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INPEJEJIbBI
1. IIpenensr

[TycTh KakaoMy HaTypallbHOMYy 4Yucily hn=1,2,...  TpHUBEICHO B

COOTBCTCTBHC B CHIIy HCKOTOPOro 3adaKOHa YHCIIO u Torz:a roBOpAT, 4YTO

n-
OIIpCACICHAa IIOCIICAOBATCIIBHOCTL YHCCII Uy, Uy, Us, ... HJIK1, KOpPOUcC,

IIOCJIACA0BAaTCIbHOCTD {un } OTI[CJ'IBHBIG qucjia U, Ha3bIBAIOTCA €€ 3JICMCHTAMU.

Omnpenenenue  1.1.  Ywucno a Ha3bIBACTCA IIPCACIIOM ITOCICAOBATCIBHOCTHU
{Mn}, CCJIIN OJId JI000r0 MOJOKUTEIBLHOTO YHClIa € HaWJeTCs 3aBUCIIES OT

HEro HaTypajbHOE Yyucio /N Takoe, 4To JUJIs BCEX HaTypalbHbIX uucen #n> N

BBITIOJIHAETCS] HEPABEHCTBO: | u, —a|<e¢. Ilpusrom mumyr: [lim u, = a.

n—» 0

Ompenenerrie  1.2. ToBopsaT, uto QyHKIMS f (x) ctpemutcs kA

( f (x)—) A) IpU CTPEMJICHUM K d (x—) a), rme A W a —u4ucia, WM

lim f (x) = A, ecim g moboro € >0 cymectByer O = 8(8) > (0 Takoe, 4TO
xX—>a

| f(x)—A|<e mpn |x—a|<3.
Awnanoruuto, [im f(x)zA, eciu |f(x)—A|<8 pu |x|>N(8) u

X—> 0

lim f(x):oo, eciu | f(x)|> M mpu |x-al< B(M) rne M-
x—a
MPOU3BOJILHOE TIOJIOKUTETBHOE YHCIIO.

[Tpu BBIYHCIICHUH MIPEIEIOB MOYKHO MCIIOIB30BATh CICAYIONIHE TEOPEMBI.
1. Ecu cymectsyior koneunste [im fi(x), lim f,(x), 1o
xXx—>a xXx—>a

a) ji’;’é[fl(x)ifz(x)]:jinzlfl(x)iji”ifz(x)

6) lim| fi(x)- f2(x) = lim fi(x)- lim f3(x),

fix)  fm i) :
)

tim £3(x) #0).

x—>a
2. Ecmu [lim f(x) =A=0, I[limf, (x) =0 (4 — koHe4HO), TO
XxX—>a

: f1(x)
[
xl—% fz(x)

)



ecau [lim f(x) =A, limf, (x) = (4 — KOHEYHO), TO

xX—>a x—>a

X
lim fl( )

x—a f o) (X)
OTH yTBEp)KACHHS CIPABE/JIMBBI, €CIM BMECTO ABYX (GYHKIHH [ (x) u

=0.

fz (X) B34Tb COOTBCTCTBCHHO ABC IIOCIACAOBATCIIbHOCTH: {I/ln } )41 {Vn} .

B npocreiimux ciydasx HaXOXAEHUE Mpejesia CBOJUTCA K IMOJCTAaHOBKE B
JAHHOE BBIPAXEHHE MPEACIIBHOIO 3HAYEHHs apryMEHTa, 4YacTo, OJHAKO,
OPUXOAUTCS, MPEeXKAEC YeM TMepedTH K TNpeleny, NPOBOIUTH IMpeoOpa3oBaHUE
JAHHOTO BBIPAKEHUS. DTO CIEIYET AeNaTh B TEX CIy4asiX, KOr1a UMEIOT MECTO TaK

0 o . . (0. qo. 0
Ha3bIBacMbIe HeonpeaeaeHHoctn: —; —; 0.00; co—o0; 07; 17; oo,
o0

[Ipumep 1.1. HpI/I OTBICKAHHH IIPCACIa OTHOIICHHA ABYX HCJIBIX MHOI'OYJICHOB
OTHOCHUTCJIBHO X HPU X —>O0 HUIHW 71 IIPpU 71 —> O IJIA HOCH@HOB&TCHBHOCTCﬁ

00)
(HeompeAeneHHOCTh —) 00a WiIeHa COOTHOLIEHUS MOJIE3HO MpPEeABapUTEIHHO
o0

pasuenuth Ha X' WM, COOTBETCTBEHHO, 71" TJI€ 71 — HAMBBICIIAS CTENEHb STHX
MHOTOYJICHOB.

AHAJIOTUYHBIA TIPUEM BO MHOTHX CIIy4dasX MOXHO TPUMEHUTh W IS
npo0eit, coaepkaiiux UppaluoOHaTbHOCTH.

4 2 1) 2 1
x| 3+——-—— 34—
) 3t +2x? -1 00 : ( x2 x* . x> x*
a) lim — =|—|= lim A lim 55 =
x—o S5x7 +3x+2 o0 x—)oox4(5+_3+_4) x—>005+_3+_4
X X X X

2 1
lim 3+ lim —— lim —
et T 2 S E 34040 3
— 3 T 5r 010" 5 crapuiasi creneHb m = 4,
lim 5+ lim—3+ lim—4 *
X—> 0 X—>®0 x X—>© x

4
NEJIUTCI HA X .

5 lim Wont —2m® + 2+ 4Vsn® +21

oo 404 34 0Van* +on




3. \/n4 9——+—j+4 3;13(8+2
= lim

" 4n4(1—— +2 n4(4+%j

n
3n2-\/(9——+— +4n-3 /8+2—31)
n
2 2) 4 [ 21
3. (9——+—j+—-3(8+—j
\/ n n*) n n/  3:49-0+0+0-Y8+0

9
= lim = —
n—o ] 3 9 0-41-0+2-+/4+0 4
—all 1= | +2- || 4+—
n n n
(HeoIpeaeIeHHOCTh S, cTapiias CTereHb m = 2, JeIuTCi Ha N~ ).
0 0]

8) lim(3x+1) Vx? +4x+5—/x2 +4x+7l:[oo-(oo—oo)]:

X—> 0
(3x+l)\/x2+4x+5—\/x2+4x—7 -\/x2+4x+5+\/x2+4x—7]
= lim _
X Va2 +dx+5+x2 +dx—7

(3x+1)(x2 F4x+5-x2 —4x+7)

= lim
o0y p a5 4x? +4x—7

(3x+1)-12 (i) _

= [im
x_’oo\/x +4x+5+\/x +4x -7
12(3+l) 12-3
X—> 0 4 5 4 7 1+1
I+—+—=+ J1+———
X X X X

I[Tpumep 1.2. Ecnm P(x) u Q(x) — [eJIble MHOTOWIEHBI X, P(a);t 0 wm
Q(a) # (0, TO mpenmen panuoHaIBHON Apobu P/ Q mnpu X —>a HaXOmUTCS

HenocpencTBeHHO. Ecim xe P(a) = Q(a) =0 (HeompenencHHOCTh 6), TO

apobs P/ () pekoMeHIyeTCst COKpAaTHTh OJMH MJIH HECKOJIBKO pa3 Ha (x — a).



x> —3x+2 (Oj:lim (x—l)(x2+x—2) x*4x-2

llm— — = lim
—>1xt—4x+3 \0 x—>1(x—1)(x3+x2+x—3) s>l 4xx—3
:(g)zlim (X—l)(x+2) = [im x+2 __1+2 =

[Ipumep 1.3. OnHUM U3 IPUMEPOB HAXOXKACHUS TIpeiea OT UPPAIMOHATIBLHOTO
BBIPAKEHUS SIBJISICTCS IEPEBOJI UPPALUMOHATILHOCTU U3 YUCIIUTENS B 3HAMEHATENb

0
WM HA000pOT (HEOIPEAECICHHOCTh 6).
v —J5+x (Oj ” (3—\/5+x)(3+\/5+x)
a lm — | = imm —
=a1-Y5-x N0/ w4 (1-Y5-x)(3+ 5+ x)

_ lim 9-5—x _
x—”(l—ﬂ)(3+ﬁ)

4 — _4-x

1
= [im ————" [im = [lim — =
x>41-3/5—x x—>43+\/5+x x—>41 J5—-x 6

(4—x)(1+ Y5—x+3(5-x)° )

= 6xﬁ4(l_m)(1+3 5-x +3 (S—x)zj

1

(4 1+ V53 +3(5-2))

6x—>4 I-5+x
| (4—x)(1+3J5—x+3,/(5—x)2) |
=—lim =——lim(1+35—x+3(5—x)2)=
6 x—4 x—4 6 x—4
:—é(1+1+l):—1.
| V2 (Oj . (%—2)(%/x72+2%/;+4)
0) llm2—= —| = lim =
=8x”—Tx—-8 0 x_’S(x2—7x—8)(%/x72+2%+4)
: x—38 1
= lim = [lim

x_>8(x—8)(x+l)(%/x72+2§/§+4) ’Hg(x+1)(\/7+2«/—+4)

1 1

9-12 108



[Tpumep 1.4. [lpu BeUKCIECHUYU TIPEIETOB BO MHOTUX CITy4asiX UCIOJIb3YIOT
«TIepBbIN 3aMeuaTeIbHbIN Mpee:

Sinx

lim =1,
x—>0 Xx
CJICICTBHEM KOTOPOTO SIBJISIFOTCS TIPEACITBI:
. tox . arcsinx . arxtex
lim Bx _ 1, lim —— =1, lim gx _ 1.
x—0 X x—0 X x—0 X

] tg2 4x - arcsin’® x B

2
X

2 ) 2
tgdx 5 [ arcsinx 2
|:COS 3x cos SX}‘ 4x X

a) lim ctg2 3x— ctg2 Sx
x—0

= lim
x—0

2 2 2 N
= lim 16x> -{COS 3x _cos SX}. lim(—tg4x) . lim(M} —

2

sin®3x  sin®5x X

x—0 Sil’lz 3x Sil’l2 S5x | x—0 4x x—0 X
| cos®3x-16x> cos® 5x-16x° 7 9
x—> ; :
(Sll/l 3x) L0y (Sm 5x) 95,2
L\ 3x Sx )
= lim Ecos3x—£cos2 Sx} = E I—E- 1= @
x—0] 25 9 25 225

2
(@) 4x? N 2sin® 2x

, tg22x-\/1—cos4x 0 : 2x
0) lim > =|—|=lim . —
x—>0 X .arcsin3x 0/ x>0 . _(arcsm 3xj 3y
3x
2 )
. tg2xj (sm 2x)
lim ( 42 < 2x
Y0\ 2x 42 sin2x 2x 8+/2
= _ lim —— = lim = .
_oarcsin3x x—o0 3x x>0 3x 3
lim ——
x—0 3x
I[Tpumep 1.5. [Ipy BBIUMCICHUM TIpEAETa BBIPAKEHUSA, COJEPKAILIETO

TpUrOHOMETpHUYecKue (QyHKIMH, korma X —>a u a#0, pexoMeHayeTcs
IIPEABAPUTEIILHO IIPOBECTH 3aMEHY X —d = ).



T-X

cos—— 1y
lim 6 :(—j:(x—3=y,y—>0 npu x —3) =
=3 x—3 0
T-(y+3 .
= lim 6 = lim—-cos(—y+—j — im0 6 _
y—>0 y y>0y 6 2/ ys0 WY
6
sin—2 . i
6y—>0 Ty 6 6
6
[Mpumep 1.6. TIpu BeIMHCICHUH peeoB Buaa [im [ f (x)](p(x) = ¢ HEOOXOIUMO
xX—>a

HMCTb B BUY, YTO

1) eciu cymiecTBYIOT KOHEUHbIE ipeaeianl A = lim f (x) B = lim (p(x),

Xx—>a XxX—>a

10 c=A4" (4>0);
2)ecmu lim f (x) =A=#1, [lim (p(x) = $00, TO BOMPOC O HAXOXKICHUH
xX—>a Xx—>a
mpezena ¢ PeIaeTcsi HemoCPEICTBEHHO;
3)ecu lim f (x) =1, [lim (p(x) = 00, TO CJIEAyeT BOCIOIb30BATHCS
xX—>a x—a

1
«BTOPBIM 3aMEYATEIILHBIM Tpeaeiom»: [im (1 + g(x)) g(x) = e, rame
xX—>a

g(x)> 0 mpu x—>a n e=2718....

x2

2 _ x—1
0) lim(3x x+1j

=\ 2x2 +x + 1

. 3x2—x+1 3
lim ———M =—

o022 yx+1 2

b

. [ sindx 3 3
0) lim =4 =

x—0 X
lim (x + 3) =3.
x—0

0 (3 ()

(2) = ! =0, T.K.
2 (3) +00
2

2
X

lim —— = —o0.
x—)oox—l

x>0 X x—>0\ 4x




14x

3x—6 7 3x—6 ] fim

x—x03x—6

7 T 3 7 7
= lim (1+ ) T2 2 Iim (1+ ) —e!Y3,
X—>00 3x—6 X—>0 3x—6

3 3
&) lim(7-2x)5 = (17) = lim[1+ (6 - 2x)]=3 =

x—3 x—3
(6-2x)3 . 18—6x
1 -3 lim 3 6
= [lim [1+(6—2X)]6—2x =" =70,
x—3

2. beckoHe4YHO Maible 1 OECKOHEUHO OOJbIe (PyHKIUN

Ompenenennie 2.1. Ecnmu lim f (x) =0, To pyukius f (x) Ha3bIBACTCS
XxX—>a

O0ECKOHEUHO MaJIO B OKPECTHOCTH TOUKH X =a (MpH X —> a).
CyMMa # Tpou3BeICHHE KOHEYHOTO Yrcia O0ECKOHETHO MaITbIX (DYHKITUH
IpH X —> @ eCTh TaKKe OECKOHEUHO Majlasi Ipu X —> d.

Ompenencune 2.2. Econ f (x) u g(x) — OECKOHEUYHO MaJlble IPU X —> a U

X
lim M =C, TAC C — HCKOTOPOC 4YMCJIO, OTIIMYHOC OT HYJIA, TO (bYHKHI/II/I
x—a g(x)

f (x) n g(x) Ha3bIBAIOTCS OECKOHEUHO MaJIbIMU OJIHOTO MOpSJIKa TP X —> d,

ecnu ¢ =0, TO roBopsT, 4ro f (x) — OECKOHEYHO MaJiasi BBICILIEro MOPsAKa MO
CPABHEHMIO C g(x) opu x —>d.
beckoneuno manasi f (x) Ha3bIBaeTCsI OECKOHEYHO MaJIOM MopsA/iKa 1 1O

CPaBHCHHIO C g(x) npu X — a, €Cliu

/(%)

lim —~L =¢, 0<|c|<+w.
Xx—>a gn(x)

[pumep 2.1. Ilpu x — 0 ompenenuTs MOPSAOK MAIOCTU QYHKIMU QX — SiNX

OTHOCUTCIIBHO X.

) 1
, , sinx -1 ) (1 )
. X — SINX ) COS X - sinx(1—cosx
lim X Smx lim = [im =
x—0 xn x—0 xn x—0 _xn COS X
. . X . 3X X .3 X X
2sinx-sin® = Asin® = . cos= sins = cos—
= lim 2=lim 2 2=4lim 2-lim 2 _

x—0 xn COS X x—0 xn COSX x—0 xn x—>0 cosx



.3 X . 3X .3 X
Sll’l3 — Sll’l3 — SlI/l3 -

=4 [im 2-1:4lim—2=i-lim

=0 x" x*o(x)n X 2" x>0 (xjn'
2 2

Drot npezen Oyaer paBed koHctante ¢ #= (0 mpu n =3, clemoBaTeNbHO,
GyHKIHSA (X — SiNX WMEET MOPSAOK MAIOCTH 1 =3 OTHOCHUTEIBHO X TMpH
x — 0.

CyMMa ABYX OECKOHEYHO MalIbIX Pa3iMdYHBIX TOPSAIKOB PAaBHOCUILHA TOMY
U3 CIAracMbIX, IOPSAI0K KOTOPOrO HUXKE.

[Mpumep 2.2. OnpenenuTth MOPSI0K MAIOCTH OTHOCUTEIBHO X Tipu X —
CYMMBI \/3 x2 +\/x3 .
2

3.2
Cnaraemoe X HMCCT IMOPATOK MAJIOCTHU 5 OTHOCUTCJIBHO X, a

3

[.3
cJaracmMoc X — MHOpsAaOK 5 , CJICIOBATCIIbHO, CYMMa UMCCT IIOPAA0K MAaJIOCTH

2

— oTHocuTenbHO X Tipu X —> 0.

Omnpenenenne 2.3. Ecnu lim® =1, To OeckoHEeYHO Masbie f (x) u g(x)
Dag(x)

Ha3bIBAOTCs DKBUBAJICHTHBIMU IIPH X —> A . f(X) -~ g(X) .

Hanpumep, mpu x — 0 Oyaem uMeTs:
sinx ~x, Igx~X, arcsinx~ Xx,arctgx ~ Xx,
2
X
ln(1+x) ~X, COSX ~ 1—7, et —1~x, a*—1l~x-lna (a # 1).

Hp@I{@J’I OTHOLICHUA IBYX OECKOHEUYHO MajbIX HE HU3MCHUTCs, €CIIN YJICHBI
OTHOIICHUA 3aMCHUTH DKBUBAJICHTHBIMHA UM BCINYHUHAMU.

[Ipumep 2.3.
2 .2
34tg2x . 53arcsin2 3x (34tg * - 1) - (53arcsm Y- lj

a) lim 3 = lim 3 5 =

x>035in” 4x + Tarctg”x x>0 3. (4x) +7. (x)

_ 4tg’x-In3—-3arcsin® 3x-In5 4ln3-x2—3ln5-(3x)2

= [lim 3 = [lim 3 =
x—0 55x x—0 55x

B 4In3-27In5
55 '




ln( 1+3x) 3x

- — = 3
) lim(4arcszn2xJ x =lim(4.2xjx :(lj zi.

x—>0 3tg8x

ln(3 — 5x) — ln(3 + 7x)

6) [lim = lim =
x—0 2sinx x—0 2x
ln3+ln(l—§x)—ln3—ln(l+ng _Ex_Zx
= [im = [lim 3 3 —2.
x—0 2x x—0 2x

Ompenenenne 2.4. Eciu [lim f (x) =00, TO QyHKIHMA [ (x) Ha3bIBACTCS
Xx—>a

OECKOHEYHO OOJBIION PU X —> A .
[Tono6HO TOMY, KaK .TO ClIeJaHO AJi1 OECKOHEYHO MaJjblX, BBOJUTCS
HNOHSTHE OECKOHEYHO OOJIBIINX PA3JIIUYHBIX MOPSIIKOB.

[Ipumep 2.4. Ilycte x —> co. OnpeneauTs MOPSI0K OECKOHEUHO OOJIBIION

X
f (x) = ) 110 CPABHEHUIO C X .

+
5 5 5 5
. X . X . X . X
lim x| = lim ———= lim — = lim ——=1
x—oo| X+ 2 x—)ooxn(x+2) x—o x™ L") xooo
npu n=4.

Onpenenenue 2.5.

1) Iycts Qyakmms [ (x) — OECKOHEYHO OO0JbIIas Wik 0ECKOHEYHO MaJiast

X
opu X —>0 U limM
x—)wc.xa

=1, rme ¢ U O — KOHCTAHTHI, TOTJa (PYHKITUSI
y = cx HasbIBaeTCA aCUMITOTHKON MM aCUMITOTUYECKH IKBUBAJIEHTHOM
byukun  f (x) npu X —> 0.
2) Mycte QyHKIMS [ (x) — OECKOHEYHO OO0JbIIas Wik 0ECKOHEUHO MaJiast
L f)
npu x —>a u lim ————

=1, rie ¢ U O — KOHCTaHTHI, TOr/1a QYHKIIUS
xX—>00 o
c-(x—a

[0 o v
y= C(X - a) Ha3bIBACTCA aCMMIITOTHUKOHU MJIM AaCUMIITOTUYCCKHN 3KBHUBAJICHTHONU

byukun  f (x) npu x —>da.



[Ipumep 2.5.
a) Haiitu acuMnTOTUKY (aCUMIITOTHYECKOE Mpe/icTaBieHUE) HYyHKIIMN

Jx+1-+/x npu X —> 00,
_(\/x+ —\/;)(\/x+1+\/;)_ x+l-x
e Y < v B
1 1 1
=\/x+1+\/;N2\/;=2-x1/2)

CJIEIOBATEIHHO, ACUMITTOTUKON (DYHKITHH f (x) =vJx+1- \/; opu X —» oo

1 12 1 1
sBisiercs QyHKIMS —X 7, Cc=—; O =——.
2 2 2
6) Haiitn acumnrotuky GyHKuuu f (x) - npu x —> 1.
3 1— x3
X
[lpu x —> 1 Pynkuum f (x) = — fBerca 0ECKOHEUHO OOJIBIIION:
l-x

X _ X 1

1 —
%/1—x3 - i/(l—x)(1+x+x2) m B %(l_x)m-

y 1 - )3
ACUMIOTOTHKOH B JaHHOM CJIydac ABJIAACTCA (bYHKI_[I/IH y= %( — X) .

¢) Haiitu acumMnToTiKy QyHKIHH [ (x) = x> —3x+2 npu x — 1.

B nanHoM ciaydae mpu X —> 1 pyHKIms [ (x) SBJISIETCS] OECKOHEYHO

MaJiou; f(x):x3—3x+2:(x—1)2(x+2)~3(x—1)2.
2-

[TorygyaeM aCUMITOTUKY ) = 3(x — l) c=3;, a=2.

