)

Pewienue n01<a3amem;uo-nozapm]nnuuecxux Hepaesencme

PaCCManI/IBaH HOKaBaTeHBHO-JIOFapI/I(i)MI/I‘-IGCKI/IG YpPpaBHCHUSA, Mbl OTMCTHIIH,
4TO IJIA UX pCHICHUS UCIIOJb3YCTCA MCTO JIOFapI/I(bMI/IpOBaHHH 00enx yacTen YpaB-
HCHM: 110 OJHOMY U TOMY K€ OCHOBAHHUIO. 10T MCTOJ IIPUMCHACTCA U IJIA PCIICHUSA

nokazamenvHo-no0zapupmuueckux Hepasencme. 3nech Take f(X)>0 wm
g(x)>0 wm mepexomum ot HepaBeHcTBa  f(X)>Q(X)k HepaBEHCTBY
log, f(x)>log, g(x), ecnm a > 1 u x HepaBeHctBy log, f(x)<log, g(X), ecnu

O<axl.

47



PE.UIHTIJ }’[JH.EIIEIIHH:

log,(2x+1) —log, z=log, 64.

logs = —log, = — 2=0.

4log, 22 =logs(—z)+16.

log, 44=Ilogy 5logy 11 —2log,(x —2).

lngx:_r[B(Zx +1)]+log 5 3=logy(2x+ 1)

Aol A

19
6. log,;r+loggx+log, x= 17

7. %laga 2 +3log, mzélogES—]ogg
8. lcrgz(:c—l—l)—lag%(I—B):logQIQ.
?(J:—l-l}zg
2r—3

9. logy[(z+1)(2z —3)]+1og,
].D; nglf"'d_- ]Dgz_g ].'5 — _].

Haiitu nanbosbimme xopuu ypasnennii:
11. loga x —log, = —3=2'"822
12. log, z+log, % =1.
13. lg? 22 —lg2®+1=0.

x

+6
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Haittu nanbosbinme ne/iple x, yI0BIETBOPSIIONINE HEPABEHCTBAM:
8. lg5%** —1g25>1g5% 2 +1g5.
9. (r+1)log,,3—logg,27>0.
10. logg(x?—x)<1.
11. 5lss(Z= =7,
12. log,log z(z—1)<1.
PE.T_L[HTI_: HepaBelcTBa:

14. logy(2z+4)+logy(z+1)<logy(4—x).
15. logq(2z+18)—logq(z+5)<logy(6—x).

2 2
Hafitn nanmennimme HNEeIbIE T, VIOBJIETBOPAIONHE HEPABEHCTBAM:

3
16. logq(r+2)—logg(z+2)=> —3

3
17. log, . ;(5—x)>1.
19. log, 5(2x—9)<1.
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7. TPUTOHOMETPUYECKHUE ®YHKIMUU. YPABHEHUSA U HEPA-
BEHCTBA, COAEP KAIIIME TPUTOHOMETPUYECKHUE ®YHKIIUU

ITocTpoenue rpadgukoB TPUTOHOMETPUUYECKUX (PYHKIMIMA.

Cumnycom ocTporo yria ¢ Ha3bIBae€TCsl OTHOILIEHHUE UIMHBI KaTeTa, MPOTHUBOJIE-
YKaIIEero yriay ¢, K JJIMHE TUIIOTEHY3bl NMPSIMOYTOJIBHOIO TPEYrOJbHUKA C OCTPBHIM
yIJIOM @, 1 0003Ha4aroT SiN@. OTHOIICHUE JUTMHBI IPUJICIKAIIIETO K YIITy ¢ KareTa K
TUIIOTEHY3€ Ha3bIBACTCS KOCUHYCOM Yriia ¢, 0003HadaroT COS¢p. Tanzencom
OCTpOTO yTia ¢ Ha3bIBAE€TCS OTHOIICHHE JUTMHBI KaTeTa, MPOTHBOJIEKAIIETO K YTy
@, ¥ KaTeTa, IpUIekaero K aromy yriy (tg@). O6paTHoe OTHOIICHUE JUTMH KaTeTa,
MPUJIEKAIIETO K YIUIY (), U KaTeTa MPOTUBOJIEKAUIETO, HA3bIBACTCS KOMAH2EHCOM

(ctgg).

KpOMC CHHYCa, KOCHMHYCA, TaHI'CHCA M KOTAHI'CHCA HCIIOJIB3YIOT CHIC CE€KaHC

1
U Kocekanc Cosecp=——.
CoS@ sing

Seco =
BripaxkeHne, B KOTOpOM TEepeMEHHasi COACPKUTCS TOJ 3HAKOM TPUTOHOMETPHUY-
CKUX (YHKIIUN, HA3BIBACTCS MPULOHOMEMPUYECKUM.

Cornacuo Teopeme [Mudaropa u3 pucynkka (Puc.7.1) cnenyer:

— BEPILKHA yTJia ¢ TPSIMOYTOJIbHOTO TPEYTOJIbHUKA COBMELIEHA C HA4aJlOM KOOp-

!
JIMHAT, ¥

=
— T'UIIOTEHY3a TPEYroOJIbHUKA, ABJIAOIIAACS Takke u 5111 Qf*
pajnycoM OKPY>KHOCTH, paBHa euHuIe, I = 1, 1;25
— KOCHHYC SIBJISIETCS IIPOEKIMEN paaryca Ha OCh o

cosgg X
aocIuce,
Puc. 7.1

— CHHYC SIBJIIETCS IPOECKLUEN paanyca Ha OCb OpJIH-
Har.
Bcé 310 mpaBUIIbHO, HO MOKA TOJIBKO ISl OCTPBIX YTJIOB, KOTAa pagnycC-TUIIO-

TCHY3d HAXOAUTCA B HepBOﬁ YCTBCPTH.
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3HaKkoBas XapaKTepUCTHKA TPUTOHOMETPHYECKUX PYHKIUIA.

V4

¥4

™

}i'n.

AN

NPASINDA

N

tgo,ctga

sin o Ccos ol
Haub6oJ1ee BaskHbIe CBOMCTBA U rPaQUKM TPUTOHOMETPUYECKUX PyHKIUI
®Oyukuusa| Odaacts |O0aactb UéTHOCTS,| [lepuoa, | I'padukn pyHkumia
ompejeJie- | 3Haye- | HeYET- T
HUA HUM HOCTH
y=sinx | (-, ) | [-1,1] |HeuérHas
y€THAsA

y =C0SX | (~o0, o) [-1, 1]

HCKJIIOYe-
HHMEM TOYEK
N + /2,
371ech N 1e-

JIO0C

Y =1gx | (0, 20) 3| (0, )

HeyeéTHas

HUCKJIIOUE-
HUEM TOYEK
7N, 31€echb N

acjoc

y = ctgx | (—o0, o) 3a | (—oo,

)

HeYETHAS
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O06o0011eHNE CUTYAlIUK Ha CITydai JTI00bIX YTI0B /}L— T
OYEBUIHBIM 00pa3oM cieayeT u3 pucynka (Puc. 7.2), , . sin ¢ =(
a UMEHHO, JUI JTFOOBIX YTJIOB KOCHHYC, — MPOCKITUS {Cos e N ;
SIMHUYHOTO pajuyca Ha ock adcmuce (OX), cuHyc — \
IPOEKIINS SIMHUIHOTO paauyca Ha ochk opauHat (Oy), ==/
MpUYEM B TEX CIIy4dasix, KOTJa MPOCKUIHS MONagacT B Puc. 7.2

OTPHUIATEIbHYIO 00JIaCTh KOOPAMHATHBIX OCeH, (DYHKIIMAM MPHUIUCHIBACTCS 3HAK
MUHYC.

®Oynkius f(X) nassiBaercs uétHoi, ecnu f(—X) = f(X), u Heuétroit, ecim f(—X)
= —f(x). I'paduk 4€THOIM HYHKIIMH CUMMETPHYEH OTHOCUTEIHHO ocu opauHaT (OY),
a rpaduK HeYETHOU (QYHKIIMM CUMMETPUYCH OTHOCUTEIIBHO Havajia KoopauHar. M3
rpaMKOB BUIHO, YTO KOCHHYC SIBJICTCS 4ETHOW (DYHKIMEH, a CHHYC, TAHTCHC U

KOTAHTEHC — HEYETHRIE.

Teopema 1. 1 Eciu T - ocHoBHO#l mepuog pyukuuu f(X), To umciao %

SIBIIsIeTCS OCHOBHBIM TiepuojioM ¢yukimu f (kX + D).

ITeprons! pynknuii T, 1 T, Ha3bIBAIOTCS COM3BMEPUMBIMH, €CIIU CYIIECTBYIOT
HaTypaJbHbIE UucIa M U N, yto mT, =nT, =T .

Teopema 2. 2 Ecnu nepuoanyeckue ¢ynkuuu f(x) u f,(X), umeror
cousmepumele T, u T,, TO OHM UMEIOT 00w nepuon mT, =nT, =T, KOTOPBIH
sBisiercd nepuonoM pynkmuit f(X)+ f,(x), f,(x)—f,(x), f,(x)- f,(X).

B Teopeme roBoputcs 0 TOM, uTO | SBISETCS MEPUOAOM (PYHKIHMU
fL(x)+ f,(x), f,(x)—f,(x), f,(X)- f,(X), u HE 0OsI13aTENBHO SIBIISIETCS OCHOBHBIM
nepuozoM. Harmpumep, OCHOBHO# Tiepro1 PyHKIHIA COSX u SiN X - 277, a OCHOBHOM

IIEPUOJ UX NPOU3BEACHUSA - 7T .
B otnuuue ot TpuroHoMeTpudeckux GyHKIHUA 0OpaTHBIE TPUTOHOMETpUYE-

CKHC (bYHKHHH HC ABJIAIOTCA IICPUOIUICCKUMHU.
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Haub6oJ1ee BaskHbIe CBOMCTBA U rPaduKM 00PATHHIX TPUTOHOMETPHYECKUX

pyHKumit
®yukuusa | O0sacTb Oobanacre | YéTHOCTD, I'papuxu pyHkumi
ompenesie- | 3HAYCHUH He4éT-
HUA HOCTh
y=arcsinx| xe[-11] 7 x| HeuéTHas 2
Yel—55 -
2 2 IS | 0 1 g
y=arccos x| xe|-11] | yel0;z] | o6uero _
BUJIA ~
arccos(-a) = 1 0
7 -alCCosS a
y =arctg x | xe (— oo;oo) 7 )| HedérHas | L= |
ye|-5i5 e e—
2 2 4| 2] o2 4
-1 0
—_ . . T
y = arcctg x| xe(—o;0) | ye(0;z) | obmero =
s
BHUIA 3
\h___h
arcctg(-a) = L o a1
r-arcctg a

IIpeoOpa3zoBaHue TPUTOHOMETPUUYECKHX BbIPAKECHUI.
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OcHOBHBIE TPUTOHOMeTPUYECKHE (POPMYJIbI:

sin? x+cos? x =1 tgx - ctgx =1
sin x COS X
tgx = —— Ctgx = ——
COS X sin x
2 2
1+t9°X=— 1+ctg"x=——
cos? x sin? x

[Tone3Hsl Takxe (pOPMYJIbl NPUBEAEHHUS, KOTOPBIE MTO3BOJISIOT BBIPA3UTh 3HA-
YEeHHs] TPUTOHOMETPHUUECKUX (QYHKIUH 17151 TI0OBIX YTJIOB Yepe3 3HAUCHUsI TPUTO-
HOMETPUYECKUX (PYHKIUI YIJIOB IEPBOM YETBEPTH.

Hampumep: cos(180°+ &) = cos 180°- cosa — sin180°- sina =

(1) - cosa — 0 - sina = — cosa.

Uto6b! n36€XaTh HEOOXOIUMOCTH IOJIB30BATHCS MOI0OHBIMU pacyETaMu, IPUMeE-
HSIOT MHEMOHHYECKOE MTPABUJIO:

1. Ecnu BerumCIisieTcst TpuroHoMerpuieckue GyHkiuuu yrioB 90° £ a unu 270° + o
, TO CHHYC MEHSETCSl HA KOCUHYC, KOCUHYC Ha CHHYC, TAHT'€HC Ha KOTaHI'€HC, KO-
TaHreHC Ha TaHreHc. B cioyyae yrios 180° + a wim 360° + a gyHKIMU ocTaroTcs
HEU3MEHHBIMH, T.€. CHHYC OCTAETCSI CHHYCOM H T.II.

2. 3HaK pe3ynbTara TaKoH ke, KaKk y UCXOIHOW (PYHKIIMU B TOW YETBEPTH, B KOTO-
PYIO MOIAaeT UCXOIHBIN YIoJl.

Hanpumep: cos(180°— a) = — cosa.

Kocunyc ocraércst kocunycom, moromy uro 180°. Mcxomusrit yron (180°— a) Bo
BTOPOI1 UeTBEPTH, I'/I€ KOCUHYC, UCXOAHAasA (QYHKIMUS, OTPUIATEIbHA, I0ATOMY 3HAK
MUHYC.

IlepeBoa rpagycHoii Mepbl yIiia B paAHAHHYI0 U 00paTHO.

[Tyctb oo — rpamycHast mepa yria, f — pajuaHHas, TOTAa CIipaBeauBbl Qop-
77-0{ . :1800 - p
180 T

7 =31415926535897932384626433832795.

MYIBI: [ = , e 1pao~57°, 1° = 0,017 pao, = =180°,

(I)OpMy.]IbI CJI0KCHUA M BBIYUTAHUA API'YMCHTOB.
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sin(xx y)=sinxcosy xsinycosx _ tgxttgy
cos(X + y) =cosxcosy Fsinxsiny 1F tgxtgy

IIpeoOpa3oBanue cyMMbl (Pa3HOCTH) TPUTOHOMETPUYECKHUX (PYHKIMI B IPOU3-

BeJleHue:
N _
sinxJ_rsiny:ZSinX_ycosX+y . “«
2 2 COS X —COS y =—2sin Ysin2=Y
X+y X—-Yy 2 2
COSX + COSY = 2C0S > CoS >

IIpeoOpa3zoBanue NMpou3BeAeHUs TPUTOHOMETPUYECKHUX (PYHKIUI B CYMMY:

. . 1
sin xsin y = = (cos(x — y) — cos(x + Y))
5 . 1, .
] sin xcosy—E(sm(x+y)+S|n(x—Y)).
COSXCOSY = E(cos(x —y) +cos(x +Y))

®opMyJIbI IBOMHOIO ApryMeHTa:

SiN2X = 2Sin XCOS X - 2tgx
_ _ g2x = .
02X =C0s? X —sin® x =1—2sin? x = 2cos? x —1 1—tg?x

q)OpMyJIbI INOHMKCHUSA CTCIICHHU:

i 1-cos2x 2 1+ cos2x > 1—cos2x
Sin“ x=——— COS" X=——— tgX="-—-—-.
1+ cos2x

®opmMyJibl OJOBUHHOIO yIJIa:

sin(i):i /1—cos(x); cos(z):i 1+ cos(x);
2 2 2 2
X, , [1—cos(x). Xy, [1+cos(x).
tg(g)_i\/ucos(x)’ Ctgl(2)_i\/1—c03(x)’

X zl—cos(x): sin(x) | X, sin(x) _ 1+cos(x)

tg(E) sin(x)  1+cos(x)’ Ctg(E)_l—cos(x)_ sin(x)

3amMeHa 4qcpe3 TAHI'CHC IMOJJOBUHHOTO YTIJIa:
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2tg (j) 2ctg(%) 1-tg? (’;‘) |

sin(e) =—%—;  sin(a)=—%—; cos(a)=—5;
2, 2, 5, O
1+1tg (E) 1+ctg (E) 1+tg (E)
ctg?(%)-1 2t9(%) 2ctg (%)
cos(@) = ——2—; tg@)=—2 —; tg(@)=—2—;
ctg (§)+1 1-tg (E) ctg (E)_l
1-tg%(%) ctg?(%)-1
ctg(ar)=——2;  ctg(a)=——2——;
zrg(j) 2ctg(‘;‘)