3. HenpepwiBHOCTH PyHKITHH.

Omnpenenenne 3.1. Ecnim x<a u x — a, 10 ycnoBHO numyt X — a — 0,
AHAJIOTUYHO, eclii X >a X —>a, 1o x—>a+0. Yucna

f (a — 0) = _lszl_ . f (x) u f (a + O) = ﬁiﬁ . f (x) Ha3BIBAIOT COOTBETCTBEHHO

npeesiom cieBa GyHKIuu [ (x) B TOYKE @ W MPEETIOM cripaBa (PyHKITUU
f (x) B TOYKE @ (€CITM 3TH YKCiIa CYHIECTBYIOT).
Jlns cyiectBoBaHMs mpeaena GyHKuua [ (x) npu X —>a HeoOX0auMo U

JOCTATOYHO, YTOOBI HIMEJIO MECTO PABCHCTBO: [ (a — O) =f (a + O).

Ompenenenvie 3.2. Oyukmus y = f (x) HAa3bIBACTCS HEIPEPHIBHOM B TOUKE

€ClIn



1) ona ompeneneHa B 3TOM TOUKE;
2) lim f(x) = lim f(x) = [im f(x) = f(a).
x—>a—0 x—>a+0 x—a

Touku, B KOTOPBIX HAPYIIAETCS YCIOBUE HEMTPEPHIBHOCTHU, HA3bIBAIOTCSI TOUKAMHU
pasphbIBa.

[Ipumep 3.1.

1

a) Haiitu Touku paspeiBa pyHKIUM y = 327%, mpejensl caeBa M CIpaBa B 3THX

TO4YKax, CACIATh CXEMaTHYECKHUM YCPTCIK.
1

®ynkuua Y = 327F pMeeT pa3pelB B TOUKE X = 2, T.K. OHa B 3TOH TOUKE

Ya He onpexaeneHa. [Ipu atom:
1 1

|
| RIS
: lim 32-x =340 =37 = 4o0;
| x—2-0
|
|
|

1 1
lim 32-x =3-0=37" = 1 =L:O.
_ | x X240 3t +owo

7

O 2]

0) HaiiTu TOukH pa3pbiBa U BEJIMYMHY CKayKa B 3TUX TOYKaX (DYHKIIUU
1

293 4+ 4x -8
YT
2x+3 4 4
Toukoii pa3psiBa JaHHOH (QYHKIMK SIBISETCS TOYKAa X = —3, T.K. B HEH
(GyHKUHS HE OnpeieieHa.

2V L4y -8 27°-12-8 0-20

lim = = = -5;
x—>-3-0  lx+3) 4 27 1 4 0+4
1/(x+3) _
lim 2 tax -8 I, T.x.mpu x —>—-3+0 umeem:

x——-3+0 21\(x+3) +4
21/(x+3) L4y —8§ ~ 21/(x+3) .

b

Benuuuna ckauka A =1-— (— 5) = 6.

21/(x+3) L4~ 21/(x+3)

6) Haiitu TOUYKM pa3pbiBa, BEIUUMHY CKadka A ¥ MOCTpouTh rpaduk QyHKIUH
— 3x, x<0

. T
y=<4sinx, O<x£§

T
x2+1, — < X.
L 2




JlanHas GyHKIMS HETPEPBhIBHA I X € (— 00; 0) U(O; g) U(g, + oo).

T
HCCJ’I@I{Y@M TOJIBKO TOYKHU X = 0O u Xy = E, T.K. B HUX MCHJCTCA

aHAJIMTUYECKOE BhIpaXKeHHE (PYHKIINU.

linfof(x) = lin_1 (— 3x) =0; lim f(x) = [lim (4Sinx) =0;

——0 x—+0 x—+0

f (O) = —3x 0= 0, cnenoBarenbHO, B Touke X =0 ¢yHkuus f (x)
xXx=
HETpephIBHA.
lim f(x) = [lim (4Sinx) =4; f(z) = dsin> = 4;
x>0 Xx—>Z-0 2 2
7'[2
lim f(x)=lim (x*+1)="=+1=3467,
T T 4
x—>5+0 x—>5+0

T
CJICAOBATCIBbHO, TOUKA X = 5 — TOYKa pa3pbiBa.

BeanunHa ckauka

> 2 2
X oA=4-| T 1]=3-2 10533
4 4




JANPODOEPEHIIMPOBAHUE U ITOCTPOEHUE ' PA®UKOB

3KCTPEMYMbI ®YHKIIUU OJHOW NMEPEMEHHOM

Oyukius y = f (x) Ha3bIBAeTCs Bo3pacTarolieil (yObIBaromieil) Ha
HEKOTOPOM MHTepBaJie (OTPE3KE), €CIM IJIs JIIOObIX TOUEK X, X5,

IIPUHAUIEKANIMX JAHHOMY HHTEpBaJle (OTPE3KY), U3 HEPaBEHCTBA X| < X,

ClielyeT HEPaBEHCTBO | (xl) <f (xz) ( f (xl) > f (x2 )) Ecmu f (x)
HENpPEPBIBHA HA OTPE3KE [a; b] u f’(x) >0 (f'(x) < 0) npu a<x<b, 10
f (x) Bo3pacTaeT (YObIBaeT) Ha OTPE3Ke [a; b].

B npocreiimmx ciyuasx o6nacts cymectsoBannst GpyHkumd f(X) MOXKHO
pa3OUTh Ha KOHEYHOE YKCIIO NMPOMEKYTKOB BO3pacTaHHs W yObIBaHHS (DYHKIUH
(IPOMEXYTKOB MOHOTOHHOCTH). DTH NPOMEKYTKH OIpaHHYEHbl KPUTHYCCKUMH

\ Y Toukamu x (rge f'(x)=0 wmxe f'(x) He
y=F(x,) CYILIECTBYET).

Ecmu  cyiiecTByeT Takas JABYCTOPOHHSIS

OKPECTHOCTb TOYKH X,, YTO JUIS BCSAKOH TOYKH

X#X, OTOM  OKPECTHOCTH HMEET MECTO

HepaBeHCTBO  f (x)> f (xo), TO TOYKa X,

Ha3bIBACTCSI  TOYKOM  MUHUMyMa  (YHKIUU

yv=f (x), a 4HUCIIo f (xo) —  MUHHMYMOM
byukuun Yy = f (x) AHAJNOrMYHO, €CIU JJIA BCAKOW TOYKH X # X; HEKOTOPOU
OKPECTHOCTH TOYKM X| BblNonHseTcs HepaseHctso [ (x)< f(x;), To x|

Ha3bIBACTCS TOYKON Makcumyma QyHKIuu ) = f (x), a f (xl) — MaKCUMyMOM

bynkuun. Toyka MUHMMyMa WIM MakcUMyMa (DYHKIIMU Ha3bIBa€TCs €€ TOYKOU
HKCTpEMyMa, & MUHUMYM WJIM MAaKCUMyM (PYHKIIUU — DJKCTPEMYMOM (YHKIIUU.

Ecmm  x, — Touka skctpemMyma GyHKOuH f (x), o f '(xo):O WIN Ke
f '(xo) HE CYIIECTBYET (HeobX00uMoe ycogue Cyuecmsosanus IKCmpemyma).
OO6paTHOE yTBEPIKAECHUE HE BEPHO: TOUKH, B KOTOPBIX [ '(xo) =0 wm f '(xo)
HE CYIIECTBYET (Kpumuueckue mouKu), HE O0S3aTENbHO SBISIOTCS TOYKAMH

IKCTpeMyma QYHKIUU | (x)
Jlocmamounwiii  npusnax cywjecmeoganusi W OTCYTCTBHUS DKCTpEMyMma
HENpephIBHON  QYyHKIIMU f (x) CICOYIOIINN: €CIU CYIIECTBYET TaKas

OKPECTHOCTb (xo -0,x,+ 8) KPUTHYECKON TOYKH X,, 4YTO f '(x) >0 mpu

x,-8<x<x, n [f'(x)<0 mpm x,<x<x,+8, 10O X, — TOUKa



MakcuMyMa (yHKIHH f(x); €CITU K€ f'(x) <0 mpu x,-0<x<x, ¥
f'(x) >0 mpu x, <x<x,+0, TO X, — TOUYKa MUHUMyMa (DyHKIIHH f(x)
Eciu, HakoHeN, HAWIETCA TakKoe IIOJIOKUTEIbHOE YHCIo O, d9ro f '(x)

COXpaHACT HEHU3MEHHBIM 3HAK npu X, — 0<x< X0 + 6, TO TOYKa X HC

o
SIBJISICTCS] TOUKOM IKCTpeMyMa GYHKIUKH  f (x) :

Haumenvuwee (naubonvuiee) 3nauenue HenpepblBHON QyHKIUH [ (x) Ha
JTAaHHOM OTpE3Ke [a; b] JIOCTUTaeTCs WM B KPUTUYECKUX TOUYKAX (PYHKIUHU, WU

Ha KOHIIaX OTpe3Ka [a; b] .

[Mpumep 1.1. HaiiTu SKCTpEeMyMBI i HHTEPBAJIBI MOHOTOHHOCTH (DYYHKITUT
y=x-+-5x.

%

ol x

O0macth cymectBoBanus: —5x >0 = x <0.
Haxoanm KpUTHYECKHE TOYKH:
Sx
==X ——F—=

1
S (R =
2+/—5x ( ) 2+ —5x

~10x-5x —15x 3:(-5x) 3 N

= = = =—-+v=5x 20.

24-5x  24-5x  24-5x 2
IIpn x <0 ¢yHKIMA Bcerna Bo3pacTaeT ¥ MpUHUMaeT HauOoJbliee 3HAYCHUE B
KpuTHYeCKOr Touke X = 0: y(O) =0.

y'=+-5+x-

[Tpumep 1.2. HaliTu 3KCTpeMyMbl U HHTEPBAIbl MOHOTOHHOCTH (PYHKIIUN

y =Y+ 1) (2-x)2

OO6nacTh CylIeCTBOBaHUS: X € (— 00; + oo) :

Haxoaum KpuTHYECKHE TOUYKU:

(2-x)* —2(2-x)(x+1) (2-x)(2-x—2x-2) —x

3P 1)22-0 3 )’2-n)t Yrr)P2-n)

=0 = x =0,

!

)

y' He cymectByer = X, = —1; x5 = 2. Tloay4miu Tpu KPUTHYECKHE TOUKH.



x [(-o -1)] -1 (— 1; O) 0 (O; 2) 2 (2; +)
y' + HE CYIII. + 0 — HE CYIII. +
y | _ 7 max ~ min e

lim y'(x)=lim —X

Xx—2+0 x—>2+03{/ X+1 (2 X)
—X

I|m = —oo,

lim y'(x)= lim y'(x)=+w.

x—1-0 x—1+0

Tak kak y'(x) =k, tae k — yrioBoii K0O3)(HUIMEHT KacaTeIbHOM, TO TPH

x=-1 u x =2 kacarenbHas K TpaduKy QyHKIHH epreHAuKyIsspHa ocu OX.

W(=1)=0; »0)=4; y(2)=0.

[Tpumep 1.3. HaiiTu rmyOuHY OTKPBITOrO OacceiiHa ¢ KBaJIpaTHBIM THOM U

o6beMoM 256 M°

HaMMCHBIICC KOJIMYCCTBO MAaTCpHaJIa.

ITycth a — CTOpOHa KBajapara OCHOBaHHs, /1 — riryOuHa OacceiiHa;

a’h=256 = a =—) az=E h>

2 256

h Jh'

= 4ah+a* = 4-

16

-h+

0;

S= S60K + SdHa

64 256

Jh
32 256 32hY%-256 32

F'(h) =

Wh 2 h B

hZ

7 F(h)=0 = n?=8

~ 4"

h2

256
= 64+ =
Jh o

( p¥2 _ 8);

TaKoro, YTOObI Ha OOJIMIIOBKY €0 CTEH U JTHA MOILIO0

F(h);

h=4. Tllpu h=4 BenuuuHa

F (h) =S Oynxer HaMMEHbIIIEH.




Ipumep 1.4. JIBe mpsmble xene3nble noporn A4; u BB; nepneHaAnKyIsipHEI

IpyT K apyry u nepecekarorcs B myHkre C, npuaem AC =800 km un

BC =700 xm. I3 mynktoB 4 u B 1o HanpaBnernto k. C  0JHOBPEMEHHO
BBIXOJISIT JIBA TIO€3/1a CO CKOpOCTsIMH cooTBeTcTBeHHO 80 kM/4 m 60 kMm/4.
Yepes CKOIBKO YacOB MOCIIE OTIPABICHHUS PACCTOSIHAE MEXKIY TOe31aMu OyIeT
HaUMEHBIIUM ? y
OTMEeTUM TMOJIO)KEHUE TTOE37I0B B MOMEHT I
t>0 toukamu K u M. A,

AK =80¢; BM =60t )

CK = AC— AK =800—80r; 44 [vi=80 km/u

CM = CB — BM =700—60¢; <4

(KM)* =(CK)* +(CM)* = v, =60 kM/a

— (800—80¢)” +(700—60¢)*; KM cLl—e . — x

M B By

MHWHHMAJIBHO, CCJIN MUHHMMAJIbHA BCIIMYHNHA

(KM)2 = F(¢)=(800— 80t)2 +(700 - 6Ot)2;

F(¢) =2(800—80r)- (—80) +2(700 — 60¢) - (~ 60) =
= —128000+ 128007 — 840007 + 7200¢ = 20000z — 212000 = 0; ¢ =10,6;

T~ = 10,6 — Touka MuaMMyMa QyHKIMU F (t) Yepez 10,6

~.1 0 6/' YacoB I10CIE OTIPABJICHHUS PACCTOSIHIE MEKTY 1oe31aMu OyeT
’ HAUMEHBIIM.

ACUMIITOTBI

Ecnu Touka (x; y) HEMPEPHIBHO TIEPEMEIIIaeTCs 0 KPUBOH y = f (x)

TaK, 4TO XOTA OBI OoaHa U3 KOOPAHUHAT TOYKH CTPEMUTCA K 66CKOHC‘IHOCTI/I, " 1Ipu

ATOM PACCTOSTHUE TOYKU OT HEKOTOPOU MpsIMOI CTPEMUTCS K HYJIIO, TO 3Ta MpsMast
HA3bIBACTCA ACUMNMOMOU KPUBOM.

Ecnu cymecTByeT yucio a Takoe, uto lim f (x) =00, TO TIpsAMast X = d
x—>a

SBJISICTCS ACUMITTOTOH (8epmuKanbHas acumnmoma,).

X
Eciu cyIecTByrOT KOHEUHBIE TIpeAeasl  [im ( ) =k, m
xX—>+o00 X

lim [ f (x) — klx] = b, To psimast y = kyx + b; Oyner acumnroroii (npasas
X—> +00

HAKJIORHAA acwwnmoma).



Sx
Ecim CYIICCTBYIOT KOHCYHBIC ITPEACIIBI llm ( ) = k2 u
X—>—-0 X

lim [ f (x) — kzx] = by, TonpsimMasi y = k,x +b, Oyzner acuMnToTOi (1€gas
x—>-2

HAKIOHHASL ACUMIIMOMA).
I'paduk yukiuun y = f (x) HE MOXET UMETh 00Jiee OAHOM MpaBoil U
0oJee 0JJHOM JIEBOW aCUMIITOTHI.

[Mpumep 2.1. HaiiTu acHMITOTHI ¥ MOCTPOUTH IPaPUK PYHKITHH
3cos(x—1)

x—1
OO6nacTh cymiecTBOBaHMs: X # 1.

NieM BEpTUKAIBHBIE AaCHMIITOTBHI.
DyHKIUS UMeEeT pa3phiB B TOUKe X = 1, T.K. B Hel (QYHKIHS HE OnpeeiicHa.

3 -1 .
lim (2x+%)j =2+3—;=2—00=—00;

y=2x+

x—1-0 x—1 —

3 -1 .
tim (2x+mj:2+£:2+w:m
x—1+0 x—1 +0

ClIeoBaTeNbHO, X = 1 — BepTHKajbHAs aCUMIITOTA.
WieM HaKJIOHHBIC aCHMITOTHI B BUAe ) = kx + b.

X—> =t x—1
CrnenoBarenbHo, pu X —> 100 CyHIECTBYET aCUMIITOTA
y=2Xx.

I\y / J—

(A k= lim @: lim 1(2X+Mj _
: // x>+t X x—>+wo X x—1
i// =2+0=2; b= lim | f(x)=kx|=
/ _
//I = lim {2x+w—2x}:

ol X X—> %00 x—1
B x _
| — iim 3cos(x 1):0,
|
|
|
|
|
|

[Ipumep 2.2. HaiiTu acCHMIITOTHI U TOCTPOUTH T'paduk
2x% -9
x? -1
OO6acTh CyIIeCTBOBAHUS: x2-1> 0; xZ> I; x>1 n x<-1

byHKIIUA Yy =



y:%f;f; ypxy:%_ﬂz—gzzﬁ—g = ()= (=),

x? -1 \/(—x)z—l \/x2—1

CJICOOBATCJIbHO, aHHAas (I)YHKHI/IH YCTHasA, U MOKHO IIOCTPOUTE €C I’pa(l)I/IK TOJIBKO
npu x > 1, d 3aTCM OTpa3nuThb €0 CUMMCTPHUYIHO OTHOCUTCIIbHO OCH Oy

o 2x?-9 2-9
Ilm = = —00 = X = 1 _
x—>14+0,/2 +0

BepTUKaJIbHAst acumiTora mpu X —> 1+ 0.
[Mycte x — 1+ 0.

2
ke gim ) g 25229

[.2
X—>+0 X X+ 4y — 1

9
2__
= [im 2x" -9 = [im —=—

x> X—>+00 1
\/1__ \/ __2

b= Jim [/ (x)—tee] xi”ﬁo{ N ‘2’6}

= lim = [lim
x40 x? -1 x%+WJx2—4(zf?—9+2x-4x2—1)

wVY

2
_ lim 32x° +81 o
+00
%’xfl—%@—%+21—%]
X X X

[Mlpu x —+o0 mosmyuaem acuMnToty y = 2x. ['paduk manHoi QyHKIMH

3
nepecekaer ocb Ox TIpH 2x2-9=0, Te. BTOUKAX X =+——.
J2
[Tpumep 2.3. HaiiTu acuMOTOTHI U TOCTPOUTH Tpaduk GyHKIIUN

x> —2x? 3x + 2

4—x?

OO0acTh CyIIeCTBOBAHUS: 4-x220 = x#2u x#-2.

y:

B roukax x; =-2 u X, =+2 (QyHKIUS TEPIIUT Pa3phiB, T.K. B HUX OHA HE
OIpEAEIICHA.
o xP2x?—3x+2 —8-8+46+2
lim = = +00:

x——-2-0 4 — 2 -0



X0 —=2x%—3x+2 —8-8+6+2

lim —00;
Xx—>—-2+0 4 — x? +0
| 2 Yo X =—2 — BepTUKaJbHAS aCUMIITOTA.
| |
| | i X —2x* =3x+2 8-8-6+2 .
| = = —o0;
\\\: | x—2-0 4— x2 +0
AN
N | ox7-2xT-3x+2 8-8-6+2
| \3 . x—2-0 4—x -0
: /\\\ : B X =2 — BepTHKaJIbHAs aCUMIITOTA.
= : i\\ > HakJjioHHBIE AaCUMIOTOTHI IpU X —> £ 00 HIIEM B
: :2\ Buge: )y =kx+b.
| BN 7(x) x> —2x% —3x+2
| : BN k= lim = lim =
: | x—>to X X—>+o0 x(4 _ xz)
|
1 2 3 2
273
= lim — = — =1, b= lim [f(x)-k]=
X— too 2 -1 X—>too
2

X—>*oo 4-)62 X—> o0 4_x2

[lpy x —>+ oo momydaeMm aCUMOTOTY Y = —X + 2.

. x> —2x? —3x+2 ) _Ox? 4 x+2
= [im +x|= lim = 2.

HAIIPABJIEHUE BOI'HYTOCTHU. TOUYKH IIEPEI'MBA

ToBopsr, uto rpaduk aupdepeHnupyemoit Gyukuun y = f (x) 802HYmM
6HU3 Ha UHTEPBAJIC (a; b) (602nym 66epx Ha MHTEpBaJIC (al; bl)), €CIIU TIPH

a <x < b myra KpHBOM pacroyioxeHa HIKe (T COOTBETCTBEHHO TIPH
NV a; < X < b; BbIlIe) KacaTeNbHO, TPOBEACHHOM

B JIF00OM TOYKE MHTEpBajia (a; b) (nm

MHTEpBaia (al; bl)). JlocTaTo4YHBIM yCIIOBHEM
=f(x) Bormyroctr BHU3 (BBepX) rpaduka y = f (x)

SABJIACTCS BBIITOJHCHUE Ha COOTBECTCTBYIOIICM
HMHTCPBAJIC HCPABCHCTBA

I
I
I
I
I
a

):Co 'al :bl f’(x) <0 (f’(x) > O).