CooTHoO1ICHUA I OOPATHBIX TPMTOHOMETPHUYECKHUX (PYHKIIUM:
cos(arccosx)= x; arccos(cosx)=x; sin(arcsin x)=x; arcsin(sin x)= x;
tg(arctgx)=x; arctg(tgx)=x; ctg(arcctgx)=x; arcctg(ctgx)= x;
T

i T
arcsinX +arccosx = arctgx+arcctgx=";

sin(arccos x) = cos(arcsin x) =1 - x°

; tg(arcctgx) = ctg(arctgx) =

X | =

Jlnst perieHns 3a1a49 Ha YIPOIIEHHE TPUTOHOMETPUICCKUX BBIPAKEHUHN TpeOyeTcs
JIOCTATOYHO XOPOIIIO 3HATH MpaBujIa MpeoOpa3oBaHus anreOpandyecKuX BhIpaKCHHUM
U TpUuroHomeTpuieckue GopMynbl (YMETh MPUMEHATh X KakK IO OJHOM, Tak U B
KOMILJIEKCE).

IIpocreiiiue TPUroHOMETPUYECKHE YPABHEHHUS M HEPABEHCTBA.
Tpuzonomempuueckue ypasnenus.

Cnoco0bl penieHusi TPUTOHOMETPUYECKUX YPABHEHUI:

1. PemieHue npocTeHIIMX TPUTOHOMETPUYECKUX YPABHEHUI
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sinx=a; =  x=(-1)arcsina+ zk;

COSX=a, = X =+arccosa + 27K;

rne keZ .
tgx =a; = X = arctgx + 7k;
ctgx=a; = X = arcctgx + 7zkK;

Oco60 OTMCTHUM HCKOTOPBIC YaCTHBIC Cliydaun QJICMCHTPAHBIX
TPUTOHOMCTPHUUICCKHUX ypaBHCHHﬁ, Koraa pCmcHHUC MOKCT OBITH 3aImMcaHo 0Oe3

pUMEHEHUS 00InX GOpMYyIT:

sinXx=0= x = 7K, sinx=1:>x:%+27zk, sinx:—1:>x=—z+27zk,

cosx=0:>x=%+7zk, COSX=1=>x=27K, cosx=-1= XxX=rx+ 27K,
T T

tgx = 0= x = 7K, tgx:1:>x=z+7zk, tgx:—1:>x:—z+7zk,

ctgx:O:x:%sz, ctglejx:%wzk, ctgx:—ljx:—%wzk,

rne keZ.
. Ecnin ypaBHeHUe B pe3ysibTaTe CBOAUTCS K BHAY SiN Y =Sin Z, 1160 COSY =C0SZ,
Jaubo tgy =tgz, 1ubo ctgy =ctgz, rae Yy u Z - BeIpaXEHUsI OT HEU3BECTHOTO X.

sin
N3 sToro cnenyer, 4to

siny=sinz « JYTITE® 2/4% /—7}%
g as s,

COSYy=C0SZ < Yy==Z+27K. te

tgy=tgz < y=z+k. /--\},i,x / j,;ct
)

Cos

7

i L=]

ctgy=ctgz < y=1z+k. xﬂ Ao
z / z—-/

IT'nekeZ. g

. Puc. 7
. [IpuMeHeHHre CBOMCTB TPUTOHOMETPU-

YeCKHMX (PYHKIUM.
Ecnu ypaBaenue umeet Bun f(t)=g(t), f u g — cocraBiieHs u3 TpuroHoMeTpu-
YECKHUX BBIPAXKECHUM. Perenne MOKHO HaUuTH cpeau TeX I, KOTopbie yIOBIETBO-

psiioT ypaBuenusim f(t)=a; g(t)=a, rue a — aefcTBUTENBHOE YHCIIO,
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npuHaIekKaiiee oomactsam 3nauenui f(t) u g(t).

Pa3noxeHue Ha MHOXUTENN.

Meton Pa3JIOKCHUA HaAa MHOKCTCIIM 3aKIIH0YaCTCA B CICAYIOIICM: CCJIM

f(xX)=f,(X)f,(x)... f,(X),T0 Bcskoe pemenue ypaBHeHus f(X) = 0sBisercs
pemienue copokynHoctu ypasuenut f (x) =0, f,(x)=0, ..., f (x)=0.

OOpatHoe yTBepKJIE€HHE, BOOOIIE TOBOPS HEBEPHO: HE BCSIKOE pPEIICHHE
COBOKYITHOCTH SIBJIIETCSI PEHICHUEM YypaBHEHHUS. IJTO OOBACHACTCS TEM, 4YTO
pEIICHNsT OTACIBHBIX YpPaBHEHWW MOTYT HE BXOJWUTH B OOJACTh OIPEACICHUS
dbynakmun f (X).

. PelleHHe TPUTOHOMETPUYECKUX YPABHEHHUI ¢ MOMOIILIO PAa3HOO0PAa3HBIX TPH-
roHoMeTpuueckux gpopmy.i.

[lpu  pemieHun  psiga  ypaBHEHUH MPUMEHSIOTCS BCEBO3MOKHBIE
TpUTOHOMETpHUECKHE (GOpMyIbl. PaccMOTpUM HEKOTOPHIC U3 HUX.
a) IlpumeneHue TpuroHomerpuyeckux GopmMyJ Npeodpa3oBaHusi CyMMbI U
Pa3HOCTH TPUTOHOMETPHUYECKUX (PYHKIMIA B MPOU3BeIeHHE.
0) Pemenne ypaBHeHUI ipeoOpa3oBaHUEM TTPOU3BEIACHUS TPUTOHOMETPUUISCKIX
GbyHKIIHI B CyMMY.
MeTtoa BBeleHUsI HOBBIX NepeMeHHbIX.

Metona BBeACHHS HOBBIX IMEPEMEHHBIX ITO3BOJIAECT MPeoOpa3oBaTh NCXOTHOE
TPUTOHOMETPUYECKOE YPABHEHUE B APYrou Tvn ypaBHeHHUU. [Ipu 3TOM BaxkeH BbI-
OOp OCHOBHOTO BBIPQKEHUS, Ye€PE3 KOTOPOE BHIPAYKAIOTCS OCTAIBHBIC YACTH ypaB-
HeHUs. Y ToOHEe CBOIUTH K BUY, KOT/Ja TAK)KE 3aBUCUMOCTH SIBJITFOTCS palliOHAb-
HbIMU. B yactHOCTH 0003HaunM depe3 R(COSX, SINX) palinoHaIbHOE BBIPAXKEHUE OT-
HOCHUTEIILHO COSX U SINX, TO €CTh BhIpaXKEHUE, MOTydaromieecs u3 COSX u SiNX u rmo-
CTOSIHHBIX C TOMOIIBIO OTIEpAIllUii CIIOKECHUSI, YMHOXKEHHs U JieieHus. KoHewHo,
TpeOyeTCs: KOHTPOJIb 32 00JIACTHIO ONPEEICHUS U MHOKECTBOM PEIICHUH.

a) Paccmorpum ypasnenue Buaa R(cosx, sin?" x)=0 u R(cos?" x, sin x)=0.
B HekoTOphIX ciaydyasx yJaeTcsi CBECTH TaKO€ YPAaBHEHHE K PAIlMOHATIEHOMY

YPaBHEHHUIO OTHOCHTENBHO SINX mim COSX. MHorga ymoOHO pyKOBOACTBOBATHCS
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CJIEIYIOMUM IPAaBHIOM BHIOOPA MOACTAHOBKH. Ecim COSX BXOJUT B ypaBHEHHUE B
YETHBIX CTEIEHSX, TO 3aMEHss BCIOLY COS?X Ha 1-Sin?X, MOIydMM palMOHAIBHOE
ypaBHEHHE OTHOCUTENBHO SiNX. Ecim sxe SiNX BXOAWT B ypaBHEHHUE JIUIIb B YETHBIX
CTEMeHsX, TO 3aMeHa Sin’X Ha 1-COS?X IPUBOIUT ypaBHEHHE K PALMOHATEHOMY BUIY
OTHOCUTEIBHO COSX.
0) Paccmorpum ypasuenune suaa R(tg x, cos 2Mx, sin?" x)=0.