Touxa (xo, f(x, )), B KOTOPOIl U3MEHsIeTCA

@ L — — —— — —

HaIpaBJIeHUE BOTHYTOCTH rpaduka (pyHKIMH, Ha3bIBACTCS MOuKol nepecuda. J1is



aOcIMCChl TOYKHM Tepernda X, rpaduka QyHkuun y = f (x) BTOpas
npousBogHas | "(xo) =0 wm f "(xo) He cyniecTByeT. TOUYKH, B KOTOPBIX
f "(x) =0 wm f ”(x) HE CYIIECTBYET, HA3bIBAIOTCS KPUMUYECKUMU MOYKAMU
2-20 pooa. Kputndeckasi Touka 2-ro pojga X, SBISETCS aOCUUCCON TOYKH
neperuta, ecm f"(x) coxpamseT NOCTOSHHbIE 3HAKH B HHTEPBATIAX

X,—0<x<X, U X, <x<Xx,+0, rue O — HEKOTOPOE MOJIOXKUTEIHHOE
YHCII0, IPUYEM STU 3HAKH IIPOTUBOIOJIOKHBI, M HE SIBISETCS TOYKOH Hepernoa,
ecnn 3Hakn f"'(x) B yKasaHHBIX BBILIE HHTEPBANAX ONUHAKOBBL.

H[}I/IMCQ. Ol'[pCI[GJII/ITL HHTCPBAJIbl BOTHYTOCTHU H BBIIIYKJIOCTH, a4 TAKKC TOYKHU

x2

neperuda KpuBol y =e
2 2
Umeem: y'=-2xe " ; "= (4)c2 - 2)e_x . IIpupaBHsB BTOPYIO

IIPOU3BOJIHYIO K HYJIIO, HAWJIEM KPUTHYECKHE TOYKH BTOPOIO poAa:

1 1

, Xy =—=. OTH TOYKH pa30OHUBAIOT BCIO O0IACTh CYIECTBOBAHMUS

J2

byHKIIUN (— w; + oo) Ha TPU UHTEPBAJIA.

X1=_

1 1 1 1 1 1
T3] 5 [0 D] 5 [

2| R |Ve R B |7
i + 0 — 0 —
y o neperuo M neperud Y

1
[Tomyunnu: KpuBasi BOTHYTa BBEPX IIPU  x (_ 0, — Lj n Xe (—

; ooj U
V2 V2
BOTHYTa BBEPX IIPH x € (— L,Lj . Toukn (i L; L) — TOYKH neperuoa.
V272 V27 Je

MNOCTPOEHUE T'PA®UKOB ®YHKIIMHA 110
XAPAKTEPHBIM TOYKAM

[Tpu moctpoernu rpadrka GyHKIIUN CIEITYET, MPEXKAC BCETO, HANTH
00J1aCTh CYIIECTBOBAHMSI 3TON ()YHKIIUU U BBISICHUTD MOBeJIeHUE HYHKIIUM Ha
rpaHuiie ee 06sacTy cymectBoBanus. [lone3Ho Takke mpeaBapUTEeIbHO OTMETUTD
HEKOTOPbIE 0COOEHHOCTH (PYHKITUU (€CIIU OHU UMEIOTCS): YETHOCTb,
NEePUOIUYHOCTD U T.]I.

Jlanee Hy»KHO HaliTH TOYKHU Pa3pbIBa, ACUMIITOThI, TOUYKH IKCTPEMyMa
dbyHKIIMH, TOUYKH nieperuda u 1.1, HaiiieHHbIe 2JIeMEHTBI TT03BOJISIOT BBISICHUTD
oOmuit xapaktep rpaduka GyHKIIHH.



[Tpumep 4.1. IlpoBecT MoOIHOE UCCIEIOBAHUE U TIOCTPOUTH Tpaduk QyHKIUU

y=x-\3/(x+2)2.

OO0iacThb CYIIC€CTBOBAHUA: X € (— oo, + OO)

y(x) # y(— x) —> ¢yHKIMSA 0011IeTO BU/IA.
Tak kak GyHKIUS ONpeIesieHa MPU BCEX X, Uy Hee HeT TOYEK pa3phiBa, TO
BEPTUKAJIbHBIX aCUMIITOT HET. HakIOHHBIE aCUMIITOTHI TP X —> + 00 HIIEM B

Buzae: y =kx+b.
,3/(x+2)2 B
. =

ACUMIITOT TAaKXX€E HET.
UccnenyeM pyHKIIMIO TTO IEpBOM TPOU3BOTHOM.

y':[x-3 (x+2)2}:(x+2)2/3 +x-§-(x+2)_l/3 _

V=0 = 5x+6=0, x=-12;
y' HecymectByer = x+2=0, x=-2.

. 3 2
lim (x + 2) = +00, CIIEIOBATEIHHO, HAKIOHHBIX

xX—>*oo

. x :
k= lim
X—Fo0o

3(x+2)+2x  Sx+6
3 3

x+2 x+2

X (— 0] — 2) -2 (_ 2; — 1,2) =12 | (-12; +x)

y' + HE CYIII. - 0 +

yo|_- max ~ min 7

Vonax = y(— 2) = 0 (kacartenbHas B 3TOM TOYKE MEepHCHIUKYIsApHA ocu  Ox ).

| Va ymin = J/(— 1;2) = _1,2 . ’\/3 0,6 ~ —1,06
: (kacartesbHasI B 3TOM TOYKE MapauielibHa OCH
| Ox).
| HccnenyeM QyHKLIUIO TI0 BTOPOK
| MIPOM3BOJHOM.
-2 —-12 O X
_2’4: | : | 06 i y,,_|: 5x+6 :l_
——1 5 B 2/3 |
STyt 1,30 (x+2)
!
' 5-x+2-(5x+6)- 1
3 2
3-3(x+2)

) Y(x+2) )
_15(x+2)—(5x+6)  10x+24

3(x +2)Yx +2 - 3,3/(x+2)4 '




144

y"=0 npu x=-2,4; y” HecymecrByer mpu x = —2.

X (— w; — 2,4) -24 (— 24; — 2) -2 (_ 2; + OO)
y" - 0 + HE CYILECT. +
y M neperut U v

Ynepeeuba = y(_ 2’4) =-24- ‘3\/ (_ 2:4)2 ~ —1,30; y(O) = 0.

[pumep 4.2. TIpoBecTH MOJIHOE UCCIEAOBAHUE U IIOCTPOUTH FpaduK (PyHKIMU
- (2x + 1) ?

r= x+2/)

O0acTh CYIIIECTBOBAHUS: X # —2.

y(x) #* y(— x) = (¢yHKIUA 0011IeTO BUIA.
X =—2 — TOYKa pa3pbiBa, T.K. B Hel (DYHKIUSA HE ONpE/IeIICHA.

(2 +1) (4+1)° C(2x+1) (4+1)?
lim =|——| =+o0; lim = —| =40
x—>2-0\ x + 2 -0 x—>2+0\ x +2 +0

= x=2 — BCPTHUKAJIbHAA aCHUMIITOTA.

HaxToHHBIC aCUMIITOTBI IPH X —> £ 00 wmiieM B Buae: y = kx + b.

2
ke im 79 _ 1(Mj =0

x>+t X x>+toox \x+2

b= lim [f(x)~kx|= lim (2”1)2 =4

x—> oo x—>+oo\ x + 2
[lpy x —t oo momydaem acumnTory y = 4.
HccnenyeM pyHKIMIO IO EPBOM TPOU3BOAHOM.
, 2x+1) 2(x+2)—(2x+1) 6(2x+1)

y' =2 . . = 5

x+2 (x + 2) (x + 2)
=0 = 2x+1=0, x=-0,5;
y' He cymectByer = X =-2.

X (— w; — 2) (— 2; - 0,5) — 0,5 (— 05, + OO)

y' + — 0 +

yo| ~ min -




.

| Ymin = ¥(=05)=0.

| Uccnenyem pyHKITHIO 11O BTOPOI

: MIPOU3BOIHOM.

______ §1 [ N 3 2
| y"=6-2(x+2) —3(x+2) -(2x+1):
i A4 /; (x + 2)6
-2

05 0,&5 > _6.2(x+2)—3(2x+1)_6(1—4x).

(x + 2)4 (x + 2)4 ,

y'=0 = 1-4x=0; x=0,25

"

y'" He cymecTByer —> X =—2.

x | (ko =2) | (-2 025 025 1 (025 +)

Z ¥ n 0 -

y o o neperud M

2
1,5 4
repent =029 = ) =5 04

)

[Ipumep 4.3. IIpoBecTu MOIHOE UCCIAEAOBAHUE U MIOCTPOUTDH IPpaPuK QYHKIIHH

ex—3

x—3

Oo6nacth cymectBoBanus: X —3#0; x# 3.

y(x) #* y(— x) — (pyHK1Ms 0OLIEro BUIA.

B Touke Xx =3 QyHKOHS TEpIUT pa3pbiB, T.K. B HEW OHA HE OTpecIicHa.

y:

. ex—3
lim = —0,
x—>3-0x—3
; > = X =3 — BepTHKaJIbHAS aCUMIITOTA.
e
lim = +o0
x>3+0x — 3 )
HaxkioHHBIC aCUMIITOTHI UIlEM B BUae: ) = kx + b.
1) x = +oo,
!/
x=3
) e ()
k= lim —=Iim ———= lim ———= [im —— =

!

x—>+0 X x—+wo x“ — 3y x—>+a>( x—>+02x—3

x° —3x)



’

= [lim ——— = [im —— = +00, cJemoBaTeNbHO, IPU X —> +00
X—>+00 (zx _ 3) X—> +0 2
HAKJIOHHBIX ACUMIITOT HET.
2) X = —0,
x=3
. X ) e 0
k= Ilim m: lim 5 = =0;
xX—>-o0 X x—>-o x*° —3x + oo
ex—3
b= lim [f(x)—kx]= lim =0,
X—>—00 x—>—-0oXx—3

npu X — —o0 moiy4daeMm acumnrory y = 0.
HccnemyeM QyHKIHIO IO IEPBOM MPOU3BOHOM.

y’ :(ex3] _ eX—3.(x—3)2— ex—3 :ex_3.x—3—21 :ex_3. x—42)
x=3 (x-3) (x-3) (x-3)
=0 = x—4=0, x=4; y' He cymecrByer = x=3.

x | (=3

(3; 4) 4

(4; + oo)

!

Y

+

y

™~

™~

min

/

Vonin = y(4) =e~272.

HccnenyeM QyHKIHMIO IO BTOPOM MPOU3BOTHOM.

x=3 x—4

+e

(x=3)°

3 (.2
e .x2—7x+12—x+5_ex -(x —8x+17).

s (x=3)7 —(x—4)-2(x-3)

(x-3)°

(3

x—3

(x-3)°

b

# 0;



/\y |
| y" He cymectByer = x=3.
|
|
| x | (== 3 (3; +w)
e -1 7 - "
, >
Y | 4 oy N U
|
|
| -3 1
e
| 0)= =— ~—,02.
IIpumep 4.4. TIpoBecTH MOJIHOE UCCICIOBAHUE U TIOCTPOUTH rpaduK GyHKIMN
x+6
y=In -1
X
+6
OO0acTh CyIIeCTBOBAHUS: al > 0.
X
x>0, x<-6. — — —
6 0 x

OyHK1MA 0011IeTO BU/IA.

_ x+6
lim |In —1|=—-0 = x=-6 — BepTUKaJbHAS ACHMIITOTA.
x—>—6-0 X

. x+6
lim | In —1|=40 = x=-0 — BepTUKaIbHAsA ACUMIITOTA.
x—>—+0 X

HaktoHHBIE aCHMITOTHI MIIIEM B BHIC: Y = kx + b.

mx+6_1
k= lim ﬂz lim —X — =0:;
x—>*o X xX—>*oo X
b= lim [f(x)~kx|= lim {lnx+6—l}:—l.
x—>too x—> =t X

[Tpu x — t oo momydaem acumnroTy y = —l.
HccnenyeM pyHKIMIO IO EPBOM TPOU3BOAHOM.

x| (moo —0) (0 +e) , X x—-x-—-6 —6

= . = 0.
y - - 4 xX+6 2 x(x+6)¢

y \ \ DKCTPEMyMOB Yy (DYHKITUHU HET.




Hccnenyem QpyHKIINIO 110 BTOPOM MTPOU3BOTHOM.
"o g —(x+6+x) 6(2x+6) 12(x+3)
y"=-6- = = :
)c2(3c+6)2 xz(x+6)2 xz(x+6)2

y"'=0 = x+3=0; x=-3 — He BXOIUT B 00JIaCTh CYILECTBOBAHHUSI.

Va
: X (—o0; —6) (0; +)
: yn _ +
[
[ b% N U
6, O ¥
________ Q- —J__—————2-
' -1 Touek nmeperuda HeT.
| x+6 6
: In -1=0 = x-= X
| X e—1
[
=
| =0
| y(e—l

OnpenesieHHBIN U HeONPeAeJeHHbI HHTErPaJIbl
Teopemuueckue ceedenus.

Ilepsoobpasnoul ¢pynxyuen nns pyaxkuun f (X) HaspiBaeTcs Takas QyHKIIHS
F(x),uro F'(x)= f(x).

Heonpeoenennvim unmeepanom ot ¢ysnxiuu f(X) HaspBaeTcs ee oOIas
nepBooOpazHas

[f(x)dx=F(x)+C .

@Oynkus f (X) HaszpBaeTcs moAbIHTErpanbHON (QyHKIMEH, a Bepaxenue f (X)dx
— MOJBIHTETPaIbHBIM BhIpakeHueMm, F(X) — pesyiprar mHTerpupoBanus, C —
IIPOM3BOJIbHAS IIOCTOSHHASL.
Ceoticmea neonpeoeneHHo20 UHmMe2paia.
L. J(u(x) +v(x))dx = [u(x)dx + [v(x)dx.
2. [A- f(x)dx=A-[ f(x)dx, rae 4 — nocrosHHasL.

3. Ecin [ f(X)dx=F(x)+C 1 u=¢(x), o [ f(u)du=F(u)+C.



Tabnuma npocTeUImX HHTETPAJIOB:

1. fdx=x+C.
Xn+1

2. [x"dx= +C,(n=-1).
n+1

3. jd—::ln\xHC.

X
jaxdx—a—+C [e*dx=e*+C.
Ina

IN

o1

. jsin xdx =—cosx +C.

(op}

. [cosxdx=sinx+C.

7. d); =tgx+C.

COS“ X
dx
8. =—ctgx+C.
Isinzx
dx 1 X
9. =—arctg—+C .
Ix2+a2 a a

dx 1, x—a
10. =—1In +C,(a=0).
Ix2_az 2a X+a ( )

11.jm ‘x+\/x + ‘+C(A¢O)

X
=arcsin — + C.

12j\/7

OcHosHble MemoObl UHMESPUPOBAHUSL.
1. ITonBenenue noa 3Hak auddepenimana:
a) moxa 3HakoM auddepeHirasa MOXHO TPHOABISATh WM BBIYUTAThH JTIOOYIO

nocrosuayo: df (X) =d(f(x)+ A);



0) mox 3Hak muddepeHrania MOXHO MOIBOAUTH TOCTOSHHBIA MHOXXHUTEIb:
1
df (x) :Kd(Af (X)); B) mox 3Hak auddepeHnrana IoIBOAUTCS (QYHKIHS 110

npasmry: f'(X)dx=df (x).
2. aTerpupoBaHue Mo Y4acTsIM C UCIIOIb30BaHUEM (DOPMYIIBI:
fudv=uv—[vdu, rae u=u(x),v=v(x).
C MOMOIIIBIO ATOTO METO/1a BBIYUCIISIFOTCS CIICIYIONINE HHTETPaIbl
a) [a* - P,(x)dx, u=P,(x), dv =a’dx.
6) [sinax- P,(x)dx, u=P,(x), dv=sinaxdx.
B) [cosax- P, (x)dx, u=P,(x), dv=cosaxdx,
rae P, (X) — MHOTOUJIEH 11-0i CTENEHH.

3. NaTerpupoBanuie METOIOM 3aMEHbI IIEPEMEHHOM Mo Gopmyrie

[T (dx=] f(p®))de(t) =] f (p())@'(t)dt, rre x=p(t).

Ilpumep evinonnenusn 3ad0anus.

HaiiTn HEonpeieIeHHbIE NHTETPAIbL:

(arcsin x) + x x3-17 3
a dx; 0) |———dx; B) [(BXx+4)e ™ dXx.
e st e

Pewenue.
a) WCIOJIb3ysl OCHOBHBIC CBOWCTBA HEOMPEACIICHHOTO WHTErpajia M BBIMOJHSIS

nojBeicHre (PYHKITUH 101 3HaK AuddepeHimana, HaiIeM HHTerpa

I(arcsm X)2 X I(arcsm X)? dx + I

N J1-x2 ﬂ

= [(arcsin x)d (arcsin x) + (- 0,5)[ (L — x*) *°d (L~ x*) =




2105
= %(arcsin x)®-0,5- % +C= %(arcsin x)® —J1-x* +C.

[TpoBepum pe3ynbTaT HHTETPUPOBAHUS TUPPEPEHIINPOBAHUEM:

!

(%(arcsin X)® —V1-x% + C) ~

= %-3(arcsin x)2 - (arcsin x)' = 0,5(1— x2)°°(1-x?)' +C' =

arcsin x)? _2x arcsin x)? + x
= +O_

V1-x? _2\/1—x2 N T

YTO COBNAJAET C MOABIHTETPAIbLHON (DYHKITUEH.

0) B OSTOM cllyyae TMOJbIHTErpajibHas (PyHKIUS TpeACTaBiIseT coOoi
HEIMpaBWIbHYIO pallMOHANBHYIO NpoOb. IIperncraBum 3Ty npoOb B BUIE CYMMBI

MHOI'O4JICHA U HpaBHHBHOﬁ I[pO6I/I. I[J'ISI 9TOT'O BBIIIOJHHUM ACJIICHUEC MHOI'OYJICHA Ha

MHOI'OYJICH.
x3 17 ‘x2—4x+3
x° —4x*+3x  |x+4
4x% —3x-17
4%° —16X —12
13x - 29
Torma
3_ —
jzx—ﬂdx:j(x+4+%gx—29jdx jxdx+j4dx j?x—zgdx:
X°—4Xx+3 X —4Xx+3 X —4Xx+3
2
:X—+4 I in 29
4x+3

Jl;st Toro yToOBI HAWUTH TOCIETHUN WHTETpaj, MPEACTABUM MPABUWIBLHYIO IpOOh B

BUJIE CYMMBI MpocTeHIux napoOei. JlJis 3TOro pasznoxkuM Ha MHOXKHUTEIU
3HAMCHATENIb  JAPOOH x> —4x+3=(x-D(x-3) u pasokuM  apo0b  Ha

IIPOCTEUIIINE



(xl_?))l()(_xz_g?;) ) x'él+ X??)’ HXE A9 B,

[Tpu x=3 mmeem 13-3—-29=B(3-1), orkyna B=5;

npu X =1 numeem 13-1-29=A(l1-3), orkyna A=8.
13x-29 8 N
(x-)(x-3) x-1 x-3

i 13x — 29 dx = 8
(x=1(x-3) X—

N OKOHYATCJIbHO IT10JIY9acM

[Tonyuyaem U UHTETpUPYyEM

dx
X_

1dx+jxf3dx=8j Xd_xl +5] - =8lx~1+5lnx~3+C

3 2
jzx—ﬂdx=x—+4x+8ln\x—ﬂ+ Injx-3+C.
X —4x+3 2
[TpoBepum pe3ynbTaThl 1 PepeHInpOBaHUEM:

!

2 3
(%+4x+8ln\x—ﬂ+ln\x—3\+cj =%+4+ 8 ,° S

Xx-1 x-3 x2_4x+3’

YTO COBNAJAET C MOABIHTETPATILHON (DYHKITUEH.

3ameuanue.
WuTerpan oT npaBWIbHON pallMOHATBHONW APOOHM CBOJIUTCS K CyMME MHTEIpajioB

OT mpocTeumux apodeit. Hanbonee yacTo BcTpeyaroTes CleAyone UHTETPaIbL:

jidx:Alln\x—aHC; | A dx = o (x—a)™ ™M +C, (k=23..);

X—a (x—a) (—k+1)
Mx+ N M 2 2N — Mp 2X+ p
——————dx=—In|X* + px+ Q|+ ———=—arctg ———+C.
J.X2+pX+C| 2 ‘ ‘ 1/4q_p2 1/4q_p2

B) 9TOT MHTErPal HAaXOUM METOJOM HHTEIPUPOBAHUS 10 YACTSIM.
1
Mpuvem U=3x+4, dv=e¥dx, tornra du=3dx, v= gesx- ITo dopmyne

HHTCTPUPOBAHMA 110 YAaCTAM I1OJTydacM

3X + 463)(

j(3x+4)e3xdx:(3x+4)%e3x —j%e” -3dx = ~ [e¥dx =



:3X+4e3X _1e3x
3 3

[TpoBepum pesynbrat AuddepeHIrnpoBaHEM

e (x+1) +C) =33 (x+1) + e =¥ (3x + 4),

3x+4-1 3

+C= +C=e¥(x+1)+C.

YTO COBMHAAAET C MOABIHTETPaIbHON (QYHKITHEH.

Hpm]o;lcemm ONpeEacJCeHHbIX HHTETPaJjioB

TeopemuquKue c8e0eHUsl.

Eciu wa mockoctu  Oxy

AY
y=f,(x) 3ajaHa (Qurypa, oOrpaHHYCHHAas
JBYMSI HEIPEPHIBHBIMA KPHUBBIMHU
S y=hi y=H0),  y=f00
T 3 x BEPTHKAIGHBIMH TPSIMBIMA X =4,

X=Db, TOo mmomams S Takoi

b
(GUTYyphl MOKET OBITH BBIYUCIICHA ITO (OPMYIIC S=] (f,(x) — f (x))dx.
a

Ilpumep evinonnenus 3a0anusi.

Boeraucnuth mionianb GUrypsl, OrpaHUYeHHON JTHHUSIMU Y = X2 +4X, y=X+4.