Eciy B ypaBHEHHM BCTPEYAIOTCA TOJBKO tQ X, YETHBIE CTEIECHU CHHYCOB H
KOCHHYCOB, CHHYCBI X KOCUHYCBI IBOMHBIX YIJIOB, TO MOYKHO IIPEATH K PALMOHAIIb-

HOMY YPAaBHCHHIO C IIOMOIIIBIO IIOACTAHOBKHU: Y = th

B) YpaBHenue Buaa R (Sinx+cosx; sinxcosx)=0.

Pemaercst cnmemyromedi 3aMeHoit SiN X+ COSX =Y, (Sin X £ cos x)2 = y2,

1+2sin xcosx = y2, +2sin xcosx = y? —1.

r) YHUBepcaJbHas TPUTOHOMETPUYecKasi MOJICTAHOBKA.

X
OT10 noacraHoBka t =1g > OHa MO3BOJISIET CBECTH K PAallMOHATIBHOMY yYpaBHe-

HUI0 JTI000¢e ypaBHeHue R(SiNX, cosx)=0. Ecnu x#7+2 7k, k€2, TO ClipaBeIJIMBBI

TOXJIECTBA
X , X
. 95 1-1g° 1 _y2
sinx = =y CosX= L=,
1+t922 1+t 1+t922 1+t

[Tocne pemenust HagO MPOBEPUTH OTACIBHO SBIISIOTCS JIH X= 72 TK, KEZ,
PEIICHUAMN UCXOJHOI'O YPABHCHMA.
A1) OxHOpPOHbIE TPUTOHOMETPHUYECKUE YPABHECHUS.

OI[HOpOI[HOG YPAaBHCHHC — 3TO YPABHCHHC, B KOTOPOM KaXXJI0C CJIaracMocC
HMCCT OJJHY U TYXKE CTCIICHDb.
a,sin" X +a,sin "™ xcosx + a, sin""? xcos® X + ...+ a,_, sin xcos" ' x + a, cos" x =0,
Ie 8y;8,;8,;...;8, - ACUCTBUTEIbHBIC YUCA. N - IOKA3aTeNIb OAHOPOIHOCTH.

ScHo, uTo ecin 8, = 0, TO ypaBHEHUE IPUMET BUJ:
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coSs X(a1 sin"x+a, sin"?X-costX +...+ a, ,sinx- cos" 2 X + a, cosn_lx): 0,

pELIEHUSAMHU KOTOPOTO SIBIISIFOTCS 3HAYEHUS X, IPU KOTOPbIX COSX = 0, T. €. uncna
T
X = E+7zn, neZ. Bropoe ypaBHEHHUE, 3allMCAHHOE B CKOOKaxX TaKXKe SBISETCS

OIHOPOAHBIM, HO CTCIICHHW HaA 1 amxe. Ecim xe ao * O, TO O5TH 4YHCJia HE ABJIAIOTCA

KOPHSIMU YPaBHEHHUSI.
V4 :
N naobopot, mpu X = > + 7n momyyum: CoSX =0, sSin X = +1 u B ucxoaHOM
ypaBHeHUH a, =0.

T
I/ITaK, opu a, # 0, X# E + 7N, ciaegoBaTeIbHO, COS X # 0 , IIOOTOMY MOKHO

pasaenuTh 00€e yacTy ypaBHeHHs Ha COS" X . B pe3ynbraTe mosyyaeM ypaBHEHUE:
atg"x +atg"x+atg"?x+...+a. .tgx+a =0
otd 19 29 ce n-1'9 n d
KOTOPOE, MOACTAHOBKOM tgX = Y JIETKO CBOIUTCS K anrebpandecKoMy:

a,y" +a,y"t+a,y"?+...+a,,y+a, =0.

OOHOPOOHBIM MpUcOHOMempudecKuM ypaeuenuem l1-oii cmenenu Ha3bIBa-
eTCsl ypaBHEeHHE BHja: a-Sinx+h-cosx=0.

[Tycts, Hanpumep, a#0. Torna ypaBHEHHIO HE yIOBIETBOPSIOT T€ X, IS KO-
Topeix COSX=0. I[lomenuB Ha COSX 00€ YaCTH ypaBHCHHS IOJYyYUM YypaBHCHHE
a-tgx+b=0.

O0HOpOOHBIM YpasHeHUueM 2-01i cmeneHy Ha3bIBAeTCs ypaBHEHUE BUA!
a-sin®x+b-sinx-cosx+c-cosx=0.

Ecmm a#0, torma pazgenum o0Oe yacTd ypaBHEHHUS Ha cos’ X, MNOJIy4YUM

YpaBHEHUE aztgx +btgx+c=0, KoTOopoe TOJACTAaHOBKOW QX =Y  JIETKO
MPUBOAUTCA K KBAIPATHOMY: ay? +by+c=0.

. PelieHrie TPMroHOMETPHYECKHUX YPABHEHHUI ¢ OMOUIbI0 BBEACHUS BCIIOMOra-

TCJIbHOI'0 AapryMmeHTa.
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Paccmotpum ypaBHeHHe Buaa: acos X +bsin x =c,

1) ecu ¢ =0, TO ypaBHEHHE OAHOPOIHOE.

2)ecrm ¢ # 0 1 @ +b? # 0(To ecTh XOTs 6B 0J1HO U3 yucen a uian b He pasHo 0),

TO pa3feNuM o0e YacTH ypaBHeHHS Ha va’ +b? |, momyanm

a b ) c
% cOSX+——sinX=— "
va? +b? va? +b? va? +b?
b i b )

a a

T. k. ——|<LV——|<1lu | ——| +| ————=| =1, 1o cyme-
Ja? +b? Ja? +b? JaZ +b? JaZ +b?
CTBYET TaKOW yroj ¢, 4To & _sin (p'L = COS ¢, Torza
vJa? +b? "Ja? +b?

: : c : c
SiN@COS X + COSPSiN X = —————, sin(x+¢)=

a’ +Db? va® +b?
c
Va® +b?

C

va® +b?

1) ecim, >1T.e. a® +b% <c?, To KOpHe# Her.

2) eciy, <1rt.e a’+b%>c?, torma

X+ =(-1) arcsin%wzk,kez.
a“+b

X = —arcsin——— +(~1) arcsin +7k keZ

c
vJa? +b? vJa? +b?
Tpuzouomempultecmle Hepaeencmea.

'Pe]lIeHI/Ie TpI/IFOHOMeTpI/IquKI/IX HepaBeHCTB C IIOMOIIIBIO eIII/IHI/II{HOi/'I
OKPY>KHOCTH.

[Tpu pemieHnn TpuroHoMeTpudeckux HepaBeHcTs Buga f(X) >0, roe f(x) -

OlHA U3  TPUTOHOMETPUUYECKUX byHKIIHIA, yIn00HO UCIIO0JIb30BaTh
TPUTOHOMETPUUECKYIO OKPYXHOCTh JJIi TOTO, 4YTOOBl HauOoyiee HArjasaHO
NpEJCTaBUTh PEIICHUS HEPaBeHCTBA M 3amucarth OTBET. OCHOBHBIM METOIOM

peuicHusA TPUTOHOMCTPHUYCCKUX HCPABCHCTB ABJIICTCA CBCACHHUC UX K HpOCTeI;'IIHHM
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HepaBeHCTBaM THma SINX>a. Pa30epéM Ha mnpumepe, Kak peliath TaKHe
HEPaBEHCTBA.
JIns pelieHusi HEpaBEHCTB C TAHTE€HCOM U KOTAHT€HCOM IOJIE3HO MOHSITUE O

JIMHUHA TAHT'€HCOB M KOTAHI'€HCOB. TaKOBBIMHU SIBIISIFOTCS psAMBIC X = lmn Yy =1

(Puc. 7.8), kacaromiuecss TPHTOHOMETPHUYECKOW OKPYKHOCTH. JIETKO 3aMETHTh, YTO
€CJIM TIOCTPOUTH JIyd C HayajOM B Hayajue KOOPAUHAT, COCTABIISIIOUIMN yroda « ¢

TI0JIO’KUTEIHPHBIM HaIPaBJICHHEM OCH a0CITUCC, TO JUTHHA oTpe3ka oT Touku (1;0) mo

TOYKU MEPECEUCHUsI ITOrO Jyda C JIMHUEH TAHT€HCOB B TOYHOCTH paBHA TAHTCHCY
yTiia, KOTOPBIA COCTABIISIET ATOT JIy4 C OChIO abcuucc. AHATOTHYHOE HAOIOICHHE
MMEET MECTO U JIJII KOTAHT€HCa.