Pewenue.

3ajaHHbIE JIMHUM OTrPAHUYMBAIOT Ha IUIOCKOCTH OXy KPUBOJIMHEHHYIO

TpaIeuo, N300pakeHHYI0 Ha PUCYHKE.

A
y

y = X% + 4x
y=X+4

Y
=




HalineM koopauHaThl TOYEK IEPECEUCHHUS 3aJaHHBIX JIMHUW, 1 HTOrO
pelIM CUCTEMY YpaBHEHUN

{y:x2+4x

, X2 +4x=x+4, x*+3x—4=0, otkyaa X =—4, X, =1.
y=Xx+4

Toraa uckomast TIOIaAh BEIYUCISAETCS TI0 popMmyIie:

i Al
S::ﬂx+4—x2—4@dx=“4—3x—xﬁdx:zw__z__?; _
-4 B

:4—§—1+16+@—%:20E (k6. €0.).
2 3 2 3 6

Teopemuqecme ceeoeHsl.

OObeMbI Tell, 00pa3oBaHHBIX BpAIICHHEM IUIOCKOW (UTYpPHI, OTPaHUYCHHOM
kpuBoit Y = f(x)>0, ocbto Ox u ipsimeiMu X =2a, X =D,

b
1) Bokpyr ocu Ox, Beraucisitotres mo popmyne V, =7z j' f 2(x)dx;
a

b
2) Bokpyr ocu Oy, BeMUCISIOTCS 110 hopmyie V= 27t [ xf (x)dx.

a

Ilpumep evinonnenusn 3ad0anus.

Beraucnute o0beMbl Tell, 00pa3oBaHHBIX BpalieHHeM BOKpyr oceir Ox u Oy

KPUBOJIMHEIHOrO TPEYrobHHUKA, 00pPa30BAHHOrO KpuBOH Y =3%/X, ocbio Ox u

npsmoit X =1.
A /

4 / y =%/x

Pewenue.

Y




1) oObeM Tena, MOIYYSHHOTO BpAIICHUEM

BOKpYT ocu Ox, paBeH
1

3

V, =7 (%/;)2 dx=7— =3?ﬂ (rky6. ed.)

S
3 o

O —r

2) o0BeM Tena, MOJTYYEHHOT0 BpalieHueM BOKpyr ocu Oy, paBeH

7/ 1L

X/ 3

sl

L 67
Vv, = 27X Y xdx =27 = (kv6. e0.).
0



[TOHATHUE ®YHKIMN HECKOJIbKMX ITEPEMEHHBIX.
YACTHBIE ITPOMU3BOHBIE

[TycTh KaXaoi ymopsaoueHHOM mape yuceln (X, Y) U3 HEKOTOpoil 00jacTH
D(X, y) coorBeTcTBYyeT ompeneneHHoe uucio Z € £ R. Torma z wHaswiBaercs
byHKIIHEH ABYX TMEPEMEHHBIX X U ), X, ) — HE3aBUCHUMBIMH TMEPEMEHHBIMHU WITU
aprymentamu, D —obnacTeio omnpeneneHus WIH CYIIECTBOBaHHS (YHKIUHU, a
MHOECTBO FE Bcex 3HaueHHMH (PyHKIMHU — 00J1acThiO €€ 3HaueHnid. CHMBOJIMYECKU
GyHKIUS ABYX TMEpPEMEHHBIX 3alUCHIBACTCS B BUJE PAaBEHCTBA Z = f(x,y), B
koTtopoMm f 00O3HAYaeT 3aKOH COOTBETCTBHS. DTOT 3aKOH MOXET OBITh 3aJiaH
aHanuTrdecku (popmysoit), ¢ moMoImIbio Tabauibl wim rpaduka. Tak Kak BCIKOE
YpaBHEHHE Z = f(x,y) OTIpeJIeNIsIeT, BOOOIE rOBOPs, B MMPOCTPAHCTBE, B KOTOPOM

BBEJIEHA JIEKAPTOBA CHCTEMa KOOpAMHAT OxyZ, HEKOTOPYIO IIOBEPXHOCTb, TO MOJ
rpaukoM (YHKUUM JBYX [EPEMEHHBIX OyAeM IIOHUMATh MOBEPXHOCTD,
00pa30BAHHYI0 MHOMKECTBOM ToueK M(X, y, Z) NpPOCTPAHCTBA, KOOPIHHATHI
KOTOPBIX yIOBJIETBOPsiioT ypasuenuio z = f(X,y) (puc. 1).

2|

Puc. 1 Puc. 2

['eomerpudecku obnactb onpeneneHuss Gyukmuun D oObrdHO mpencraBiser
co00if HEKOTOPYI0 4YacTh IUIOCKOCTU (X)), OTPaHUYEHHYIO JHMHUAMU, KOTOpPbIE
MOTYT TPUHAUICKATh WIM HE TPHHAMIEKATh 3TOoM obimactu. B mepBom ciyuae
o0nacth D Ha3bpIBaeTCs 3aMKHYTOM M 0003HauaeTcsi D, BO BTOpOM — OTKPBITOM.

Omnpenenenve (QyHKUIUU ABYX MEPEMEHHBIX JIETKO O0OOIIMTH Ha Ciydai
Tpex © OOJBIIET0 YHCIa TMEePEeMEHHBIX. BenuunHa ) Has3bIBaeTCs (PYHKIIHEH
NEPEMEHHBIX  Xi, X2, ..., Xn, ©CIAM  KaKIOW  COBOKYMHOCTH (X1, X2, ..., Xp)
NEPEeMEHHBIX Xj, X2, ..., Xy W3 HEKOTOPOHW 0O0JIaCTH N-MEPHOTO MPOCTPAHCTBA
COOTBETCTBYET ONPEICICHHOE 3HAYEHUE ), YTO CHMBOJHMYECKH 3aIllMCHIBACTCA B



BUJIE Y= f(Xl,Xz,...,Xn). Tak Kkak COBOKYMHOCTh 3HAUYEHHH HE3aBUCHUMBIX
MEePEMEHHBIX X1, X2, ..., Xy  OMPEHENISICT TOYKY #1-MEPHOTO IPOCTPAHCTBA
I\/I(Xl,xz,...,xn), TO BCAKYIO (YHKIHMIO HECKOJBKUX IEPEMEHHBIX OOBIYHO

paccMaTpuBalOT Kak (QYHKIMIO TOYeK M TIPOCTPaHCTBA COOTBETCTBYIOIICH
pasmepnoctu: y = f(M).

Yucno A Ha3wsiBaeTcs npeneaoM GyHkiuu z = f (x, y) B Touke Moy(xo, Vo),
eci 111 J1r06oro € > 0 cymectByeT O > 0, Takoe, 94TO MPHU BCEX X, ),
YIOBJIETBOPSIIOIUX YCIOBUSAM ‘X — Xo‘ <0 u \y — yo\ <0, CIIPaBeUIUBO

HEPaBEHCTBO
‘f(x,y)— A‘<s.
Ecmu 4 — npenen ¢pynkuuu f(X, y) B Touke My(xo, ¥o), TO MUTIYT:
A=lim f(x,y)= lim f(x,y).
X—>Xg ( ,Y) M— Mg ( ,Y)
Y—=Yo

Oynkuus z = f (X,y) HA3BIBACTCS HEMPEPBIBHOM B TOUKe My(xo, Vo), €CITH
CIPaBETMBO PABECHCTBO

lim £(x,y) = f(Xo,¥).
y—>yg

Hampumep, pyskius z = ]/ (2X2 + y2) HEIpepbIBHA B JII000I TOYKE MIIOCKOCTH, 32

uckiroueHuem touku M(0, 0), B KOTOpo# (yHKIUS TEPIUT OCCKOHEYHBIH Pa3phIB.
OyHKIIMS, HEMPEPBIBHAS BO BCEX TOYKAaX HEKOTOpoil odnactu D,
Ha3bIBAETCS HEMPEPHIBHOW B TAHHOM 00J1acTH.
Ecnu nepeMeHHOM X 1aTh HEKOTOpPOE IpupalieHue Ax a y OCTaBUTH
HOCTOSIHHOM, TO (yHKIHs Z = f (x,y) MOJIYYUT MpUpalieHue A, Z, Ha3bIBaeMoe
YACTHBIM NMpUpPALLEHUEM (YHKIIUH Z 110 IEPEMEHHOM X!

Az=f(x+Ax,y)-f(xy).

AHaJIOTUYHO, €CJIA NIEPEMEHHAS ) TIOTyYaeT NpHUpalleHue Ay, a X 0CTaeTcs
MOCTOSIHHOM, TO YaCTHOE MpupalieHne GyHKIMN Z 10 MePEeMEHHOH y

Ayjz=T(x,y+Ay)- f(xy).
Ecnu cyiiecTByrOT peaebl:
Az o7

A = o = 5= 0w,
A ¢z
y© — o — f
Aly'ToT‘ y T f(xy).

OHH HaA3bIBAIOTCS YaCTHBIMH IIPONU3BOJHBIMHA ®YHKHHH z=f (X,y) I10 1IC

PEMEHHBIM X U ) COOTBETCTBEHHO.
AHAaIOTUYHO OTPEACIIAIOTCS YaCTHBIC TPOU3BOIHBIC (DYHKIIHIA JTF000TO
YHCJIa HE3ABUCUMBIX IEPEMEHHBIX.



Tak kak yacTHast MPOU3BOIHAS IO JIFO00W MEPEMEHHOM SIBIISIETCA
MPOU3BOAHOM MO ITOM NMEPEMEHHON, HAUJICHHOU TIPU YCIIOBUH, YTO OCTAJIbHBIE
nepeMeHHbIe — IOCTOSIHHBI, TO BCE MpaBuiia U hopmyibl qudpepeHunpoBaHus
GbyHKUIMNA OAHON MepEMEHHON MPUMEHUMBI JUIsl HAXOXKI€HUS YACTHBIX
MPOU3BOAHBIX (PYHKIIUHN JTHOOOTO YKCIIa IEPEMEHHBIX.

TTIOJIHBIN JITUDDEPEHIIMAIL ANOPEPEHIIMPOBAHUE
CJIOXKHBIX 1 HEABHBIX ®YHKIINN

[TonHabIM puparienueM GyHkuuu Z = f (X,y) Ha3bIBACTCS PA3HOCTh
Az=f(x+AX y+Ay)— f(xy).

['maBHas yacTh NMONHOTO NpuparieHust GyHkuuu z = f (X,y) , TNHEWHO
3aBUCALIas OT IPUPALLECHUNA HE3aBUCUMBIX IIEPEMEHHBIX Ax U AY, Ha3bIBaeTCsA
noiHbM tuddepenimaniom GyHkmn u ooo3Havaetcs dz. Eciu pyHKms nmeert
HEIPEPBIBHBIE YACTHBIE IPOU3BOIHBIE, TO MOJHBIN AU(depeHIran CyuecTByeT U

paBeH
dz=gdx+gdy, (1)
OX oy
rae dx = Ax, dy = Ay — Ipou3BOJIbHBIC MPUPAIICHUS HE3aBUCUMBIX TIEPEMEHHBIX,
Ha3bIBaeMbl€ UX U PepeHraIamu.
Jlns byHKIMU 1 iepeMeHHbIX Y = f (X1 Xo s onn ,Xn) NOJIHBIN auddepeHIuan
OTIpEJIEIISIETCS BRIPAKEHUEM
dy:ﬂdx1+ﬂdx2+...+ﬂdxn. (2)
OX, OX, OX,
[Tonaei qrddepeHnman 4acTo UCIoab3yeTCs IS MPUOIHKEHHBIX
BBIYMCJICHHUI 3HAUYCHUH (QYHKIMH, TaK Kak AZ ~dz, T. e.

f(Xo +AX, Yo +AY) = (X, Y0) +dZ(Xo.Y0) -
Oynxums z= f(u,v), rae u=@(X,y), v=y(X,y), Ha3bIBacTCS CIOKHOI

byHKIIHEH mepeMeHHbIX X 1 Y. [T HaX0KIeHUS YaCTHBIX TIPOU3BOTHBIX CIIOKHBIX
(YHKITUN UCTIONB3YIOTCS Cleayrone GopMyIIbl:
0z 0oz ou N 0z oV

X oudX ovox ‘)
oz _odLou arov

B cnyuae, korga U= (p(x,y), V= \y(x,y) , Bropas u3 gopmyi (3) ucuesaer
(T. €. mpeBpaIaeTcs B TOXKACCTBEHHBIN HYIIb), a IepBas Mpe 00pa3yeTcs K BULY
de_cedu, azdv
dx oudx ovdx
Ecmu ke u =x, v=y =wy(x), To popmyna (4) uMeeT BU]

(4)



dz oz odzdy

dx  ox  dydx ©)

dz
B mocneaneit popmysae — Has3bIBaeTCs MOJHOM MPOU3BOAHOM QyHKIINHU (B

o . 0z
OTJIMYHUC OT 4HaCTHOHU HpOI/IBBOILHOI/I 6_)
X

Ecin ypasrenue F(X,y)=0 3aaer HeKoTOPYIO QYHKIHIO y(x) B HESBHOM
BUJIE U Fy’(x,y) #0, 10

dy _ Fi(xy)

dx  FJ(x,y)
Ecnu ypaBHenue F(X,y,Z) =0 3amaet QyHKIHIO IBYX IEpEMEHHBIX Z(X, V) B

(6)

HESIBHOM BHJIE U FZ’(X, y,Z) =0, To cpaBeIUBBI (POPMYJIBI:

dz_Fi(xy2) dz_ F(xy2) ™)
dx  F/(xyz) dy  F(xyz2)

YACTHBIE I[TPOU3BOAHBIE BhICIINX I[TOPAIKOB.
KACATEJIbHAA TNIOCKOCTDb 1 HOPMAUJIb K IIOBEPXHOCTH

YacTHbIMH IIPOU3BOAHBIMH BTOPOI'O IOPAAKA HA3BIBAIOT YdCTHBIC
IIPOU3BOAHBIC, B3ATBHIC OT YaCTHBIX IIPOMU3BOJHLIX IICPBOI'O IMOPAIKA:

2
P20 (%) iy

X ox\ox
o’z 0oz ,
y=a—y(@) = fy(xy),
0%z 8(82)

=— | :f” X1 ’
oxoy oy \ox 5 ()

o’z ofeéz .
=—| —|="fn(xy).
oyox  ox\oy
AHaJIOTHYHO OIIPCACIIAOTCS YaCTHBIC IIPOU3BOAHBIC TPETHLET'O U Oouee
n

BBICOKHUX MOPSJIKOB. 3aMKCh — O3Ha4aer, uto Qpynkius Z K pas

axkayn
npoauddepeHmpoBaHa 1Mo MepeMeHHoM X U 1 — K pa3 1o mepeMeHHOH .

YacTHbIEe POU3BOIHBIE fx');(XaY) 51 fy’;(x,y) Ha3bIBAKOTCSI CMELIAHHBIMH.

3HadeHMs CMEIIAHHBIX MPOU3BOIHBIX PABHBI B TE€X TOYKAaX, B KOTOPBIX ITH
MIPOU3BOIHBIC HEMTPEPHIBHEI.

Tonuslii guddepeHtuan BToporo nopsiaka d°z pyskuun z = f (X,y)
BBIpakaeTcs popmyoi



2 2 2
d?z= 8_§de + Zdedy + a—idyz.
OX oXoy oy

Eciii MoBEpXHOCTH 3a7aHa ypaBHeHHEM Z = f (X,y) , TO yPaBHEHHE
KacaTeIbHOM MIOCKOCTH B Touke Mo(Xg, Vo, Zo) K JAHHON ITIOBEPXHOCTH:
— ! !
L—1y= fx(XO’yO)(X_XO)+ fy(X01y0)(y_y0) (8)
a KaHOHUYECKUE yPaBHEHU HOPMAJIH, IPOBEAECHHOM yepe3 Touky Mo(xo, o)
TIOBEPXHOCTH:

! o ! B
(% Yo)  Ty(Xo.¥o) -1
B ciyuae, KOraa ypaBHEHHE I8 IKOW TOBEPXHOCTH 331aHO B HESIBHOM BHJIE!
F(x,y,2)=0,u F(Xy,Yq.Zy) =0, To ypaBHEHHE KacaTeqbHO MIOCKOCTH B TOUKE

X = Xp _ Y—Yo _Z_ZO. (9)

My(xo, o, Zo) AIMEET BUJ
I:x'(xo Yo ’Zo)(x - Xo) + I:y'(xo Yo ,zo)(y - yo) + I:z'(xo Yo ’Zo)(z - Zo) =0, (10)
a ypaBHEHHE HOPMAJIH —

X_XO _ y_yO _ Z_ZO (11)

Fx’(XO’yO’ZO) - Fy’(X01yO’ZO) Fz,(XO!yO’ZO).

OKCTPEMYM ®©VYHKIHNHU IBYX IIEPEMEHHbBIX

Touka My(xy, yo) Ha3bIBaeTCS TOYKOM JIOKAJIHPHOIO MakKCUMyMa (MHHHMYyMa
y
byHKIIMHN Z = f(X,y), eciu Uit Bcex Touek M(x, y), ominmuHbIX OT Mo(xo, Vo) |

IMpUHaAJICKAIINUX 10CTATOYHO MaJjiou ee OKPCCTHOCTH, BBIIIOJIIHACTCA HCPABCHCTBO

f(%.¥0) = FOGY)(F(%0.Y0) < F(X,Y)).

MakcuMyM Wi MHHEMYM (YHKIMH Ha3bIBa€TCS €€ JKCTpeMymoM. Touka, B
KOTOPOH JTOCTUTaeTCsi SKCTPeMyM (YHKIIMH, HA3bIBACTCS TOYKOW DKCTpEeMyMa
byHKIUH.

Teopema 1 (HeoGxoauMbIe ycaoBHsI IKcTpeMyMa). Eciau Touka My(xg, Vo)
SBJISICTCS TOUKOM skcTpemyma ¢yukiuu f(x, y), To fX’(X0 ,yo) = fy (X0 ,yo) =0 wm

XOTs OBl OJTHA U3 ATUX MPOU3BOJAHBIX HE CYIIECTBYET.

Toukn, 1 KOTOPBIX OTH  YCIOBHUS  BBINIOJHEHBI, HAa3bIBAKOTCS
CTallMOHAPHBIMU WJIA KPUTUYECKUMHU. TOUKM DKCTpEMyMa BCErja SBIISIOTCS
CTAIlMOHAPHBIMU, HO CTAallMOHAPHAS TOYKA MOXET U HE ObITh TOUYKOM dKCTpEeMyMma.
UtoOBI cTarmoHapHas TOYKa ObLIa TOYKOW AKCTpEMyMa, JOJIKHBI BBITIOJHSATHCS
JIOCTATOYHBIE YCIIOBUS SKCTPEMYMA.

st Toro 9ToOBI CHOPMYITUPOBATH JOCTATOYHBIC YCJIOBHS DKCTpEMyMa

GyHKIUK IBYX MEPEMEHHBIX, BBEJEM CIeayromue o0o3HadeHus:: A= fx’;(xo,yo),
B=f(X.Y), C=f(X.Y), A=AC—BZ.



Teopema 2 (mocratouHble yciaoBHs 3KcTpemyMma). [lycts QyHKuMs
Z= f(x,y) UMEET HEMpPEphIBHBIE YAaCTHBIE MPOU3BOAHBIE 10 TPETHETO MOPSAIKA
BKJIFOYMTEIIbHO B HEKOTOPOH 00JacTH, COAEpXalleil CTAalMOHAPHYIO TOYKY
My(xo, o). Torna:

1) ecmu A>0, To TOuka My(xg, Vo) SBISETCS TOYKOH SKCTpeMyma st
JTaHHOM (yHKIuU, npudeM M, Oymer Toukoi Makcumyma mpu A <0 (C<0) u
Toukoit Munumyma mipu 4 >0 (C > 0);

2) ecu A < 0, T0 B Touke My(xg, yo) IKCTpeMyMa HET;

3) ecau A =0, TO 3KCTPEMYM MOXET ObITh, @ MAXET U HE ObITh. OTMETHM,
4TO ciaydail 3 TpeOyeT JONOJHUTEIbHBIX UCCIIETOBAHHA.

OkcTpemMyM (yHKIUU Z = f(X,y), HalJIEHHBI MpU YCIOBUU (p(X,y):O,

Ha3bIBACTCA YCJIOBHBIM. YPaBHeHI/Ie (p(x,y):O Ha3bIBACTCA YPABHCHUCM CBA3H.

FGOMeTpI/ILICCKI/I 3ala4ya OTBbICKaHHUA YCIOBHOI'O JKCTpEMyMa CBOAUTCA K
HaXOXIACHHUIO OJKCTPCMAJIBHBIX TOYCK KpHBOﬁ, I10 KOTOpOﬁ IIOBCPXHOCTDH

z=f (X,y) IIEpPECEKACTCS ¢ HUIMHAPOM (p(x,y) =0.

Ecnu w3 ypaBHeHUs CBS3M (p(x,y) =0 Haiith y =)(x) U MOACTAaBUTH B
byHKIMIO Z = f(x,y), TO 3aJa4a OTBICKAHMSI YCIOBHOTO KCTpEMyMa CBOIUTCS K
HAXOXKJICHUIO SKCTpeMyMa (QyHKIIMH OJTHOU nepeMeHHOH Z = f (X,y(x)).

Huddepenuupyemas QyHKIHUS B OrpaHUYEHHON 3aMKHYyTOM obOsactu D
JIOCTHTAET CBOETO HAMOOIBIIET0 (HAMMEHBIIIETO) 3HAYEHUS JIMOO B CTAIIMOHAPHOU
TOYKe, Jexalied BHYTpu oOmactu D, nubo Ha rpanune stod obOmactu. s
OTBICKAHWSI HAWOOJIBIIIETO W HAWMEHBIINETO 3HAYCHUUW (PYHKIMH B 3aMKHYTOM
obnactu D HE0OX0uMO HaWTH BCEe KPUTHUYECKUE TOUKH, JISKAIIUE BHYTPH JaHHOK
00JIacTH M Ha €€ TPAHMIIC, BBIYUCIUTD 3HAUCHUS (DYHKIIUH B ATUX TOYKAX, a TAKKE
BO BCEX OCTAJIBHBIX TOUKAX TIPaHUIIBI, a 3aTe€M IIyTEM CpPaBHEHHUS IOJyUYCHHBIX
quces BEIOpaTh HAauOOJIbIlIee U HAMMEHBIIIEE U3 HUX.

I[MPUMEP PEIHEHM A TUITOBOI'O PACUETA

1. Haiitu oOnacte omnpeaenenuss D u oOnacte 3HaueHuil £ QyHKUUU
z:ln(y—x2 +2x).

Jannast ¢yHKIUS ompezesieHa B T€X TOYKax IUIOCKOCTH (OXxy, B KOTOPBIX
y— X2 +2x>0, wm Y > x? —2X. TOYKH MIOCKOCTH, ISl KOTOPBIX Y = X° — 2X,

o6pasyior rpanuiy obmactu D. Vpasaenne Yy = X° — 2X 3amaer mapa6oiy (puc. 1,

MOCKOJIbKY TMapabojia He NpuHaMIexKuT obmactu D, TO oHa wu300pakeHa
HITPUXOBOU JHMHMEN). Jlanee, Jerko NpoBepUTh HEMOCPEACTBEHHO, YTO TOUYKH, IS

KOTOPBIX Y > X? —2X, pAacIONOXeHbI Bbiuie mapabombl. OGmacts D sBisercs

OTKPBHITOM (Ha pHC.2 OHa 3alITPUXOBaHa) M €€ MOXKHO 3aJaTh C IOMOIIbBIO
CUCTEMbI HEPABEHCTB:

DZ{—oo<X<+oo, X2—2X<y<+oo}.



Tak kak BeIpaXEHHE IOJ 3HAKOM JIoTapru(pma MOXKET MPUHUMATH CKOJIb
YIroaHo MaJIblI€ U CKOJIb YIroaHo 60J'II>H_II/IC ITOJIOKUTCIBHBIC 3HAUYCHUA, TO 06J'IaCTb
3HaYeHUN QYHKIIUU

E:{—o0<z<+o0}.

2. BeIUHACINTS TIpeies
. X% +y?
A= lim

S [y2 4 y2 '
wa/x +y° +1-1

[IpeoOpa3oBaB BEIPAKEHHUE MO 3HAKOM IpPEIea, HOITyIuM
(x2 + yz)(a\/x2 +y? +1+1)

H"O( x2+y2+1—1)( x2+y2+1+1)

y—>o0
(x2 + yz)(wlx2 +y? +1+1)
- lim AT = lim (X +y? +1+1)=2.
X—>00 X“+y + 1-1 X—>00
y—o0 y—o
3. Berunciuth npubIUKEHHO (1,02)3'01.

Paccmorpum Qynkuuio Z = XY . IIpu X = 1 u Yo = 3 umeeM z, = 18=1,
Ax=1,02-1=0,02, Ay =3,01 -3 =0,01. Haxonum monasIi auddepeHiman
Gyukumu z = X’ B mo00i TOUKE:

dz = yx 7 Ax + x” InxAy.

BeruuncisieM ero 3HaucHue B Touke M(2, 3) npu AaHHBIX MPUPAIICHUAX

Ax =0,02 u Ay = 0,01:
dz=3-1*-0,02+1%-1In1-0,02=0,06.

~ 7, +dz=1+0,06=1,06.

Torna z = (102)*"

4. HaliTu ypaBHEHHE KacaTeJIbHOM MIOCKOCTH U YPABHEHUE HOPMAJIH K
noBepxHocTH X° + Y° + 2% 4+ Xyz — 6 =0 B Touke My(1, 2, -1).
BbruncisieM 3Ha4eHHs YaCTHBIX MPOU3BOIHBIX B Touke My(1, 2, —1):
F/(X0,Y0:20) =(3x2 + yz) v =1
F/(Xo.Y0.20) = (3y? +xz) v =11,
F/(%0,Yo.20) =(32% +xy) | wm,=5

[Toncrasisst ux B ypaBHeHus (10) u (11), monyyaem COOTBETCTBEHHO YpaBHEHHE
KacaTeJIbHOM IIJIOCKOCTH

(x=1)+11y-2)+5z+1)=0
N KaHOHNYCCKOC YPAaBHCHUC HOpMAJIU
x-1 y-2 z+1
1 11 5




5. Onpeaenutsb pa3Mepbl NPSIMOYTOJIBHOTO Napaljiesienune1a HanOoJIbIIEro
o0beMa, MoJIHAs MOBEPXHOCTh KOTOPOTro UMEET JaHHYIO TUIOMIAb S.
O6beM npAMOyToIBHOTO Napajuienenunena V = Xyz, rue x, y, Z —

HM3MEPEHUS MapajijieyienuIesia, a Iiolab ero MOBEPXHOCTH S = 2(Xy + XZ + yz),
OTKyJa

S —2xy Sxy — 2x2y?
_ v =R y(xy).
2(x+y) 2(x+Y) (x¥)
Haiinem skctpemym ¢ynkiuu V = V(X, y):

oV yz(S —2x% - 4xy)
ox 2(x + y)2 -
oV XZ(S—Zy2 —4xy)
oy 2(x + y)2 o

S —2x? —4xy =0,
S—2y? —4xy = 0}
Tax xak x > 0, y > 0, To U3 MOCIETHEN CUCTEMBI CIEAYET, UYTO X =Y = \/% :
[Tosy4urii €IMHCTBEHHYIO CTAlIMOHAPHYIO TOUKY MO(\/% : \/%) , KoTopas

SIBIIsICTCS TOUKOM MakcumyMa ¢yHkimu V = V(X, y) (T. €. 3a1a4a ©MeeT pelieHue),
II0O3TOMY IPOBEPSTH BHIIIOJIHEHHE JOCTATOYHBIX YCIOBUA MaKCUMyMa HET
HeoOxoauMocTH. Jlanee HaxoauM

S-S/3 25/3
= afse ayse V°

Takum 06pa3oM, HaHOOIBIIHI 00BEM UMEET KyO ¢ pedpoM, paBHBIM +/S/6.

6. BeruncnuTh 3Ha4EHUS YaCTHBIX IPOU3BOJHBIX fx’( Mo) , fy ( M 0) : fz’( M 0)

it qaHHou QyHkiuu f (x,y,z) = /Xy cosz B Touke My(1, 1, ©/3) ¢ TOYHOCTHIO 0
JIByX 3HAKOB IOCJIE 3aIATOM.

Haxoaum gacTHbIe TPOM3BOIHBIE JAHHON (DYHKIHH, 3aT€M BBIYHCIISIEM HX
3HaueHus B Touke Mo(1, 1, n/3):

Y_cosz, fo(1,1,7/3)=0,25,

fix,y,z) = 2y

X

fy’(x,y,z) 2\/7y

f/(x,y.2)=—+/xysinz, f,(1,1,m/3)=-086.

cosz, f/(1,1,7/3)=025,
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o o X
7. Beraucnuth 3HaYCHHUE MPOU3BOTHON CIIOKHON (DYHKIIMHM Z = arccos—

y
roe X=1+Int, y= —29_t2+1, npu tp = 1 ¢ TOUHOCTHIO 10 JBYX 3HAKOB IOCJE
3aMATOM.

Ha ocHoBanuu gpopmyisl (4) umeem
2
Oz _ozdx oczdy 1 2x1_ ;(_ X_ZJ(_ 2e“2+1)(— 21).
dt ox dt 8ydt 1_X4/y2 Y Z /1_X4/y2 y

[Tpu tp = 1 monmyvaem, uro X =1,y =2,
dz| 4

dtls V3

8. BblunCIUTh 3HAYEHUS YACTHBIX MPOU3BOIHBIX (DYHKIIUH Z(X, y) :

3a[aHHOIT HesiBHO ypaBHeHHeM 4X° — 3y°® + 2Xyz — 4xz = 3— 2% B Touxe My(0, 1, —
1) ¢ TOYHOCTBIO /10 ABYX 3HAKOB MOCJIE 3aISITOM.
B nannom ciyyae F(X,y,2) =4x° —3y® + 2xyz — 4xz + 2° — 3, nosromy
Fi=12x* +2yz -4z, F/=-9y*+2xz, F/=2xy—4x+2z.

CnenosarenbHo 1o popmynam (7):
dz  F/  12x*+2yz-4z

dz_ F/ iz F_ -9y*+2xz
dx F/ 2xy —4x+2z dy F/  2xy—-4x+2z

dz dz
Beruncisiem 3nadenns — u — B Touke Mo(0, 1, —1):

dx dy
dz(0,1,- ):1’ dz(0,1,- ):_4’5_
dx dy

9. McernenoBath Ha JIOKaIbHBIH SKCTpeMyM GyHKIHMIO Z = Xy(X + Y — 2).
Haxoaum repBbie YacTHBIC IPOU3BOIHBIC TaHHON (DYHKITHH:
z;, =2xy +Yy° -2y, z)=x*+2Xy - 2X.
[IpupaBHMBas UX HYJIO, IOJIY4aeM CUCTEMY YPAaBHEHUU
y(2x +y-2)=0,
X(x+2y-2) =0}
U3 KOTOpOH ompenaessieM cTanuoHapHble Touku ganHoW (yakiwm: M;(0, 0),
M,(2, 0), M(0, 2), M4(2/3, 2/3). C momoripio TeopeMbl 2 U3 § 4 BBISICHHM, KaKHe
M3 O3TUX TOYEK SIBJISIFOTCS TOYKAMH JSKCTpeMyma. Iyt 3TOro BHawaie Haiimem

BTOPBIC YAaCTHBIC MTPOU3BOIHBIC JAHHOU (PYHKITUH:
Zye =2Y, Iy =2X+2y—2, 7, =2X.

[ToncTaBisisi B MOJIyYEHHBIE BBIPAXKEHUS JJISI TPOU3BOJHBIX KOOPAUHATHI
CTAllMOHAPHBIX TOYCK M MCIOJIb3YS JOCTATOYHBIC YCIOBUsS dKCTpeMyMa (cM. § 4),



umeeM: i Touku M; A=-4<0, T. e. 3KCTpeMyMa HET, s TOYKU M,
A=-4<0, T. €. 3KCTpeMyMa HeT, 1l Touku M3 A=-4<0, T. €. IKCTpemyma
HeT, niust Touku M; A=12/9>0, A=4/3>0, 1. e. UMeeM TOUKY JIOKAJIBHOTO

MHHHMYMa QYHKIH, B KOTOpoii Z, = 2(2/3, 2/3)=-8/27.

10. Haiitu Hanbospliee 1 HAaUMEHbBIIEe 3HAaUeHUS (PYHKITUN
z=xy—y® +3x+4y Bobaactu D, orpanndennoii mamsimMu X =0, y=0,
X+Yy—-1=0 (puc. 3).

[ ] Mf

Puc. 3

BrIsicHuM, CyIIECTBYIOT JIM CTallMOHAPHBIE TOUKH, JIEKAIIHE BHYTPU JaHHOU
obnactu D, T. e. BHyTpH TpeyroapHuka OAB. Umeem:

Pemmasi monmydeHHy0 cUCTEMYy ypaBHEHUN, HAXOAUM CTAIIMOHAPHYIO TOYKY
M(-10, -3). Ona nexuT BHe obnacti D, cliejoBaTeNbHO, IPU PEIIEHUU 3a1aul
MBI €€ He yuHuThiBaeM. MccienyeM 3HaueHns QYHKIMU Ha rpanuie obnactu D . Ha
cropoHe OA (y=0, 0<x<1) tpeyroapauka OAB (yHKIUA Z ©MeeT BHUI Z = 3X.
CranuoHapHbix TO4ek Ha oTpe3ke OA Her, Tak kakZ'=3. B toukax O u A
cootBercTBeHHo z(0, 0) =0, z(1, 0)=3. Ha cropone OB (x=0,0<y<1)
TpeyronpHuka (yHKIms Z=-Yy? +4y, 7’ =-2y+4. HaxoauMm CTarMoHapHyO
TOUKY U3 ypaBHeHUs — 2V +4 =0; nomyyaem, yto y = 2. Takum oOpa3om, Touka
M;y(0, 2) ne npunaanexur odonactu D . 3Hauenue Qpynkuuu B Touke B (0, 1) = 3.
Haxoaum HamOoJsiblliee 1 HAMMEHbIIIEE 3HaUeHUsI Ha CTOpoHe AB: x + y = 1. 3nech
y=1-x, 7=-2x> +2X+3, torma 2'=-4Xx+2 nu3 ' =0 cnenyer x = 1/2, T. e.
craroHapHas Touka M,(1/2, 1/2) npuHaaiaexut rpanuie oonactu D . 3HaueHue

¢byukuuu B Hewt z(1/2, 1/2) = 3,5. CpaBHHBas Bce MOIyYCHHBIC 3HAYCHUS (QYHKIINH,
BUJIMM, YTO

Zyas = 2(1/2,1/2) =35, z,4, =2(0,0)=0.

Haum



PSIIBI
OCHOBHBIE CBEJIEHUS 13 TEOPUM

OHDCI[CJ'I@HI/IG. PsanoMm Ha3piBaeTcs CymMMa OECKOHEYHOI'0 MHOKECTBA ClIaraeMbIX

Us+Up+Ugt. . +U,+... (1)

CumBoinsl Uy, Uy, ..U, Ha3pIBalOTCS WieHaMu psja.
OHu MOryT OBITH YHCIAMHU, (PYHKIIUSIMU, MATPUIIAMH, & COOTBETCTBYIOIIIUE PSIJIbI
Ha3BIBAOTCS YMCIIOBBIMU, QYHKITMOHATBHBIMHA, MATPUYHBIMHU.

o0
CokpaiueHo psig o0o3Hadaercs Tak: » U, .
n=1

Unen U, Ha3zbiBaeTcs 0OIIUM YJIECHOM psijia.
CymMa N-TiepBBIM WICHOM psifia

Sn:U1+U2+U3+...+Un (2)

HA3bIBAETCA YACTUYHON CYMMOI.

Ecmu lim S, =S, To psig Ha3piBaeTCs CXOMAMUMCS S-CyMMOH psijia.
nN—oo

Ecmu lim S, ==+o0, To psi pacXoIuTcs M CyMMBI HE UMEET.
n—oo

Heo0Xx01MMblii TPU3HAK CXOJAUMOCTH Psfia.
Ecnu psin (1) cxomutest, To lim U, =0,

n—o0
DTO NMpU3HAK HE SIBISETCS IOCTATOYHBIM, T.€. U3 CTPEMJICHHUS K HYJIIO 00I1IeTo
YJIeHA HEJb3sl €I1Ie CeNIaTh 3aKII0UeHue, 4To psia cxonures. Ho ecnu o6mmii uieH
psila HE CTPEMUTCS K HYJIIO, TO PSAJl PACXOIUTCS.

[Ipu3Haku CXOOUMOCTH PSIOB

IIpu3HaK CpaBHEHHUS.

Teopema 1. A) IlycTs psiab

U;+U,+Us+.  +U+... (3)
Vi+VotVat. . AV +. .. 4)
nosiokuTenbHbl. Ecin psn (4) cxomutcs, a uineHbl  psaga (3), HauMHas C
HEKOTOPOT'0, MEHbIIIE COOTBETCTBYIOIIMX WICHOB psaa (4), To psan (4) cxoautcs; 0)
Ecmu psan (4) pacxomutcs, a uieHbl psga (3), HaYMHAsE ¢ HEKOTOPOro, OOJIbIe
COOTBETCTBYIOIIMX YICHOB psija (4), To psan (3) pacxoauTcs.

o0 6]
Teopema 2. JIa pspa > U, u >V, OIHOBPEMEHHO CXOAATCA UM PACXOASATCS,
n=1 n=1

eciu otHoweHne U,V ipu N —> 00 CTPEMUTCS K KOHEUHOMY U OTJIMYHOMY OT
HYJIS IpEEIy.



ITpusuak JlanambGepa.
Ecnu 4i1eHsI psga 3HaKOIMOI0KUTEIbHBI U

.U
lim =" =k 1o

n—o n

npu K<1 psin cxogures, a mpu K>1 pacxomurcs.
Ecim k=1, To 3akimoueHHe O CXOAMMOCTH psia CAeliaTh Helb3s. TpeOyroTcs
JOTIOJTHUTENIbHBIE YCIIOBUS.

PanukaneHbIN ipu3Hak Koiu.

Ecnu unens! psaga monmoxurtensHel U lim {/V, =k, to mpu k<l psnx cxomutcs, a
n—oo

npu k>1 pacxomutcs. [Ipu k=1 TpeOyroTcst JONOTHUTEIBHBIE UCCIICIOBAHUS.
3amevanue. Ilpu wuccnenoBaHMM CXOAMMOCTH psiia TMPHUMEHEHHE TpU3HaKa
Jlanmambepa okasbIBaeTCs MPaKTHUECKU Oosiee MpocThIM, yeM npusHak Komm. Ho
panukanbHbIi npusHak Komm Gonee cuibHbIN, yeM npusHak [lanmambepa (oH pexe
JaeT B oTBeTE 1).

HMurerpanpubiii npu3Hak Komiw.

Eciu ¢yukuus f(X) HenpepblBHa, MOHOTOHHO YOBIBAaCT M IOJIOKHUTEIbHA IS
X2a, TO pan

F(1)+f(2)+f(3)+...+f(n)+...

CXOJIUTCSI, €CJI CXOAUTCS HECOOCTBEHHBIN MHTErpal

o0
[f(x)dx, T.e. OH HMeeT KOHEYHOEe 3HAYCHHE U PSJ PACXOMUTCS, €CIH 3TOT
a

VHTETPAJI PABEH 0.

3ameuanue. WHTerpanbHblii mnpu3Hak Komm mo3BoisieT caenath BBIBOA O
CXOOUMOCTH psAna, korma mnpusHaku Jlamambepa u Komm oka3biBatoTcs
OECCUITLHBIMU.

Tem He MeHee Ha NPAKTUKE MPUMEHEHUE HWHTETPAJIbHOrO IPU3HAKA YACTO
BBI3BIBAET 3aTPYAHEHUS, CBI3aHHBIE C BEIUUCICHUEM HECOOCTBEHHOTO MHTErpaa.

3HaKoYEepEAVIONINECS PSILL.

OmnpenencHue. Psin HazbIBaeTCs 3HAKOYEPETYIOMMUMCS, €CIU JBa €r0 COCETHUX
qJIeHa UMEIOT IIPOTHUBOTIONIOKHBIC 3HAaKU. MccneoBaHne CX0UMOCTH
3HAKOYCPEAYIOIMMUXCS PAIOB MPOBOAUTCS HA OCHOBAaHUU TeopeMbl JIeHOHwmIA.
Teopema. 3Hakouyepeayomuiics psa cxoaurces, eciu: 1) Ero unensl yObIBatoT 1o
aOCOJIIOTHOM BEJIMYMHE U 2) €ro OOIIMI YiIeH CTPEMUTCS K HYJIIO [IPU N —> 00,
Onpenenenue. 3HAKOYCPEAYIOIIMIACS PSJT HA3bIBACTCS a0COTIOTHO CXOASMIIMMCS
€CJIM CXOJIUTCS PSJl, COCTABIICHHBIN M3 aOCOJIFOTHBIX BEJIMYMH €T0 YJICHOB.

Ecnu ke psa u3 aOCOTIOTHBIX BEIMYUH PACXOAUTCS, TO 3HAKOUSPETYFOIIHIACS PSIJT
CXOJUTCS YCIIOBHO.

OreHka ocTaTka 3HAKOYEPEIYIOIIETOCs psija.




Jist 3HAKOYEpEeMyIOMIErocs psaa, YAOBIETBOPstomero teopeme JleiOnuia,
ourOKa NpUOJIMKEHHOIO PABEHCTBA S~ S, BelleT 110 a0COIIOTHON BEITUYHUHE

MEHbIIIE IEPBOT0 OTOPOILIEHHOTO YJIeHa ‘Rn +1‘ <U,,,Ine

Rn=Un+1'|'Un+2'|'---
OcTaTok 3TOro pada UMCECT 3HAK CBOCTO IICPBOTO HIICHA Un+1.

CreneHHOM psji. Paguyc cX0oaUMOCTH.

CTeneHHo psj UMEET BUJT

g + aX +ax’ +..+a, X" +... (5)

rje a,-koduimenT creneHHoro psaaa. CXxoauMOCTh CTETIEHHOTO psijia 3aBUCHUT OT
BEJIMYUHBI X.

Teopema AGens. Ecinu crenenHoi psif (5) CX0AUTCS TP HEKOTOPOM 3HAUYCHUH
X=Xp, TO OH CXOJIUTCSI, U PUTOM aOCOTIOTHO MIPU BCEX 3HAUCHUSIX ‘X‘ < ‘Xo‘ . Ecan

CTCIICHHOMU Psi[ paCcXOAHUTCA IIPU X=Xp, TO OH PaCXOOUTCs U IIPH BCEX ‘X‘ > ‘XO‘ .