-HepaBencTBa ¢ 0OpaTHBIMHU TPUTOHOMETPUYECKUMH (PYHKIUSIMU YIOOHO
pemaTh ¢ UCMOJIb30BaHUEM IpaduKOB OOPATHBIX TPUTOHOMETPUUECKUX (PYHKITUH.

[TokaxkeM, Kak 3TO AeslaeTcsa Ha IpUMEpE.

1. Ucnoub3ysi MeTOl HHTEPBAJIOB.
OO0mas cxema:

1) C moMoIIbi0 TPUTOHOMETPUIECKUX (POPMYIT PA3JIOKUTh HA MHOYKHUTEITH.

2) Ha¥iti Touku pa3pbiBa B HYJIM (DYHKIIUH, [IOCTABUTh UX HA OKPY)KHOCTb.

3) Bzstb mo0yro Touky K (HO He HaliIcHHYIO paHee) U BBISICHUTD 3HAK MPOU3BEICHUS.
Ecnu npownsBeneHne nojioxKUTENIbHO, TO MOCTABUTH TOUKY 34 € AMHUYHOU OKPYKHO-
CTBIO Ha JIy4€, COOTBETCTBYIOIIEMY YIi1y. MlHaUe TOUKY MOCTaBUTh BHYTPU OKPYK-
HOCTH.

4) Ecnmu HEeKOTOpbIE TOUKHM Pa3HBIX CEPUU COBIAIAIOT, TO MX HA3bIBAIOT KPATHBIMHU.
ToukH, KOTOPBIE TOBTOPSAOTCS B UETHOM UHCIIE CEPUIA, HA3bIBAKOT TOUKAMU YETHOU
KPaTHOCTH, a TE, YTO ITOBTOPSAIOTCS B HEYETHOM UHCJIE CEPUM,— TOYKAMU HEUYETHOMN
KpatHocTH. [IpoBecTu ayru cienyromum o0pa3zoM: Hadath ¢ Touku K, eciou cieny-
I0I11asl TOYKA HEYETHOM KPaTHOCTH, TO Iyra IEPECEKAET OKPYKHOCTh B 3TOM TOUKE,
€CJIY K€ TOYKa YETHOM KPATHOCTH, TO HE TIEPECEKACT.

5) Jlyru 3a OKpY>KHOCTBIO — TIOJIOKUTEIIBHBIC TPOMEXKYTKH; BHYTPH OKPY>KHOCTH — OT-

pHULIATEIBHBIC IPOMEXKYTKH.
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Pemenne TpuroHOMETpUYSCKUX HEPABEHCTB I'PaPUISCKUM METOIOM

3ametuM, uto eciu f(X) - mepuoguveckas (YHKIUSA, TO IS PEIICHUS
HepaBeHcTBa f(X) >a (f(X) <a) HeoOXO0AMMO HAWTH €O PEIICHHS Ha OTPE3Ke,
JUIMHA KOTOporo paBHa mnepuonay ¢yHkiuu f(X). Bce pemieHHS HCXOTHOTO
HEpaBEHCTBA OYAYT COCTOSATHh M3 HAWJICHHBIX 3HAUYCHHWH X, a TaKke BCEX X,
OTJIMYAIOIINXCS OT HAHIGHHBIX Ha JIF000€ 1enoe yuciio nepuoaoB ¢pynkmun f (X).

AHAJIOTUYHO peNIaroTcs HepaBeHCTBa SiN X < a, COSX > a,  T.II.
CaeneHHe K 0JJTHOMY HJIM HECKOJIbKHM HEPABEHCTBAM.

B OobIIMHCTBE CiIy4YaeB peleHue TPUTOHOMETPHYSCKUX HEPABEHCTB MOYKHO
CBOJIUTH IIPH IOMOIIU TOXKJICCTBECHHBIX TPUTOHOMETPUYCCKHUX MPEOOPa30BaHUN U

BBCIACHHN:A BCIIOMOI'AaTCJIBHBIX HCU3BCCTHBIX K PCIICHHUIO OAHOI'O MJIM HCCKOJIBKHX

HEpPaBEHCTB.
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20.

21.

22,

23.

24,

25.

26.

27.

VIIPOCTUTD BbIPAKEHHUS:

tga+ctga+
1
cos(m/2—2a)
2c082a—1
2ctg (2—a)sin® (Z—a)’
sin 2ar — 2 sin « o Q
cr _l
sin2a4+2sinae © 2

sin Qms

(s

3 2
3| 20— —m | teos | 2aa——7m | +cos | —m+ 20 |.
5111( o 5 ) -:30&( o 3 ) COS (3 a)

1 —2cos? o
2tg(a—m/4)sin®(a+7/4)

CcoSs 5 (5111 a4+ sin 5)

sin & 7 COS 7 (1+coaa—|—cnb 2)

sin® (37 +a) sin®(—a)
Ctgg(ﬂ' o 23«1‘} ctgz (fk‘ o %’}1’) .

2cosa—1 COS o — Sin av 4tg v

1-2sinacosa cosa+sina 1—tgla’
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42,

43.

44.
45.
46.
47.

PE_LL'LHTI_: }’[JH,BIIEIIHHZ
14. sinx sin 3z +sin 4x sin 8x=0.
15. sin’x —2sinrcosr=3cos? r.
16. sin? 2z +sin’ 3z +sin® 4z +sin? fr =2.
17. 2cos2xr+2tg?z=5.

!

18. sin (SI—E) =sin r.

2

19. sin?zr+ E COs® r=—sin2r.

I
20. sinz+cosz—1=ctg E(GDS r—1).

21. 3sin®z—2+v/3sinxcosz+5cos?r=2.
22. 1+4+cosxr+sinz=0.

1 1
23. + —=2,/2.

_sinx cosx

Pemmrn HEPABCHCTBA Ha 3alaHNBLIX HTPOMEYVTKAX!

1
coST< 7 Ha [—2m,0].

3
Siﬂﬂ:}%_ na [ /2,37/2].
sin 2z +2sinx >0 na [0, 27].
(1—cosz)(tgx—+/3) <0 na (—7w/2,7/2).
Vh—2sinz=sinr —1 na (—m,0).

Haiitu nanmensiiiee HATYPAJILHOE PeIleHne HepaBencTBa

cos | < !
X —-.
2
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8. MPOU3BOJHAS. UCCJIEJOBAHUE ®YHKIIUN C MTOMOIIBIO
IMPOM3BOJIHOM

Haxosknenue npou3BoAHOM PyHKIIMH.

Onpeoenenue: Ilycto 3anana ynkuus y= f(X) , onpenencHHas B HEKOTOPOM WH-
tepBasie. IIpu Kak0M 3HaYeHUH apryMeHTa X B 3ToM uHTepBaie ¢pyukims y= f(x)
UMEET OnpejieicHHOE 3HaueHre. ECIIi apryMeHT X MOIydmIT IpUpalieHiue Ax , TO U

(DYHKIHS TIOMyYHIa HEKOTOpOe onpeesenHoe npupamenue Ay = f(x + Ax)— f(x).