Omnpenenenue. MIHTEpBaIoM CXOAMMOCTH CTETIEHHOTO PsiJia Ha3bIBAETCS MHTEPBAI
(-R, R) Takoit, 4To 115t BCIKOH TOYKH X, KOTOpasi JISKUT BHYTPH 3TOI'0 MHTEPBAJIa,
PSAI CXOUTCS, U K TOMY K€ aOCOIIOTHO, a JIJIsl TOUYEK X, JIEXKAIIUX BHE €T0, PsiI
pPacxXoauTCH.

Yucno R Ha3pIBaeTCs paguycoM CXOAUMOCTH.

Pannyc cXoauMMOCTH CTEMEHHOTO pssia (5) MOKHO OMPEACIIUTh Y€pPe3 €ro

KO3 PULIEHTBI

R = lim|-2n (6)
Nn—oo an+1
niimn
1
R=—— . 7
lim Ya, ()
N—00

Panuyc moxet ObITh paBeH 0, eciii HHTEpBaJ CXOAUMOCTH BBIPOXKIAETCS B TOUKY,
R =00, ecnu psii CXOIUTCSA HA BCEW YUCIOBOM OCH.

Crnenyer Takke UCCIEA0BATh CXOAMMOCTD psifia Ha KOHI[aX UHTEpBaja, T.e. IpH

X ==xR . dns psgos Buna (8), (9) u (10)

ap X +a,x> +..+a,x" L+ (8)
ag +ax? +axt +.. +a,x?" +... (9)
ag+a (X —A)+a,(Xx—A)2 +..+a,(x—1)" +... (10)
UHTEPBAJ CXOAUMOCTH HaXOIUTCS M0 pHu3HaKy Jlagambepa,

lim |20 <1 (11)
n—o0

n

Paznoxenue ¢pynkuuu B psag Teitnnopa u Makiiopena.



Psnom Tetinopa dynakmun f(X), koTopast omnpeienieHa B OKpPECTHOCTH TOYKH Xg M B
ATON TOUKE UMEET KOHEUHBIE IPOM3BOJHBIE JTFOOOT0 NOPSKA, HA3BIBACTCS
CTETICHHOM P

f(x) = f(xg) +F (Xo)(X —X) + f"(leo) (X —Xg)? + .ot

0 (xo) -1
+—" +... 12
oy X0 (12)
Ecmu B popmyie (12) TOJIOXKUTH Xo=0, TO mosyuurcs psa MakinopeHa
n
f(x) = f(xg) +f (O)x + —~ (O) X% +.. %x“ +... (13)

[Tomeraem JIs CIpaBokK pasnoxkenus GpyHkmuin £, sinX, cosx, In(1+X) u (1+x)™ B
psa Maxkiiopena
2 3 n

Fotexr e e (14)
2! 3l n!
X-m00oe
3 5 2n+1
sinx:x—x—+x——---+(—1)n 4 + (15)
3! 5l (2n+1)!
X-T1000¢
2 4 2n
cosx:l—x—+x——---+(—1)n AN (16)
21 4 (2n)!
X-T1000¢
x? x3 X"
IN(1+X) =X =+ =+ (1) = +... (17
2! 3! n
-1<x<1
(1+XY“=I+mx+EK%giQX2+m+
L m(m=1)..(m-(n-Dm) (18)

n!
-1<x<1
Paznarats B psaabl Teisiopa 1 MakiiopeHa MOKHO HEMMOCPEICTBEHHO U UCIIOJIb3YS
u3BecTHbIe pa3MHOXeHus (14-18). Ilpumepsl pa3noxeHus: IpUBEACHbI HUXKE.

[Tpumep 1. Haiitu cymmy psiaa.
JlokazaTh CXOAUMOCTB Psiia, MOJIb3YSICh HEIOCPEACTBEHHO ONPEAEIEHUEM
CXOJIUMOCTH.

® 1
> :
n=1nN(n+1)(n+2)
[IpeacraBum obmuii wieH psaa U, B BUae CyMMbI IPOCTEHIIINX ApoOeit
1 A B C

n(n+1)(n+2) n n+l n+2



YMHOKas Ha 3HaMEHAaTeJIb JIeBOU qaCTu, IIPUAEM K TOXKICCTBY
1=A(n+1)(n+2) + Bn(n+2) + Cn(n+1).

ITomaras nmocienoBarensHo N =0, -1, -2 HaxoauM

n=0 1=2A, A:%
n=-1 1=-B, B=-1
1

n=-2 1=2C, C=
2

Takum o6pazom

11 1 1 1
Un:—-—— +_
2 n n+l 2 n+2
N
1.1 2 1
U =—(————4+_—").
n 2(n n+1 n+2)
Otcrona
1 2 1
U, ==-1-=+=
1 2( 5 3)
1,1 2 1
=—(———4+—
2 2(2 3 4)
11 2 1
=—(———+—
3 2(3 4 5)
1 2 2 1 2 1 1 2 1 1
Sj==l-——=+=4+=—-+-F+=——F=+.+———F+—+——) =
2 2 3 4 3 4 5 n-1 n n+l1 n+2
1.1 1 1
:—(____|__)
22 n+l n+2
1.1 1 1 1
imS. = lim=(F—-—+—)==.
lim Sn=lim > G~ i a2 " 4

.1
CrnenmoBatesibHO, Pl CXOJUTCS K UMEET CYMMOM Z .

ITpumep 2. UccnenoBaTh Ha CXOAUMOCTD Psil %o: 1-4 '27n';'1(3n|_ 2) .
n=1 -Nn!
[Tpumenum nmpusHak Jlanamb6epa
U — 1-4-7..(3n-2) | U .- 1-4-7..(3n-2)(3n+1) |
N = —

om0 T 2" (n 4 1)1




Upa i 1.4-7..(3n-2)(3n+1)-2""nl 3n+l

lim im = lim =
nosw Uy now 272 (n+1)11-4-7..(30=2)  nosw2n+2
3+1 3
= lim—2=>>1.
I’l—)ooz_,_g 2
n

Tak Kak mpezes paBeH > >1, TO 3TOT psiA pacXOIUTCA.

[Tpumep 3. MccmenoBaTe Ha CXOIUMOCTD PSiJT Z M
n=1 10n + 9
3HAKOYEPEAYIOIIHICS.
UsneHsl psia 1o abCoMOTHOMN BEIMUMHE YOBIBAIOT
2 3 _ 4 5
—>—>—>—>
19 29 39 49
1
lim N+l lim 1+H - Lo
15w 10N +9 nbwyg, 9 10
n

Teopema JleitOHuUIA 151 AAHHOTO Psifia HE BHITIOIHACTCS, 3HAYUT JaHHBIN Psif
pacxoauTcs.

HpI/IMep_ 4. VccnenoBaTh Ha aOCOFOTHYIO CXOIUMOCTD PSiT

1
z ( )n+1
Bn-1°
qJ’IeHBI JTAHHOTO psiJia M0 a0COJIIOTHON BEJIMUMHE YOBIBAIOT.
101 1 1
22 52 8% 11°
1 1
lim U, = lim ()" ———===0
n—oo n n—>oo( ) (3n —1)2 0

CrnemoBatenbHO, JAHHBIN P CXOIUTCS IO Teopeme JIehonua.
UToO0BI pemuTh BOMpOCc 00 aOCOMOTHON CXOJUMOCTH 3TOTO Psifia, COCTABUM Pl U3
a0COJIFOTHBIX BEJIMYHH €TI0 YJICHOB.

1
[Tomyuum Z —
n= 1(3n 1)
[Ipumennm uHTETrpabHbIN Npu3Hak Komm
© dx b dx 1 1 P 1 1 1
[——==lim[_—==Ilim(---) =—%lim (-2)=2,

1(3x=1)% bow1(3x-1% bow 3 3Xx-1),  3pbow 3b-1 2° 6
Hur erpan CXO0OUTCH, HOBTOMy CXOIUTCHA pSIJl n3 a6COJIIOTHBIX BCJINYHH.
3HAYUT, 3aJJaHHBIN P CXOUTCSI AOCOIOTHO.



o 1
ITpumep 5. MccnenoBars Ha CXOAUMOCTD psif Y, arctg —2

n=1 n-+
[IpumMeHnM TIpU3HAK CPAaBHEHUS PSIAOB.

0

Jlnst cpaBHEHUSI BO3BMEM DSl

KOTOPBIN PACXOJUTCS, KaK YaCTh

e 0]
HN3BCCTHOI'O pacxoaAgIerocsa rapMOHUYCCKOro psaaa z —.
1 1
arctg > ,
nN+2 n+2

SHAYHUT 110 TCOPCMC CPAaBHCHU:A PAIOB I[&HHI)II?I PO TOKE PACXOOUTCA.

® 3+2n
[Tpumep 6. MccnenoBaTh Ha CXOQUMOCTD psit ., ( .

n=1 n+1

4"

[Ipumenum paaukanbHbIi pu3Hak Komm
2

C3v2n N ran+3)" . (8n+12)
lim D - A4 =lim|———| =lim|———| =

n—oo +1 n—o n+1 nowo\ N+1
n
8+E
= lim N -8 =w0>1
n—oo 1+1
n

3Ha4YUT, TaHHBIN P PACXOAUTCA.

x n
[Tpumep 7. McciienoBats Ha CXOAUMOCTD P 2 linn’
n=1\{N"—1JInN

CHauasia cpaBHUM PSbI
n n 1

2 Z e '
b —1ﬁnn n“Inn ninn

o0
Uccnenyem psag Y. :
n=2NnInn

[Iprumennm MHTETpaNbHBIN TpU3HaK Ko k 3ToMy psaay:

T dn :?dﬂnn)

>ninn 5 Inn

=mmm§=w—mm2=w.

n . © 1
Taxk xak 5 > , TO TAHHBIN PSAJT PACXOJUTCS TaK Ke, KaK ), .
b —an ninn n—2ninn
© nd o
[Ipumep 8. Haliti 006;1aCTh CXOIUMOCTH CTETICHHOTO psijia . —2X )
n=1N+

Haninem pagnyc cxogumocTtu



n3(n+3) ~n+3 - n’

n—>oo(n+2)(n+l)3 n—ow N+ 2 n—>oo(|’]+1)3
1 1

Tak kak R = 1, 1o psig cxogures B mpomexytke (-1; 1).
[IpoBepHUM KOHIIBI 3TOTO MPOMEXKYTKA.

» N n3
(-1): mocTaBUM B JAHHBIN P, MTOJIYIHM P Z(— 1) N
n=1 n-+ 2
3HAKOUYEPEAYFOLIUNCS.
Hccnenyem ero mo teopeme JlelOHuIa.
1 8 27
1) =<—-<—x<..
3 4 5
3
n 1 1
2) lim ——=lim =—=00.
) n—>oon+2 n—>ooi+£ 0
n> n®

Hu OIHO YCJIOBHC TCOPCMEI Heﬁ6HHHa HC BBIIIOJIHACTC:A, 3HAYUT PAI
PacxoauTcC:. 3HauuT X = -1 He BXOOUT B HHTCTPAJl CXOOUMOCTH.

o n3
(+1): moacTaBUM B TaHHBIN psJl, TOAYUYUM ). ——.
n=1N+
[To HeoOX0MMOMY TIPU3HAKY CXOJAMMOCTH ITOT PSJT PACXOJIUTCS, T.K.
_n
lim ——(=x.
n—oo N+ 2
3Hauut psg cxoautes npu —1 < X < 1.
N z (x-1)°
[Ipumep 9. HaliTu 0651aCTh CXOMMOCTH CTETICHHOTO psiia . —— .
n=12 (n + 3)
[Tpumenum nmpuzHak Jlanamb6epa
_ naal ‘(x—l)“+l-2”(n+3)‘ _ x=2 n+3 [x-1
lim |— = lim |- == lim : = <1.
N—o0 Un nool| 2 (n+4)(X—l) ‘ now 2 n+4 2
X J—
—‘ ” <1,
2
x-1<2;
2<x-1<2;
-1<x<3

[IpoBeprM KOHIIBI 3TOr0 HHTEPBAja

gy & (121 2 (212" = (-1)
t1) n§12n(n+3)_n§1 2"(n+3) “Zne3

DTOT psAll cXoauTcs o TeopeMe JlelOHua, T.K.




z (3-1)
3 — .
(o) nzlz "N+3) n212"(n+3) naan+3

»1
[Tony4yeHHBIN sl paCXOAUTCS, KaK YaCTh TAPMOHUYECKOTO psijia Y, —. 3HAUUT

n=1 n
I/IHTCpBaH CXOOAUMOCTHU —1 <X< 3

[Tpumep 10. ITonap3ysick OCHOBHBIMH Pa3JIOKEHUSIMHU, HAITUCATh PA3JI0KEHUE B
cTeneHHOU psn (psax Makimopena) GyHkmum Y =+/1+ X .

[TpumennM OMHOMHHATBHYIO (pOopMYyITy.
(1+x)™ =1+ mx +—m(m _1)x2 +ot m(m-1)... (m-n +1)x” +
1-2 1-2..n
dopmyna BepHa JIJIsl BCEX X, YJIOBIECTBOPAIONIUX ycioBuwo —1 < X < 1.

1
Tak kak V1+x =(1+x)2, T0 m:%.

R
1+x=1+%x+Lx2+2 2 2 x>

Tornpa

+
1.2 1.2-3
1(1 )1 1
“fso1 -2 -3
22 “\2 2 4
+ X +..
1.2.3-4

[Tocne ynpouenust HOJIyUII/IM

Viex=1+= Lo 1y, 18 s 135 4
2" 24" T24.6° 2468
+(—1)”1'3'5"'(Zn_l)x”+...
2-4.6...2n

D710 pazyioxeHue BepHo B —1 < X < 1, Tak ke Kak U OMHOMHUHAJIBLHOE Pa3JI0KECHUE.

[Tpumep 11. Paznoxuts B psaa Teitnopa B OKpPECTHOCTH TOUKH Xg = 3 PYHKIUIO

1
y="—.
X

Banurem psia Ternopa it dyakaun f(X).

F() = )+ 20 ) 0 Tty

Haiinem npousBogHbIe OT PYHKIIUU Y = —
X



y= % y@) =7
y’=—xi2 y’(3)=—3i2

IToncraBum B psax Tewnnopa
S
x 3 3.1
[Toce mpeoOpazoBaHUs MOTYIUM
1 1 x-3 (x—3)2 (x—3)° a1 (x=3)"
— 5  Emt—, o+ (=)L
X 3 3 3 3 3"
Haiinem unTEepBai CXOAMMOCTH MOIy4eHHOTO psafa. [IpumeHum npusHak
Janam6Gepa.

(x=3) =23 (x—3f +.

33.2 34.3

X 3
Iim‘ £+1 ‘: \x 3<1;
n—w|3 ( ‘
V—J<3,
-3<x-3<3;
0<x<6.
I/ICCHG,Z[yeM KOHIIBI 3TOI'O HHTCPBAJIA. HOIICTaBI/IM X = 0 B I[aHHblﬁ pag, IOJIyYuM

1 3 3 3 1 1 1
—+—F+—=+—F.=—F—+—+...
3 32 3¢ 3 3 33

. _ 1
JanHbIi psanx pacxoaurcs, T.K. y Hero |im U, = 3 =0.
n—o0

HccnenyeM Touky X = 6.
1 3,3 8 1111,

——t——+==—=+=-—=
3 3 P 3¢ "3 333
JlaHHBIN psiJT PACXOUTCS, KaK KOJCOTIOIIUICS PSI.
1
3HauUT, OJIYYCHHOE pa3iokeHue B pan Teiopa GyHKIMU Y = — B
X

OKPECTHOCTHU TOYKH Xo = 3 crpaBeyinBo B (0; 6).

Isinx

[Ipumep 12. Berancnuts | dx ¢ Tounoctsio 0,001. M3BecTHO, YTO
0o X
) x> X5 x7
smx=1-—+—-——
31 5 7|

Torz[a, pasaciiiB NOYICHHO HaA X, IMOJIYYUM, YTO



sin X x> x* X

x 3 5 7
1o 1 2 4 6
I%dx:f[l_x_+x__x_+...]dx:
0

X ol 3 s

x> x> x x’
=|x— + — + 4o
3-31 5.5 7.7 9.9
1 1 1 1
- + — +
3-3 5.5 7-7 9.9
[Ipu BeIUKCIEHUN UHTETpaja Mbl B3SJIM TOJIBKO 3 WieHa psAla, T.K. Y4eTBEPTHIN WICH
0,00003<0,001 ToyHOCTH, C KOTOPOIl TPEOYETCS BBIYUCIUTD.

1

0

—---=1-0,0555+0,0016-0,00003~ 0,946

[Ipumep 13. Beruncints onpeneneHHblid MHTErpai ¢ TO4HOCTHIO 10 0,001

1
\/1—1er4 :(1+X4) :

Paznoxum MMOJUHTCIPAJIBHYIO Q)yHKHI/II-O B CTCIICHHOM PAa, UCIIOJIB3YA

pasnoxenue (1+x)" =1+mx +&'_1)x2 + m(m—;?(m—z)

X e y Hac x~x",

1
m:-E , TOr1a MOJIyYUM

+ + X+
2! 3!
4
=1—X—+ 13 X8—135X12+1357X16+“
2 22.2 23 .31 2441

HOI[CTaBI/IM IMOJIYYCHHOC Pa3JIOKCHUC I10/] 3HAK MHTCTpajid

|
3 4 . 3. 3.5,
_[ I—X—+ 123 X8—133 5X12+1345 7X16+°'° _
0 2 2.2 2° .3l 27 -4
x> 1-3x° 1-3-5x2 1.3.5.7x"
B T3 53 T3 +
5.2 22.219  23.3113  2%.4117

1 1 1-3 1-3-5

=—— + — +
3 3°.5.2 22.219.37 23.3138.13

~0,3333-0,0004+ 0,00002~ 0,333

T.K. 0,000)4<00,001, mo3TOMy BTOPOM WJIEH psijila MOXKHO OTOPOCHUTb.

Q




KPATHbBIE HHTEI'PAJIbBI

Jleonnou unmezpa ¢ nPAMOY20abHbIX KOOPOUHAMAX

[Tycte B orpanudeHHOW 3aMKHyTOH oOmactu D Ha mwtockoctu  OXxy
onpeneneHa HenpepbiBHas (ynknus z = f(X,y). Pazo6sem obmacte D mHa n
obnacrtelt ¢ omaaaMu AS; , B KaX10il U3 HUX BBIOEpPEM MPOU3BOJIBHYIO TOUKY (

n
Xi, Yi ) 1 coctaBuM unmezpanvuyio cymmy . f(X;, y;)AS; . Ilpenen atoii cymmbl
i=1
Ipy HEOTPAHMYCHHOM  YBEIMYCHUM  YHclia  obiactedl pa3OueHus W TpHu
CTpEMJICHUM JTUaMeTpa HamOoJjblIeH oOsacTh Max O; K Hy/II0 Ha3bIBaeTCS
oeounvim unmezpaiom ot Gpynkmuu Z = f(X,y) mo oomactu D :
. n
[[fOay)dS=lim > f(x;,y;)AS;.
max d;j—0 :_
D i=1
DneMeHTapHas mwiomaas S B aekapToBbIX KoopauHatax dS = dxdy .

I[J'ISI BBIYMCJIICHUA HBOﬁHOFO HHTCTpaJIa Ba’)KHOC 3HAYCHUC UMCCT BHI obmactu D.

Y A Y A
y=,(X)
a

/[_)\
/_\ Y=o ) D) y=0,(x)

Y =¢1(X)

>
X X

QD
O

Puc. 1.

Ecmu obmacte D wmokeT ObITH 3ajaHa Tak, KaK IOKa3aHO Ha puc.l.a,

JIBOMHOW MHTETpaJ BBIYUCISIETCS TI0 (popmyiie

b ¢2(x)
[[ f(x,y)dxdy=[dx [ f(x,y)dy. (1)

D a  o1(x)



Ecnmu obmacte D umeeT BUJ TakoH, Kak MOKa3aHO Ha puc.l.0, NBOWHOU
WHTETPaJl BEIYUCIACTCS 110 hopMyIIe
b ®2(y)
Jf(x,y)dxdy =Jdy | f(x, y)dx (2)
D a  oly)
B Gonee cnoxHBIX cinydasx objmacte D pa3duBarOT Ha MPOCThIE 00JACTH

tumna | u Il u mone3yrorest ceoticmeom adoumusnocmu JTBOMHOTO MHTEIrpaia:

ectu D=D;+D, , TO [[ f(x, y)dxdy = [[ f(x, y)dxdy + [[ f(x, y)dxdy.
D Dy D,

Jleoutnou unmezpa 6 NOJAAPHLIX KOOPOUHAMAX

Ilepexox OT NPAMOYTOJBHBIX JEKAPTOBBIX KOOPAWMHAT K IOJISIPHBIM

BBITIOJTHSCTCS IO popMysiam

X=pcosp, y=psing, Xx*+y®=p? (3)
IIpu YCJIOBHH, 4TO IIOJIOC IIOMCIICH B HA4YaJIC KOOPAHWHAT MW IIOJIAAPpHAA OChb
HampasleHa BIOJb ock  OX . DJeMEHT IUIOMaiAd B TOJISAPHBIX KOOPAMHATAX

MMeEET BU:

dS = pdpde.

Puc. 2.