Ecnu CyCCTBYCT IIPCACII OTHOICHU A

S (x +Ax) - f(x)
Ax

npu Ax — 0

TO OH Ha3bIBaeTcs Mpou3BoHON (yHKImH f(X)B Touke X 1 0003HaUaeTCS:

¥ (¥)= 1im f(x+Ax)—f(x).

Ax—0 Ax

Omneparust BIYUCIICHUS MPOU3BOIHON Ha3bIBaeTCs AU epeHIInpoBaHUEM
(GyHKUIHU.
I'eoMeTpuuecKHii CMBICJ MPOU3BOAHOI QyHKIK y=F(X) B TOUKE X0 - 3TO TaH-
T'eHC YTJIa HaKJIOHA MEXIY OChI0 a0CITUCC U KacaTeIbHOU K TpaduKy 3Toil (hyHK-
[IUU, IPOXOIAIIEH yepe3 TOUKY ¢ aOCLHUCCOM Xo.
. Ecnu yromn HakJIOHa KacaTeJIbHOW OCTPBIM, TO TAHTCHC MOJIOKUTEIbHBIN, & 3HAYMT,
MIPOU3BO/IHASI TIOJIOKUTEIIHHA.
. Eciin yron HakjioHa KacaTesIbHOM TylO#, TO TAHT€HC OTPULIATEIIbHBIN, a4 3HAUUT,
MPOU3BO/IHASI OTPULIATEIIbHA.
. Eciin yron HakjoHa KacaTesIbHOM paBEeH HYJIIO, TO TAHT€HC PaBEH HYJIIO, & 3HAYUT,
MIPOU3BO/IHASI paBHA HYIIIO.
. Ecnu yron HakJioHa NpsAMOiA, TO TAHTE€HC HE CYIIECTBYET, 4 3HAUUT, POU3BOAHAS
HE CYILECTBYET.
IIpuBegeM Tad/MIy MPOU3BOAHBIX 3JIEMEHTAPHBIX QYHKIMIM:

1) (C)=0 , C=Const
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2) (x”) —nx"! , neR, x>0

3) (ax)zaxlna ,a>0,a#1,x>0; (ex)zex , x>0

4) (logax)lszIna, a>0,a#1, x>0

(inx) =2, x>0
X

!

5) (sinx) =cosx , xeR

!

6) (cosx) =—sinx, xeR

7) (tgx)lz ! ,x¢%+7zn,neZ

8) (ctgx) = - , X#m,ne’z

9) (arcsin x), __ ,
1-x?
f 1
10) (arccosx) = T

1—x

x‘<1

x‘<]

11) (arctgx)’z ! 7> XER
I+x

12) (arcctgx)’ __ 1 , XER .

1+x2

IIpaBu/ia BLIYHC/ICHHE NPOU3BOIHDIX.
[TpousBoaHas cyMMsl AByX (yHkmmit: (U + v)=u'+ V/,
I[TpousBoHas pou3BeaeHUs NocToAHHON U Qpynkiuu: (Cu)'=Cu’.

I[TpousBoaHas npousBeieHus AByX GyHkumit: (Uv)'=u’ v+uv/.

/ / /
[Tpon3BomHAS YACTHOTO ABYX (DYHKIIMIA: ujy_uv-vu
p yx by =

I[Ipoussomuas cnoxuoil pynkuu Y=F(g(x)):f’ (g(x))=f' (g)-g’ (X).

[Mpoussonnas Gpynkuuu Buna y=f(ax+b):
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y' =/ (ax+b)=f/ (ax+b)-(ax+b)'=a- f/ (ax+b).
HccnenoBanue pynkuuu Ha 3kcTpemyMm. UHTEepBajibl Bo3pacTanusi, yobIBa-
HHUS1, BBINIYKJOCTH, BOTHYTOCTH. ACUMIITOTHKA.

OO0uas XapakTepuCTUKA (PYHKIIUU.

Ecnu kaxxioMy 3HaUEHHIO TIEPEMEHHOM X M3 MHOXecTBa X M0 HEKOTOPOMY
IpaBUIy OCTABJIEHO B COOTBETCTBUE €AMHCTBEHHOE BIIOJIHE ONPEIETIEHHOE 3HAYe-
HUE Y, TO TIEPEMEHHYI0 Y Has3bIBaAOT @yHKyuei OT X. 3aluChIBAIOT

y=f(X),xeX,yeYum f:X —>Y. [opopsar emé, uTo (PyHKIHsS OTOOpakact

MHOECTBO X Ha MHOKECTBO Y .
MHoxecTBo X Ha3bIBaeTcsl 00JIaCThIO ompenesieHuss PyHKIMU U 0003Hava-

ercs D(f). MHoxecTBO Bcex Y €Y Ha3bIBa€TCs MHOXKECTBOM 3HAUCHHH (DYyHKIIMH
u obo3Havaercs E(f).x — HezaBucuMas mepeMeHHast BeJIMUMHA WA apTyMEHT, Y —

(bYHKI_[I/IH HJIK 3aBUCHUMaA IICPCMCHHA.

Oyuknus Yy = f(X), onpenenennas Ha MHOKecTBe D HaswiBaetcs uemnoil,
ecin st Jioboro X € D BemomasieTcs yenoue —Xe D u f(—x) = f(X); newem-
Hoti, eciu Juist moboro X € D BeimonHsercs yeiaoBue — X e D u f(—x) =—f(X).

I'paduk yeTHOM HYHKIIMKM CUMMETPUYEH OTHOCUTEIBLHO OcU (Y, HEUETHOM —
OTHOCHUTEJIbHO Havalla KOOPAUHAT.

Oynkiusa Y = f(X) Ha3wIBaeTcs nepuoduueckoii Ha MHOkecTBe D, ecnm cy-
IIECTBYET Takoe 4uucio 7>(, uro mpu KaxaoMm 3HadeHud XeD (X+T7)eD wu
f(x+T)= f(x). IIpu 3Tom uncno 7 Ha3BIBACTCS nepuooomM QyHKYUU.

Bo3pacranue u yObiBaHue (pyHKIHMH.

Oyukuus Y = f (X) HaszpiBaeTCs so3pacmaroweti B uaTepBaie (a;b), ecnu s
JIOOBIX JBYX TOYEK X, U X, M3 YKa3aHHOIO MHTEPBANA, yIOBJIETBOPSIONINX HEPa-
BEHCTBY X, > X, BBINOJIHsIETCS HepaBeHCTBO f(X,)> f(x), ecmm f(X,)> f(x,),

(GyHKUHS HA3BIBAETCS HeyOblealowell.
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HWHbIMM clIOBaMU — 3HAYCHUS BOBpﬂCT&IOH.IGﬁ (I)YHKHI/II/I YBCIIMYHUBAKOTCA O~
HOBPCMCHHO CO 3HAYCHHUCM apPryMCHTA.

Oynknms Y = f(X) HaswIBaeTcs yowisaroweri B uaTepBaie (a;b), ecom s
JTFIOOBIX JIBYX TOYEK X U X, M3 YKa3aHHOTO MHTEPBaja, YJOBICTBOPSIONINX HEpa-
BEHCTBY X, > X, BBINONHsIETCS HepaBeHCTBO f(X,)< (X)), ecim f(x,) < f(x),

(YHKIUS HA3bIBACTCS HEBO3PACMAIOWEU.

Bospacraroniue, HeBo3pacTaroliye, yObIBalOIUe U HEYObIBAIOIIHE (PYHKIIUU
Ha3bIBAIOTCS MOHOMOHHbIMU. A BO3PACTAIONINE U YOBIBAIOIIUE — CIMPO20 MOHOMOH-
HbLMUL.

[Tycts 3amana ¢pyuknus f(X). Bo3smeM nBe Touku Ha npoMexyTke [a,b] x1 u
X2 TIPU YCIIOBUM, YTO X2 > X1. Toraa pyHKIMS HA3bIBACTCS BO3pACTAIOIIECH Ha MPOMe-
xytke [a,b], eciu f(x2) > f(X1). @yHKIMSA Ha3bIBaeTCS YOBIBAIOIICH HA TPOMEKYTKE
[a,b], ecom f(Xx2) < f(xy).

Ecnu @pyuknus auddepenuupyemMa Ha onpe1eIeHHOM MPOMEXYTKE U TPOU3-
BOJIHAS (DYHKIIMH B TOYKE X = ¢ MOJIOKUTENIbHA, TO Ha 3TOM IPOMEKYTKE OHa BO3-
pacraer.

Jle#icTBUTEIBHO, corTacHO TeopeMe Jlarpamka, eciau x2 > X u f '(c) > 0, To

¢byukuus Bo3pacraet (Puc. 8.1).

- L) 166) :

Fre)xe = %)= (%)= (),

f(x,)> f(x),

T.C. CCJIH JICBAA YaCThb PABCHCTBA II0JIOKHUTCIIbHA, 1 X]_ C Xzb X
rae x1 < C <X uf'(c) >0, 1o f(x2) > f(x1). Puc. 8.1
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[lpu yObiBanuM (QyHKIIMM MOXKHO CHeaTh aHa-
JIOTHUYHBIN BBIBOJI.

Ecnu pynkums nuddepenuupyema Ha ompene-
JICHHOM TIPOMEXYTKE U MPOU3BOIHAS (DYHKINH B

TOYKC X = ¢ OTpHIATCIbHA, TO HA 3TOM IIPOMC-

KyTke oHa yOwBaer (Puc. 8.2). Omsars xe, co-

riacHo teopeme Jlarpamka, eciu x3 < C < Xp u f

'(c) <0, To pyHkuUs yOBIBACT.
F/(ehx, —x )= f(xp)— fx),
f(x,)< f(x,).
IKeTpeMyM QYHKIUM.
Ecmu ¢ynkuus f(X) ompenencHa Ha ONpeneIeHHOM MPOMEXKYTKE U CyIIle-
CTBYeT Takas Touka A Ha 3ToM mpoMexyTke, u4to f(X) < f(A) Bo Bcex Toukax oKpecT-

HOCTH TOYKH A, TO AaHHAs TOYKa HA3bIBACTCIA y

Toukoi Mmakcumyma (Puc. 8.3). A max
Ecim pynkuus f(X) onpenenena Ha omnpe- )
JICTIEHHOM TPOMEXYTKE M CYIIECTBYET TaKas
tTouka B Ha 3TOM mpomexytke, uto f(x) > f(B) B min
BO BCEX TOYKAX OKPECTHOCTH TOYKHU B, To man- }:

o Puc. 8.3
Has TOYKa Ha3bIBAETCs TOUKOM MuHUMYyMa (Puc.

8.3).

Toukn MakcMMyMa U MUHUMYMa Ha3bIBAIOTCS TOYKAMH SKCmpemMymd, a 3Ha-
YyeHUsI QYHKIMHU B 3TUX TOUKAX — IKCMPEMYMaMu PYHKYUU.

Kacarenbnas k rpaduxy QyHKIIMU B JaHHBIX TOUKax napawieiabHa ocu OX.

Teopema (@epma — Heobxooumoe ycrosue sxkcmpemyma). Ecnu X, - Touka
akcTpemymMa st pyHkuu Y = f (X), To B 3T0¥ TOUKE Mpou3BoaHAS QYHKIIUN JIHOO
pasHa Hymo (f'(x,)=0), b0 He cymecTByerT.

Touku obractu onpenencaust GyHKIUU f (X), B KOTOPBIX e MPON3BOIHAS HE
CYIIECTBYET WJIA PaBHA HYIIO, HA3BIBAOTCS KpUMULECKUMU MOYKaMU QYHKITHH.
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3nech HY)KHO OTMETHUTh, YTO HE BO BCEX KPUTHUYECKHX TOYKaX (PYHKIIHS
nMeeT SKcTpeMyM. Hampumep Qynkuus y = X° He HMeeT KCTpeMyMa, T.K. HE BbI-
nosasieTcs yenoBue f(X) <(>) f(xo), T.e. B OKpecTHOCTH TOUYKH Xo 3HaYCHUE (PYHKIIUN
JIOJDKHO OBITH OoJIbIlie (MEHbIIE) 3HAYCHUS (PYHKIIMU B TOUYKE Xg. TakuM oOpaszom,
Gyrkmms Yy =  x3  umeer  KkpuTuueckyrww ~ Touky mpu  x=0
(t.x. f'(0)=0), HO 3KCTpEeMyMa B ITOH TOUYKE HET.

B cuny teopembr @epma SKCTpeMyMbl PYHKIIMHA HAXOJSATCS CPEIU € KPUTH-
YECKHUX TOUCK.

Ilepsoe docmamounoe ycnosue sxcmpemyma. Ecmm nipu mepexoje (cieBa

HAaIlpaBo) Yepe3 KPUTHIECKYIO0 TOUKY X, mpom3BonHas f'(X) meHser 3Hak ¢ (+) Ha
(-), To TOuKa X, SABISETCS TOUKOW MakcuMyMa; ecii ¢ (-) Ha (+), TO TOUKOH MHHU-
MyMa; €CJIM 3HaKa He MEHSICT, TO SKCTpEeMyMa HeT.

Bmopoe oocmamounoe ycnosue sxcmpemyma. IlycTb B TOUke X, MPOU3BOA-
Hast paBHa Hymo f'(X,)=0, a Bropas npousBomHas f"(x,)=0. Torma, eciu
f"(xg) >0, T0 X, - Touka MuHMMyMa; ecau f"(X,) <0, To X, - TOUKa MaKCUMyMa.
Beinykiocts rpagpuka pynkuuu. Touku nepernoda.

[Tycts 3amana ¢yukuus y = f(X). [Ipennonoxum, uro ¢pyukuus f(X) mudde-
pCHIIMpYEeMa Ha ONpeAeICHHOM IMTPOMEKYTKE [X1;X3].

Bo3spmem mpomMexyTok [Xi1; Xo]. Torna,

¥,
€CJIM IpU JIFOOOM 3HAYEHHH X TAKOM, YTO X1 <X<Xp, TOHKa Meperuba
3HaueHWEe (PYHKITUU MCHBIIIC 3HAYCHHS KacaTellb- B A
HOH B TOYKE X, A
T.€. f3(X) <fi(X), TO PyHKUMSA BEITyKITa BBEpX (PHC.
8.4). I'padmk GyHKIIMK HA3BIBACTCS BBIMYKJIBIM HA . . rK
IPOMEKYTKE [X1; X2], €CIM OH PaCIIOJIOKEH HIIKE *1 PH: 8.4 3

KacaTeJIbHOM, TPOBEACHHON B JIFOOOM TOYKE ITOTO
WHTEpBaJIa.
BosbMem npomexyTok [Xz; X3]. Toraa, eciu mpu J1000M 3HAYEHUH X TaKOM,

YTO Xp<X<X3, 3HauU€HHE (DYHKIHU OOJbIIIE 3HAUCHHUS KACATEIILHOW B TOYKE X, T.C.
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fp(X) > f(X), To pynkms Bermykina Bau3 (Puc. 8.4). I'paduk dyHKIMM Ha3bIBacTCS
BOTHYTBIM Ha IIPOMEXYTKE [X2; X3], €CIM OH PacIojIoKeH BBIIIE KacaTeIbHOM, PO-
BEJICHHOH B JIF000I TOYKE 3TOr0 MHTEpBAJIA.

Eciu QyHKIMS BBIMYKJIa BBEPX, TO BTOpasi MPOU3BOIHAS (PYHKIIMHA MEHBIIIC HYJIS,
T.e. f"(x) <O0.

Ecnu QyHKIMsA BBIMYKIA BHU3, TO BTOpas MPOU3BOAHAS (DYHKIMH OOJIbIIE HYIIS,
t.e. f"(X) > 0.