Ecnu obnacte D 3anmana tak, kak mokasaHo Ha — puc.2 (<< @,

o1(9) < p < pa(@) ), To Iepexo K MONSAPHBIM KOOPJMHATAM B JJBOWHOM WHTETpAJIC

BBITIOJIHSETCS 110 (hopMyJIe:

P2 p2(9) _
[[T(x,y)dxdy= [de [f(pcose,psing)edp. (4)
D 1 p1(e)

Ecnu obnacte D oxBaThiBaeT Hayano koopauHat, B (4 ) HaIo MOJIOKHUTH

pi(p) =0.

Ilpunosicenus 06olinbIX UHMEZPAI0E

[Tnomane twtockoit obmactu D Ha mmockoctr OXY BBIYHCIACTCS TIO
dbopmyie:
S = [[dxdy. (5)
D

Ecrm D - mockas IJ1aCTHHKaA, JCXKallasa B IIJIOCKOCTH Oxy, C HOBerHOCTHOfI

IUIOTHOCTBIO 7 (X, Y), TO Maccy IJIACTHHKW HaXOJAT 1o Gopmyiie

m = [[7(x,y )dxdy. (6)
D

Ilpumep 1. C nomoIIbI0 TBOMHOTO MHTErpaja BHIYUCIUTH IUIOMAlb 00JIacTH,

OTPAHUYEHHOW JINHUSIMU Y = X -1lu y=2.

Y A
2
x:Jy+l
>
X
Puc. 3
Pewenue: Tloctponm obnacte D. . Ipannma y = X° — 1 - mapaGoa, och

KOTOpo# coBmagaer ¢ ockto Oy, a BepummHa pacmoyiockeHa B touke ( -1, 0 ).
['panuna y = 2 — npsmas, napawienbHas ocu  OX. O6nacte D cummerpuuHa

\/



otHOcuTENbHO ocu Oy , MOATOMY HaAWJEM IUIONIAlb MPABOW MOJIOBUHKH OO0JIaCTH
S1, a 3aTem yBouM ee

Cnpoextupyem o6sacte D Ha ock Oy 1 Bocmonb3yemcst 11l BBIYUCICHUS

nBOMHOTO MHTETpana Gopmynoi (13):

2 Jy+l 312
Sl—jjdxdy [dy jdx—jx\ Yy = jq/y+ dy——(y+1)2 1:2\/5.
-1 -1 -

Torna mromane Beeit odmactu D paBHa S = 2S5, =4./3,

Omeem: S = 4/3.

Ilpumep 2. BpMHUCIWUTh IUJIOMIAb TJIOCKOW 00JaCTH, OTPAHUYCHHOM KPHUBOM
2 2@ 3
X“+y°) =2ax”, (a>0).
Pewenue: Bpenem mnossipHbie koopauHatbl (14), Torma  ypaBHEHHE
. 4 _ 3 ~Anc3 _ 3
KpUBOW TIPHMET BUJA 0 =238p0° COS™ @, wim p =2aco0S” ¢ .
Orta o0nactb CUMMETPUYHA OTHOCHUTEIBHO OCH , MO3TOMY JOCTATOYHO
BBIYHCIIUTD TUIONIA/Ib BEPXHEH MOJIOBUHBI oOnactu D u pe3ynbTar yJIBOUTS.
Jlns BepxHe# 1o0BUHBI yrosl @ Mensercsi ot 0 no 7/2,a p mensercs ot 0

no 2a cos® @ , TIOITOMY

S % 2aCOSg0 77 2

- £d¢ [ pdp= I/’ (1+cos2¢)3de =

2acos® 1% f
0

dp == [ 4a® cos® (pdgo—a—
25 4

0

%

0

+

a / 2 3 3.2 3 .
- [ (1+3cos2¢+3cos” 29 +cos 2(p)d(p:T (/)+§Sln2(/)
0

372 172

+= j(1+cos4go)d¢+ j(l sin? 2¢)dsing | =

4

7 a’ (n+37zj 57a°

%2 1 sin® 2¢
+—=[sin2¢ —
. 2 3

0

2

a‘ |« 3.
=—|=+(p+—=sin2
4|5 (o 5 ®)




. Sma
Omeem. Ilnomanp Bcelt odmactn S = (kB.em.).

Ilpumep 3: C moMomuipl0 JBOMHOTO MHTErpaja BBIYUCIUTh MAcCy IJIOCKOM

o 2 2 o
INTACTUHKHU, OTPAHUYCHHOM JIMHUAMH Y =X~ , Y =X , C 3aJIJaHHOH IINIOTHOCTHIO

y(6y)=x*+y.

Pewenue: Tloctpoum obnacte D (puc.6).

y =~/x

OK X

Puc. 5

H>

v

Ota obnacTe orpanuyeHa JByMms napabosnamu. [Ipoexnueit obnactu Ha ock Ox

sBiseTcs otpe3ok [0; 1]. Maccy mnactunku HaitaeM o gopmysie (17), BbIYHCIAs

JIBOWHOW MHTETpan mo dopmyne (1):

1 Jx 1 2
m=[[(x* + y)dxdy = [ dx [ (x* + y)dy=j[x2y+ y2 ]
D 0 0

X2

1
>, xd 2 L 2 3x5) 2 1 3 33
X2+ =——X"——@x==x2+——-="—|| =c4+--——=—7.
2 2 7 4 25| 774 10 140
0

Omeem: mzl— €. MaccChl.



Ilpumep 4. BplHUCIUTh MacCy IUIOCKOW IUIACTHHKH, OrPaHUYEHHOU

JIMHUAMH

x2+y%=4x, x>+y?=6x, y=0, y=+/3x

TT0BepXHOCTHASI ILIOTHOCTh ¥ =~/ X° + Y2,

Pewenue: Iloctpoum obnacte D. YpaBHenue X% + y2 =4X sBasercs
ypaBHeHHeM okpyxHOcTH (X —2)2 +y%2 =4 ¢ uentpom B Touke (2; 0) m
pamnycoM 2 . YpaBHeHwe X° + Y% =6X SBISCTCS YPABHCHHEM OKDYKHOCTH
(x-3)2+y2=9 ¢ nentpom B Touke (3; 0) u paguycom 3. YpaBHEHHUS

y=0, y=+/3X sagaror npsiMble auHuH (CM. puc.6).

[Ipu BBIYMCIEHMM MacChl IUIACTUHKU 1O ¢opMmyie (6) mepeisieM K MOJISIPHBIM

koopauHaraM (3). Torga ypaBHeHus rpaHul odiactyu D npumyT BU:

x> +y2=4x— p? =4pcosp — p=4cosg,
X2 +y2 =6X—> p? =6pC0sp —> p=6C0Sp,
y=0—-¢=0, y:\/§x—>¢):%.

HOBerHOCTHaH IIJIOTHOCTBH B MOJIAPHBIX KOOpAMHaTax

y=\x?+y?=\p? =p.

N y=13 X
y
pP=6C0SP
0 p=4cosp X
Puc.6

Toraa Macca IIaCTUHKY paBHA



% 6 cos g % ,03 Gcosg
m= ﬂﬂx y)dxdy= [de [p-pdp= | Y dp=
0 4cosg 0 4cosp

% 7 1%

= j (6° cos® ¢ — 43 cos® gp)dgo—l—jc 0s® pdo j(l sin? @)d (sin @) =

A 3
3 2 3

152( . sin° @
=%Ising - =
3 3 . 2

Omeem: 19+/3 €J1. MacCHI.

Tpoiinoii unmezpa 8 NPAMOY20.1bHbIX KOOPOUHAMAX

[TycTh B oOnacTu V, 3a1aHHON B IPOCTPAHCTBE U OTPAHHMUCHHON 3aMKHYTOM
MIOBEPXHOCTHIO S, ompeeiieHa HenpepbiBHas ¢pyHkus f(X,y,z) .Pazodbem o0macth
V' Ha n yactuuHbix obnacteir AV, , B Kaxa0il 001acTH BeIOEpEM MPOU3BOILHYIO

n
TOUKy (Xi,Yi,Zi) ¥ cOCTaBUM ummezparvhyto cymmy Y. f(Xi, i, z;)AV; . Ilpenen
i=1
ATUX CYMM IPU HEOTPAHMYCHHOM YBEJIMUYECHUHU 4YHUCIa oOjacTeil pa3OueHus N u
Npy CTPEMJICHHH K HYJIIO JUameTpa HauOojblied obmactd max d; HaswbiBaeTcs

mpotinvim unmezpaiom ot Gpynkuuu f(X,y,z) mo odmactu V :
n
[[ Ty, 2)dv=lim > f(x,y;,2)AV;.
v maXx di —0 i=1

B nexapToBBIX KOOpaMHATax 3aeMeHT o0beMa dV=dxdydz.
[TycTh mpocTpaHcTBeHHAs: 001acTh V mpoekTupyercs B 06aacth D Ha miiockocTu

OXy u orpaHMuYeHa CHHU3Y MTOBEPXHOCTBIO Z =1/ (X, Y), CBEPXy — MOBEPXHOCTHIO
Z=y,(X,y), a ¢ OOKOB — IWJIMHIPUYIECKON MOBEPXHOCTHIO C OOpa3yIOLINMHU,
napaienbHbiMu ocu Oz, B aToM ciyuae TpOWHOW HHTETpan BBIYHCIACTCS TI0

dbopmyie



2(X,y)
[ f(x., z)dxdydz:”dxdyw j?(x, y, 2)dz (7)
V

D l//]_(X,y)
i

b @(xX)  walxy)
[][ f(x,y,2)dxdydz=[dx [ dy [f(xy,z)dz (7))
N,

a  o(x)  wixy)
B dopmynax (18) u (18') BO3MOXKHO H3MEHUTH MOPSAJIOK HHTETPUPOBAHMUS,

npoekTupys obnacts D B kakyro-nmu60 Apyryro KOOPAUHATHYIO TUIOCKOCTb.

Tpouinoin unmezpan 6 uuﬂuHOpultecmtx u cd)epultecmtx Koopmmamax

v

Puc. 7.

JlexkapToBbl KoopauHaThl TOukd M(X,y,Z) CBSI3aHBI C YUIUHOPUHYECKUMU
KOOpAWMHATAMU @, P, Z COOTHOILICHUSIMU:

X=pCOSe,y=psing,z=12 (8)

rne 0<p<27, 0< p<+40, —0<Z<+00, IPUUEM X2+y2:p2.

CBsi3b MEXIy NEKapTOBBIMU U c@epuueckumu KoopauHatamu ¢, 6, p

TOYKHU UMECT BU:



X=rcosesind, y=rsingpcosd, z=rcoso, 9)

rie 0<p<27r, 0<0<7x, 0<r <+o0, mpuueM G +y2 +2°=r2,

Hepexoz[ B TpOﬁHOM HHTCIpAJIC K HUWIMHAPUYCCKHM  KOOpAHWHATAM

OCYIIECTBIISIETCS TI0 (popmyIie:

[[[ f(x,y,2)dxdydz = [[[ f (pcose, psin ¢, z) pdpdedz,
\Y Y&

(10)
rae V'’ - o0nacTh M3MEHEHHMS MWIMHAPUYECKUX KOOPAMHAT, COOTBETCTBYIOIIAS
obbemy V.
[Tepexoa B TpOMHOM HHTETpaie K ChepruuecKuM KOOPIUHATAM BBITIOHSICTCS 110
dbopmyie:
[[] £(x, y, 2)dxdydz = [[[ f(r cospsin &, rsinpsin @, r cosO)r? sin &pddr,
Vv v’

(11) rome V’ - obnacte u3MeHeHUs chEepUUECKUX KOOPAMHAT, COOTBETCTBYIOIIAS

o0pemy V.

Ipunoscenus mpoiunozo unmezpaia

OO6beM MpoCTpaHCTBEHHOTO Tena V HaxoauTcs 1o Gopmysam:

B IIPSIMOYTOJIBHBIX KOOpauHaTax: V = .”J. dxdydz , (12)
Y

B IIWJIMHJPAYECKUAX KoopauHarax: V = I ﬂ odpdpdz (13)
Y

U B cpepuyecKuX KoopauHaTtax V = m r2sinadrdedd . (14)
Vv

Macca Tena ¢ ioTHOCTEIO ¥ (X, Y, Z) , 3aHUMAFOIIEr0 POCTPAHCTBEHHYIO 00JIACTh
V , Haxoautcs o popmyJie

m = [[[7(x,y,z)dxdydz, (15)
v

B KOTOpOI\/’I Ipr HCO6XO)II/IMOCTI/I MOKHO nepeﬁTH K ODUIMHAPUYCCKHUM WU

ChepudeckuM KooparHaTtaM B cooTBeTcTBUU € (10) m (11).



Ilpumep 3. BbruncnuTh ¢ MOMOIIBIO TPOMHOrO HHTErpaia oObEM Tena,
OTPaHUYCHHOT'0 YKa3aHHBIMHM MOBEpXHOCTAMU: Z =122y, z=2,/2y,2=0,z +

y=0.5. CnenaTp yepTex Tejia U €ro MPOEKIUHU B TIIOCKOCTh OXY.

Pewenue: Teno orpanmueHo cHu3y Iutockocteio OXxy (z = 0), cBepxy —
wiockocteio Z + Yy = 0.5, mapammensHoii ocu  Oz. bokoBas MOBEPXHOCTH
oOpa3oBaHa ABYMS IWIHHIPHYSCKUMH MOBEPXHOCTIMH (cM. puc. 10).

O6bem Tena Beruucisgercs mno gpopmyse (18):

05 122y 05-y 05 122y
V=([fdv=[dy [ dx [dz=[dy [(0.5-y)dx=
Vv 0 22y 0 0 22y

x=272y
x=12v2y

1/2 | /

<

1/2

v
v

Puc.9

05 05
= [(05- y)(a2y2y - 2,2y)dy =102 [(05/y - vy by -
0 0



0.

0.5+1 1.5+1 J

~1042/05Y Y
05+1 15+1

5
o[t [E 21 2
3V23 3\2° 3

0
Omeem: V = 2/3 (e0.%).
N

Ilpumep 6. Haiitu 00beM  Tena, OrpaHUYCHHOTO  MOBEPXHOCTSIMHU

_ 2 2 9_ 2. 9
Z=4/9-X"—-y°, EZ—X +y°. Craenarh 4YepTeX Tela M €ro NPOEKLIUU B

I0cKOCTh OXY.

Pewenue: Teno orpaHMYe€HO CHU3Y MOBEPXHOCTHIO Mapabosouia ¢ BEPIIMHON B

9. 2. 2 y
Hayajge KOOpJHHAT (EZ—X +Yy°), cBepxy — mnomycdepoit pammycom 3

(z=+9- x? —y? ). IIpoeknueii Tena B miaockocTh Ox)y ABISIETCA KPYT ¢ LEHTPOM

B Hauaje KOOPJIMHAT, PaANyC KOTOPOTO MOKHO HAWTH, UCKITIOYasl Z U3 YpaBHEHUS

27
nmapa6oonza. Homyuanm x% + y? =7
A
g z=N9-x>+y?

9/2z=x?+y*
X2+y*=274

3/243

N
NN

Puc. 10.



Ob6vem Tema V  ynoOHO BBIYMCIUTH B IMIUHAPUYECKUX KOOPIAMHATAX II0

dbopmyne (24). B ostoM cayuae ypaBHeHHE modychephl TMPUHUMAET BHI

2
=\9-p?,a ypaBHEHUE napadoyonga Z= 9 p?. Torna

3 3

v-fjav-Tdo' pdp@—fd¢f(J9 o2 0 |-

3
° /3
| 1e=-pY 2p4 ] _ 1 (9_9.3j3+iﬂ.9_33 171
2  3/2 9 4 18 16 3| 16"

Omeem: V= i 7 (e0.3).
16

Ilpumep 7. Haiitu o00BbeM  Tena, OrPAHUYEHHOTO  IOBEPXHOCTSIMHU

[\ 2 2
X+
Z :\/36 —x% - y2 , 1= 3 y . Cnenarp 4depTex Tejla M €ro MPOCKIHH B

m10ckocTh OXY .

Pewenue:

A
V4
A
7=736-x>"
’ y| T
-t EE)
----- (o]
6 v QJsVs
3
X 0 Ro X

Puc. 11.



x% +y?

Teno orpaHM4eHO CHHU3Y IOBEPXHOCTBIO KOHyca Z= , 4 CBEpXy -

2 2 .

MOBEPXHOCTHIO TOJTychepsl Z:\/36—X —y“ . Ilpoekuuel Tena B IIOCKOCTb
Oxy sBusieTcs Kpyr C LEHTPOM B Hayale KOOpAWHAT. YpaBHEHHE
OTPaHUYMBAIOIIEH €r0 OKPY>KHOCTH MOJYYUM TOCJI€ UCKIIOUEHUSI U3 YpaBHEHUH

KOHyca # mnoxycdepsr: = \/ 36 —x?—y?, wm mocne POCTHIX

npeoOpa3oBaHUM: x% + y2 =27.

O6bem Tena V' ynoOHO BBIYUCIATH, MEPEX0ls K CPepuuecKUM KOOpPAMHATAM.
3amuiem B chepuueckux koopauHatax (9) ypaBHenue cdepbl U KoHyca: =6 u
0=86,, rae 6, - yroa npu BepUIMHE KOHYyca, KOTOpPBI HalIeM W3 ypaBHEHHs

z
tg o, =R—0 (cM. puc. 11). MbI Hanumm, uto Ry =3./3, rtorma Z, =1/2—37=3 (u3

0

3
ypaBHeHus konyca). CnemoBarenbHo, tg6, :ﬁ: 3 u 6, :%. YpaBHeHHE

T
KOHycCa B CEepUIECKUX KOOpAHaTaX: 0 = 3

Torna o6wem Tena no dhopmysie (14) paBen
T

2r 6 _ 3 6 z
V =[[[dV = [de]r?dr[sinalo =g>" -
\ 0 0 0

- (—cos 49)\0 =

0
3

:Zn-%-(—cos%+c050):27z-72-(—%+1):727z.

Omsem: V=727 (e0.).

Ilpumep 8 . Haiitu wMaccy Tena, orpaHndeHHOro mnoBepxHoctsamu X=0, y=0,

z=0, x+y+z=1, ecnu 3agaHa ero miotHocTh Y(X, Y, Z)= Cnenarb

(x+y+z+1)>

YepTEkK JAHHOTO TeJla U €r0 MPOEKIINH B TNIOCKOCTH OXY.
Pewenue: 3ananHoe Teno OTrpaHWYEHO KOOPAMHATHBIMH TUIOCKOCTSMU H
HAKJIOHHOM TIOCKOCTBIO (CM. puc. 12)
Maccy Tena BerauciIuM 1o Gopmysie (15)'

1-x  1-x-y
d d =
m= m(x+y+z) ng 4 E[ (x+y+z)

O‘—-.

_X l—Xy 1
1
X { 2(x+y+z+l) } 2£ X£ (4 (x+y+l) ) y

O"—uH



1 1-x 14
:_1{X+__E__} dx:_1“£—5+1——£—MX:
+

X+y+z=1

v
<

X+y=1 1

Puc.12

Omeem: M=(0,034 (ed. maccwi).
N

v



IIpumep 9. Haiitu Maccy Tena ¢ mioTHOCTBIO Y(X, Y, Z)=X°+Y%, OrpaHHYEHHOTO

MOBEPXHOCTSIMU Z= VX2 +y? z=2-x>-y* . Chenath 4epTex Teia
U €ro MPOEKINH B TIOCKOCTh OXY.

Pewenue: 3aganHoe Te€10 OrpaHUYEHO MOBEPXHOCTIMH KOHYCA Z= 4/ x> +y% u

napabononna z=2-x>-y*. Ilpoekuueil Tera B mmIockoctb OXY SBISETCS KpYT,
OrpaHHYCHHBIH OKPYKHOCTBIO X°+Yy=1.

OrpaHnuYuBamOIIFEe TEJIO TOBEPXHOCTH WMEIOT TMIPOCTHIE YpaBHEHHS B
LAIMHIPUIECKOI CHCTEME KOOPAMHAT (8): KOHyC Z=p, mapaGoons z=2-p°. Maccy
Tela BbeUMCIUM 1o ¢opmyne (15); 3anucaB  (QyHKIMIO IUIOTHOCTH B
IAIMHIPHYCCKUX KoopauHaTax: y=p°. Torna

27 1 2-p? ,
m=[[[}dV = [dp[pdp [ p*dz=
v 0 0 P
2r 1 ) 2_102 27 1 3 )
= Id¢f[p Z]p pp= [dofp°(2-p° - p)dp=
0 0 0 0
2r 5 6 |1 1 _4_7[

4

1 1
=] @510 dp=2m (-~ )=
5 5 6 2 5 6 15

Omeem: m:i—g (e0. maccul).