Ilepsoe oocmamounoe ycnosue mouku nepecuba. Ilyctb pynxmms f(X)
MMEET TIEPBYIO MPOM3BOJHYIO B TOUKE X, W BTOPYIO MPOHM3BOJHYIO B HEKOTOPOH

OKPECTHOCTH 3TOM TOUYKU (KpOMe, OBITh MOXKET caMOoi ToukH). Toraa ecnu npu me-

pexojie uepes TOUKy X, BTopas IPOM3BOJHAs MEHAET 3HAK, TO X, - TOYKa reperuoa.
Bmopoe 0ocmamounoe ycnosue mouxku nepecuda. I1ycts B TOUKe X, QyHKLIHUSA
f(X) uMeeT MPOM3BOIHBIC JO TPETHETO MOPsAIAKA BKIFOYMUTEIBHO. Toraa eciu
f"(xo)=0,af"(x,) =0, T0 X, — Touka neperuda 3Toi HyHKIIHH.
AcuMITOTHI rpaduka QyHKIUM.
[Tpsimast muHUST M HaszpIBaeTcsl acumnmomot Tpaduka ¢pyskiuu Y = f(X),

ecnu paccrosiHue d oT Touku M, nexareir Ha 3ToM rpaduke, 10 MPsAMOI M cTpe-
MUTCS K HYJIIO TP HEOTPAaHUYEHHOM YAAJIEHUH 3TOM TOYKHU IO TpauKy OT Hayaia
KOOpAMHAT B OECKOHEUHOCTb.

AcuMNTOTHI OBIBAIOT TPEX BHUJOB: BEPTUKAIbHbIC, HAKJIOHHBIE U TOPU30H-
TaJIbHBIE.

IIpsimMasg X =X, HAa3bIBACTCS GEPMUKANL-

nou acumnmomou (Puc. 8.5) rpaduka ¢pyHKImMH

f(X), ecmu XOTs OBl OJUH M3 OJHOCTOPOHHHUX

npeaeno lim f(x) u lim f(Xx) paBen 6ecko-

X—>X%g+0 X—>Xg—0

HCYHOCTH.

OOBIYHO BEPTUKAJIBHBIMH aCUMIITOTAMHU Puc. 8.5

SIBJITFOTCSI TIPSIMBIE B TOYKAX pa3pbiBa 2-TO poja.
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HOC—)TOMy JJI OTBICKaHW BEPTUKAJIBHBIX aCUMIITOT ONPEACIIAOT TOUYKUA 4, ,d,,...a,

OECKOHEYHOT0 pa3pbiBa (QYHKIMU. Torna ypaBHEHHE BEPTUKAIbHBIX ACHUMITOT

X=a,,X=4a,,...,X =4, . BepTHUKaIbHbIC aCHMITOTHI MOTYT OBITh U Ha TPAHUIIE 00-
nactu onpenesenus pyuakiuu. Hanpumep, kak y Gynkiuun y =InX.

[psimast Y = kx + b maseiBaeTcst naknonnou acumnmomoti (Puc. 8.6) rpaduka
byukuu  f(X) mpu X — +oo (Ipu X —»—00), eciu

lim (f(x)—(kx+b))=0 (COOTBETCTBEHHO,
Iirp (f(x)—(kx+b))=0).

VYpaBHeHUE HAKIOHHOW aCUMIITOTHI K rpaduky

bynakmun Yy = f (X) mmem Buge y =kx +b, rue

Puc. 8.6

k= tim 25 b= gim (F (0 — kx)

X—>too X —>too

Ecmm xo1s OB1 OJMH U3 IIPCACIIOB Kubne CYIICCTBYCT WU paBCH OecKoHeU-

HOCTH, TO KpuBas Y = f (X) HaKJIOHHO¥ aCUMITOTHI HE UMEET. ACUMITOTHI Ipaduka
byakmun Yy = f (X)mpu X — +00u X —>—00 MOryT OBITH pa3HbIMHU. [lo3TOMy mipH

HaxoKIeHuu npenenos K u b cienyer ornensro pac- ¥

CMaTpUBaTh CIly4yail, Korma X-—>+00 U KOrja y=b

!

X—>—00,

YacTHBIM CIly4ya€M HAKJIOHHOW aACHMIITOTHI

(mpu k =0) saBIACTCS 20pU30HMATLHAS ACUMNMOMA 17 2

[Mpsimast y =b sBHsETCS TOPU3OHTAIBHOW aCUMNTOTOW Tpaduka QyHKIUU

f(X) mpu X — +oo (mpu X ——o0) TOr/Aa U TOJIBKO Toraa, korga lim f(x)=b (co-

X—>+00

orBercTBeHHO, lim f(x)=b).
X—>—00
Hoanoe uccienosanmne pynkuuu. Illocrpoenue rpagpuka GpyHkuum.
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MEHTA T
Inx
1. y= , rg=1.
Yy I+21,I0
2. y=3"—"—22% -3, 1g=2.
Y 1]113 * » o
3. yzaxg—ﬁ—i-B]n:r, ro=1.
23z
4. y= I,:rg—Z
r—1
2./
Y= \/E?-El:l:l
2—=x
y=sinz(z? -2z +3), 20=0
V2
7. y= ,rp=1
SRV
1 7
8. y= T —i.
ctg’ o 1
9. y=(z?—3r+1)e*, 2,=0

11. y=—

2ctg3x LT
a2 16’

Halitu nponseonnsie 3anannpix Gynxumil y=y(r) npu 3a1aHHbIX 3HAYEHUAX Apry-
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AL 1y 14
12. B kakoit Touke kKpupoit y= —z’+2 kacarenuas HepueHInKy/Isspaa upaMoll r —y+1=

0?7

13. Haitrn cymmy KOODAMHAT TOYKH ¢ OTPHIATEILHON abCIUCCol, KacaTe/lbuas B KOTO-
poii k rpaduxy dbyuxuun f(x)=z>+2r+4 UPOXOAUT Hepes HAYAIO KOOP/IMHAT.

14. Ecom npamas y=3 — 5z asasgeTcs KacaTeabnoil K mapabone y=12+br+¢ B Touke ¢
abcruccoit (), To wemy pasna cymma b+c?

15. Haiitu smagenne x, npu Kotopom Kacatenbnaa K rpabuxy dyuxnmm f(r)=8-27"% ¢
yrioBeiM K03 dummentom k=2 In 2 nepecekaer ocn abenuce.

16. "epes Touky (2, —5) npoxoaar ase kacarenbusie K rpaduxy dyukunu f(r)=—3/+
1. Haiiru cymmy abemmcee Todex kacanms.

17. Hammcars ypaenenne kacarensnoii k kpusoll y=In(r — 1), napamnensnoil nupsamoli
y=2r—1.

18. Haiiru yros ¢ ocsio abcnuee kacarensioil K kpusoll y =z In x, nposegennoli B Touxe
nepecedennd 3Toll Kpusoil ¢ ocwio abemmcec.

19. Ilpu xakux suadenuax napaMerpa a upamad y=ar —2 Kacaercd rpaduka Qynkimn
y=1+Inz?

20. Halitu KOOPAMHATEI TOYEK Hepecedennd ¢ ocblo Or Tex KacarelbHbX K rpaduky

byuxmmn
_r+1

-3

y
3T
KOTOpLIe 00pasyioT ¢ ocio O yroj T

Halitn snadenna dyHKImi B TOYKAX MAKCHMYMA:

1
24, y=2$3—§$2—$+§.

1. 4 13

25. y=—a5— —ad 71—,
Y ?x 37 , 15

26. y:§$4—§:1:3—§:r2+5.

27. Haiitn Touxy munnmyma dyokmun f(z)= —9z° 4+ 90x* — 180z — 30.

Hailitn nanbosbinee n nanMensinee snadenns (QyHKInil na 3aJaHHbX OTPE3KAX:
28. y=r'—6z"+1ma[-1,2]
29. y=sinzx-sin 2r wa moJIHoM IepHOIE.

30. Haiitu snagenne poipakenusa m —3M, ecomm m u M — nanmenbinee u nanboJbinee

snavenns ynkmun f(r)=—2x° — 31?4127 — 16 na orpeske [—1,2].
31. Haiiru nanGosbinee n HauMenbiiee 3nadenns Py HKIHHT

y=—12+3

x| —2

na orpeske [—2,0].
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