CBEIAEHMA 13 TEOPUU

KDHBOHHHCﬁHBIe HHTCT'PAJIbI

KpHBOHHHeP'IHLIM HHTETPAIIOM | poZia Ha3bIBAECTCA
2

JHxy,z) dl = [ FIx(0),y(1),2(0] Vx> +y>+z dt
I t1
rae f(X,y,z) - HenpepreiBHAs QyHKIMA Ha Taaakon kpuoi [ : X = X(t) , y = y(1) ,
z =2z(t), dl - muddepennman xyru .
KpuBonuneinslii uaterpai | poga He 3aBUCUT OT HANPABIEHUS MHTETPUPOBAHUS .
[TpunoskeHus KpuBOJIMHEHHOTO HHTErpaia | poga
- uHa ayru L = [dl:

1—‘ -
macca kpuBoit M =] pdl, rue p - THHEHHAS MIOTHOCTS |
r -
cTaTHYecKkue MOMEHTBI KprBoii My0z =J px dl , Mx0z =J py dl , Mxoy =[ pz dl ;
r r r
o Myoz Msz MxOy
- KOOPAMHATHI IICHTPA MACC KPUBOH X = Y=, LT

- MoMeHT uHepuun kpuBoil lyoz = [ px? dl, Ix0z = py? dl , Ixoy = | pz* dl ,
r r r
Ix = Ix0y +Ix0z , ly = Ix0y +1y0z , 1z = Ix0z +ly0z , lo = Ix0y +I1x0z +1y0z .
KpuBonuHelHbIii uHTErpan 2-ro pojaa :
t2

J+P(x,y,z) dx + Q(x,y,2) dy + R(x,y,2) dz = [ {P[x(t) , y(t) , () ] x’(t) +
r t1
+ QL x(1), y(t) , z(t) 1y’ () +RIx(1), y(¥), z(t) ] z°(¥) } dt
rae dyuxius P(X,y,z) , Q(x,y,z) , R(X,y,z) HenpepsisHa Ha kpuBoil I'. I'" o3nauaer
BBIOOpD HAmNpaBJICHUS HMHTErpUpOBaHUS . IlpM W3MEHEHHWH HampaBJICHUS
MHTETPUPOBAHHUS MHTETPAIl H3MEHSET 3HAK Ha IIPOTHBOIIOJIOKHBIH .
Pab6ora cunmer  F =Pt +Qj + Rk Bmons nyru AB
A=[Pdx+Qdy+Rdz .
AB

dopmyna ['puna : ff Pdx+Qdy= _[I (@ — E) dx dy, rme I'- nmpocToii
rr D & g

3aMKHYTBI KyCOYHO-TJIAJIKAU KOHTYP, OTPAHUYHMBAIOIINN KOHEUHYIO OJTHOCBS3HYIO
obsacth D , mpoGeraemsiii Tak, yTo obsiacTh D ocraetcs cieBa, dpynkuuu P(X,y) u
Q(X,y) HenpepbIBHBI BMECTE CO CBOMMH YaCTHBIMU TIPOU3BOTHBIMU

Q P

ox , oy, (xy)eD.

[Ipumenenue hopmynsl ['puna :



1
1) ITnomane miockoi purypsr S = Efi; x dy -y dx
r

1
2) Ycnosue He3aBucuMoctu uHTerpaia |l poga ot mytu uaTerpUpOBaHuUs
) P

& @

I10OBEpXHOCTHBIE HMHTErPaJIbl
[ToBepxHOCTHBIN HHTErpan | poaa :

[I f(x,y,z) do =] f[ x(U,v), y(u,v), z(u,v)] VEG - F?
X

dudv ,

€ 2 - KyCOUHOIIIaAKas ABYCTOPOHHSS IIOBEPXHOCTD |
D - oTobpaxenue 2., Ha UOV ;

f(X,y,z) - HenpepeiBHAs QyHKIUSA HA . |

R C O ES
p_Ox Ox Jy dy 0z 0

Ju é’V ou é’v é’u ov '

B wacTHOM ciiydae , eciiM ypaBHEHHE IMOBEPXHOCTH X, MMeeT BHI Z = Z(X,Y)
(xy) € D, rne

Z(X,y) - onmHO3HauHas HempepbiBHO auddepeHmupyemas
MOBEPXHOCTH , TO

&\’ (&)
Ity do= I fixy.z(y)] JH( 2] +(5j .

Takoii “HTErpas He 3aBUCHUT OT BBIOOPA CTOPOHBI TOBEPXHOCTH ),

[TpuMeHeHMEe TOBEPXHOCTHBIX HHTErpasioB | poaa
- IJIOMIA/Ib MOBEPXHOCTH S = [[do:

2
- Macca roBepxHoctd M = [[ v do , rie y - HOBEpXHOCTHAS [IIOTHOCTB
2
- cratraeckue MomeHTsl My0z = [[ yx do , Mx0z =[] yy do , Mx0y = [[ vz do
)3 )3 2
y0z MxOZ x0y
- KOOPAMHATHI IIEHTPa MacC Xc=—

- momenT nrepmu Ix0y = [ vz2 do |, Ix0z = [[ yy? do |, Iyoz = [[ yx*do ;
> )

Ix = Ix0y + Ix0z , ly = Ix0y + ly0z

2

, 1z = Ix0z + ly0z , lo = Ix0y + Ix0y +

lyoz .



[ToBepxHocTHblii uHTerpan |l poma BbeIpaxkaeTrcss uyepe3 MOBEPXHOCTHBIM

unterpan | poxa || P dy dz + Q dz dx + R dx dy = J[ (Pcosa + Qcosp + Rcosy) do
= 3
rie Y. - CTOpOHA IIajKOM IBYCTOPOHHEN HOBEPXHOCTH, XapaKTepu3yeMas
HampaBieHreM HopMami N = {coso. , COSP , cosy},

P, Q,R - dyukiuu ot X, Y, Z , HENPEPhIBHbIC HA MOBEPXHOCTH . .
[Ipu niepexoze K APYroit CTOpOHE Y. MOBEPXHOCTH ), MHTETPall MEHsIET CBOM 3HAK
Ha MPOTUBOTIOJIOKHBIH .

Teopus mons
['papuent ckansipaOTO MMOJIsA U(X,Y,Z) €CTh BEKTOP - QYHKIIHS

quz X7 ds g
grau—ﬁxl+@]+& :

—

[TpousBoguas ckamspaoro moiss U (M) mo HampaBiCHHIO BEKTOpa | B
TOuke M
on .
E =(gradu, 1),

rae | ={cosa, cosp, cosy } - eAMHUYHEIH BEKTOD .

[otokoM BextopHoro monst £ =PI  + QJ + Rk  uepes BoiOpannyio
CTOpPOHY TIOBEPXHOCTH Y., Ha3bIBAETCS MOBEPXHOCTHBIH MHTErpas BTOPOTO Poja

HF =[[(F,i)do ,

DD
rie 7 - [oJjie eIUHUYHBIX HOpMaJleil Ha BEIOPAHHOU CTOPOHE TOBEPXHOCTH .

LupKynsmus BEKTOPHOrO 10 F BHOAb KpuBoi I HaswpIBaeTcs
KpUBOJUHENHBIN uHTerpan | poga

Lr F:I(F',df ),

z+
rne d7 =dx 1 +dyj+dzk,
Teopema Octporpanackoro - ['aycca :
P R
iﬂf (F,ii )do = jgj! divF dV , rre div F :5+%Q+5 ,

>." - rpaHnIIa OrpaHUYEHHOM obacTu Q) .
Teopema Ctokca .



§ (F,d7y=[[ (rot?,ii)do

ik
re rot F=| 0 0 0
oX oy 0z
P Q R I

- KYCOYHO-TJIAJIKMIi KOHTYp, OIPAaHMYMBAIOLIMI TIJIAJAKY0 OPHEHTHPOBAHHYIO
IIOBEPXHOCTB . .

I m Y’ o3HauaeT CoOINIacOBAaHHE HAMpABIEHHA 00X0Ja KOHTYpa C
OpHEHTALUEH TOBEPXHOCTH ; €CJIM HEOOXOINMO HAXOIUTCS Ha BHIOPAHHON CTOPOHE
MOBEPXHOCTH, TO MPU 00X0/1¢ KOHTYypa I OH OCTaBJIsIeT MOBEPXHOCTH CJICBa OT CEO0sl.

Bekropnoe none F (M) Ha3bIBaeTCs HOTEHIMAIBHEIM B 00acTu () , €M ero
MOYKHO IIPEJICTaBUTH B 3TOM 00J1aCTH KaK IPaJueHT HEKOTOPOI'O CKaJISIPHOIO ITOJIS
u(M) : F(M) = grad u(M) . LupKyiauus MOTEHIUAILHOTO MOJS BIOJb JTFOOOTO
3aMKHYTOTO KOHTypa paBHa Hymo . IlotenmuansHoe mnone F (M) sBisercs

Ge3BUXPEBBIM, TO ecTh 1ot F = 0 .

Bekroproe nosie F (M) Ha3bIBaeTcs COJIEHOUIATFHEIM B HEKOTOPOi 001acTH,
ecmu B oroi obmactu divF = 0. IToTOK CONEHOMIANILHOrO IIOJIS Yepe3 TaKylo
3AMKHYTYIO MOBEPXHOCTb, PAaCIOJOKEHHYI0O B OOBEMHO OJHOCBA3HON 00JacTH,
PaBeH HYIIIO.

KpuBoanHENHBbIE HHTETPAIBI.

3agaua 1.
BBIYHCINTD KPUBOIMHEHHBIN uHTerpan J(X-Xy+5y) dl , rae I - koHTYp
r

tpeyrosbuuka ¢ Bepmunamu 0(0,0) , A(0,75 ; 5,25) , B(5,25; 0,75).

Pewenue. 3amkHyTass nuHuAs uHTErpupoBanuss OABO cOCTOUT U3 TpeX OTPE3KOB,
KOTOpBIE JIeKAaT Ha pa3iau4HbIX nOpsAMbIX. ClenoBaTenbHO, 10 CBOMCTBY
aAAUTUBHOCTH KPUBOJIMHEHNHBIX UHTEIPAJIOB UMEEM : §> =I +I +I .

OABO OA AB BO
[ns  cocraBineHuss ypaBHEHUM OTPE3KOB MCIOJIB3YEM YpPaBHEHHE NPSIMOM,

. A S 4|
npoxoasuiei yepes aBe Touku Mi(X1,Y1) 1 Ma(Xz,Y2) : X —x -y
2 1 2 1

A KpUBOJMHEHHBIN HHTETpaN peodpazyeM B ONPENeICHHBIN M0 TEPEMEHHON X T10
bopmyne




_[ f(x,y) dl = _[ f(x, (X)) y1+(¢'(x))* dx, rne kpuBas I 1y =@(x),a<x<b.

a) Otpezok OA ompenensiercs ypaBHeHueM Y =7X, 0<x<3/4

3/4

Torma dl =y/1+(@'(x)* dx =52 dx 1 | (x-xy+5y) dl = [ (x-7x*+35x)5+/2 dx
04 0

7 34 292542
-t/ |18x2 -~ 3) _ .
52 ( 8x 3" | 0 64
0) Otpe3ok AB onpenensiercs ypaBHeHneM Y =- X + 6, 3/4<x <21/4 .

21/4

Torna dl =+/1+ (¢'(x))? dx =+/2 dx I/IJ. (x-xy+5y)dl = f (X-X(-x+6)+5(-x+6)) dx

’ wa 307842
- ﬁ(x——s * 430 j - -
R L '

B) j (x-xy+5y) dl = I (x-xy+5y) dlI .

OB

1 21

Otpe3ok OB omnpenensiercss ypaBHEHUEM Y = 7 X, 0<x< 7

Torma dl =1+ (¢'(x))’ dX——\/_dX u _[(X-Xy+5y)d|:

OB

21/4 3 2
1 52 6 214 765+/2
= _[(x X-—-X+< xj —N2di=—- (——+L]| = _

) 7 70217 7)), 64
c I w5 dl = 292542 N 3078v2 N 765V2 43242
JEeI0BATEIbHO |, J (X-xy+5y) = P a a - 4
~ 149,531.

Xy

3aymava 2. BeIYuCIUTh KPUBOJWHEHHBINA HHTETPAI I@ dl , rme
I
x = 5cost 0 T
- ) (05 < —
I' - pyra snnurica y = 8sint ( 2)
= (1)
Pemrenune. Tak kak kpuBas 3a7aHa napameTpUIECKU y = w(r) ,a<t<B, 10

BOCIIOJIb3yeMcsl (OpMyIIOn



B

[ fxy)di= [ o), wt)] Vo' OF +ly'()F dt

r a
xy "2 5cost - 8sint i
2= [ 22T [(S5sing)? + (8cost) dr = — 25+39cos’ ¢
£129 { 29 V(-Ssin0)’ +@Bcosn) 39129 l\/ oo
425439008 1) = ——L2 254 39c052 1) | = 22~ 1,006
x 0% 1 =739.129.3 o8 , 390

3amaya 3. BeraucnuTh KpUBOJIMHEHHBIN WHTETpa f (8x%+2xy-2) dx +(5y*+3x) dy
r

H

rae ' - qyra mapaboss
y = 6x* or toukn O(0,0) mo Touxu A(1,6)

Pemenne. Tak kak Y = @(X) = 6x*,y' = 12X u npu msrxernu u3 toukn 0(0,0)
B TOuky A X mensercs ot 0 1o 1, To mo ¢popmyse

rf P(x.y) dx + Q(x.y) dy = J(P(X, p(x))+Q(X, ¢(x))¢'(X) dx
AB XA

HNMEEM
1

[ (8x*+2xy-2) dx + (5y*+3x) dy = [ (8x*+2x-6x2-2+(5-36x"+3x)12x) dx =

r 0
1 6 4 3
2160 12 44 1127
=I(2160x5+12x3+44x2—2)dx:( =2 j | =—
7 6 4 3 0
~ 375,667.

3agaua 4. BeIUuCInUTh KPUBOJIMHENHBIA HHTETPA
§ = [3y?+cos(x+y?)] dx + [6x*+2y cos(x+y?)]dy , tme I - koHTyp

r
tpeyronbarka ABC ¢ Bepmmuamu  A(7;0), B(7;7), C(0;7), npoberaembiii B
MIOJIO’KUTETPHOM HarpaBIICHHUH.
D P
Pemenue. Ilpumenss dhopmyny ['punra § P(x,y)dx +Q(x,y)dy 2” 5_5 dx
r D

dy
¥ yauThbiBas, uTo P(X,y) = 3y*+cos(x+y?), Q(X,y) = 6x°+2y cos(x+y?) ;

@_ : 2 é,_P_ H 2\ .
& - 12x-2y sin(x+y?) , P By - 2y sin(x+y°) ;

MOJTYyYUM

§ [3yP+cos(xy?)] dx + [6x%+2y cos(x+y?)] dy = [[ (12x - 6y) dx dy =
I D



7 7 7 2 7 T

:6dej (2x—y)dy=6j(2xy—y7j | dx=6f(2,5x2 —Tx)dx = (5x° = 21x?) | T
0 7-x 0 T-x 0 0

=686 .

3agaya 5. BbIUMCINUTH KPUBOJIMHENHBINA UHTETPA

I (¥ siny - 5y + 5y?+ 2x) dx + (€ cosy - 5 + 3x) dy , rue I - Bepxusis

r
MOTYOKPYXHOCT X° + Y? = 2X , mpoberaemast ot Touku A(2;0) 1o Touku O(0;0).
Pemenue. JlomonHuM KpuUBYIO HMHTerpupoBaHus [ 10 3amkHyTOro konrtypa L
otpe3koMm OA ocu OX.
Toraa nonyunm I = f - J

r L [0X]
Tak kak orpe3ok OA 3anmaetcs ypaBHenueM Y =0, 0<Xx<2,1ody=0 u
2 2

[ (€ siny-5y+5y2+2x) dx + (€* cosy-5+3x) dy = | 2xdx=x’| =4.

0A 0 0
BBenem 0003HaueHUA .
P=¢"siny-5y+5y*+2x ; Q=¢€"cosy -5+ 3x.

ar 200N
Tak kak 5: e” cosy -5 +10y , ¢ cosy + 3, to o dopmyne ['puna

HaXO0JIUM

fﬁ P dx +Q dyz&[(%‘%}dxdy:g (8 - 10y) dx dy,

L
rjae obnacte D - BepxHsis mojloBUHA Kpyra paguyca 1 .

2 V2x—x2
Mostomy || (8-10y)dx dy =8[[ dxdy-10 [f ydydxzssD-loIdx fydy:
D D D 0 0
2 2
—4z-5[y* | dx:4ﬂ—5j(2x—x2)dx=4ﬂ—(5x2—EJ a2
0 0 0 3 0 3

20 32
Torna I (e”siny-5y+5y*+2x)dx + (€ cosy-5+3x)dy = 4x - 3 4 = 4(” - ?j ~
r

~-30,1.

x = 6c¢cost

3amaua 6. B kaxxnoi Touke M siaaunca { , 0<t<2n , mpunoxxena

y =4sint
cuia F , paBHas MO BEJMYUHE PACCTOSHHWIO OT TOYKH M JI0 IIEHTpa 3JUIMIICa W

HaIpaBJIeHHAs K EHTPY AJUIUIICA.
Tpebyercs HaiiTh paboTy CHIIBI F , €CIIH TOYKAa O0XOJHUT BECH DJLIMIIC.



Pemenne. Cuma F = P(x,y)7 + Q(X,y)j , mpuioxkenHas B Touke M(X,y) aqumiica,

onpenensercs Gopmynoi F =-X i -y j , To ectb P(X,y) =-X, Q(X,y) =-y .

CornacHo popmyne A = if P(x,y) dx + Q(x,y) dy umeem : A =§ (-x) dx -y dy .
r r

BO BCCX TOYKaX IINIOCKOCTH XOy, TO KpPIBOJIPIHGI?IHLIfI

ap 29
Tak kak ) =0= P

HHTETpa § (-xX) dx -y dy paBeH Hym0 110 JIOOOMY 3aMKHYTOMY KOHTYpY L.
r

B wactHocTH, A = § (-x)dx-ydy=0 .
r

IIoBEepXHOCTHBEIC HMHTETPaJibl
332[3‘13 1. Beruuciaurs HOBGpXHOCTHBIﬁ HHTCIpall IICPpBOIro poaa

” (-x2+5y?-z*+4)do |
z

rJe X - 4acTh KOHycCa y=\/X2+z2 , JIS)KAIME MEKIY
TUIOCKOCTAMH Y=3 , Y=5
Pemenue .
[lepelineM K THIMHIPUYECKON CHCTEME KOOPAUHAT
Z=pCOS @ ; X=psin ¢ ; y=y,
B KOTOPOW KOHYC UMEET YpaBHEHUE Y=p ,

Y, @

a »7eMeHT nosepxHocTH d 6 = \/ 1+ (a) + (g)2 dxdz =

= N+ (——)? + (———)? drdz = 2dxdz

[Tpoekrueii MOBEPXHOCTH B TWIOCKOCTh OXZ SBIISETCS Y4acTh TIIOCKOCTH Dyz,
3aKJIFOUEHHAS MEXKIY OKPYKHOCTSIMU X2+y2=9 51 X2+y2=25 WJIA B TIOJISIPHBIX
KOoOpAWHATax p=3 U pP=5

[lepeiineMm OT MOBEPXHOCTHOTO HWHTErpaja K JBOWHOMY mo obOmnactu Dyz |,
3aMKChIBasi TOJABIHTETPATBHYIO0 (YHKIIMIO C YUY€TOM YPaBHEHHsS MMOBEPXHOCTU
5y*-(X*+2°)+4 = 5(X*+2°) - (X*+2°)+4 = 4(X° +2° +1)

TOoraa

— 2n 5 -
[I(-x*+5y*-z*+4) do = [[4(x*+Z2°+1) N 2 dx dy =4 [ do J(p*+1) V 2 pdp=
¥ sz 0 3

625 25 81
4f(—+—)

9
= 2742+ S = =) = 51148




3amava 2 .

Jlotst acti cepsl X2+y*+2°=9, BeIpe3aeMoii koHycoM X +y*=z% 7>0, ¢
MOBEPXHOCTHOW IIOTHOCTHIO Y=4Z+6 HAWTH MOMEHT WHEPITUH OTHOCUTEITHHO
miockoctu Oxy .

Pemienue .
Haiinem ypaBHenue nunuu L nepeceuenus cepol 1 KOHYycA :

f—
2=0

I
LS}

2 2 2 2 2_2
{x +y*+z2=9 |¥ TV =5

x*+y’ -z

9 3
Torma mHus L - okpyxkHOCTE X4y’ = 5 Jlealiias B [I0CKOCTH Z =E >0

PaCCManI/IBaCMaH IIOBCPXHOCTDH )y IMPOCKTHUPYCTCA B IINIOCKOCTD Oxy

3
B 00J1aCTh ny — Kpyr ¢ OCHTPOM B HA4YaJIC KOOPAHUHAT U paJnyCOM E .

MoOMEHT UHEPIIMH TOBEPXHOCTH OTHOCUTENBHO IIIOCKOCTH OXY ompenenseTcs 1o
dbopmyie :

Loy=lZ*v(x,y,2) do
>

Jli1st moBepxHOCTH Cchepbl

do = \/1 + (%)2 +(Ey vy

&
09— E__ X Z____ Y
—x2—y o YR~ S P B ,moz0a
X =)y —X =)y
9—x* =y +x>+y’ 3dxdy
daz\/ SR dxdy = ———.
9-x"-y 9—x" -y

[ToBepxHOCTHAS TIJIOTHOCTH Y MOYKET OBITh BHIPAKEHA YEPE3 X U Y :

v=4.9-x>-y* +6

Ixoy= .U (9-x* y)(4m+6)\/%

[Tony4yuBIIMIiCS ABOMHONW MHTErPal yIOOHO BHIYMCINUTD B MOJISPHON CUCTEME
KOOPAMHAT X=p COS @ ,y= p Sin ¢ ,X*+y’=p® ,prdeM s

06J1aCTI/IDXyO£p£3/\/_2 ,0<9p<2n



27 32
|Xoy=£ j (9-p?) (44/9 - o +6)Ji/;=
©-p)"

V2 9 5? 3 2
=2 [ [4(9-p)+69-p’ ]pdp=6n[4(%—%)+6(-1/2)3/—2] ”

0

= 6rf4( 81/4 - 912N 2 )- 2(9-9/2) ¥%+2.9% |=61[81-9V 2 -27/ 2 +54) ~
~ 19439 (kr-m?)

3ajada 3.
BrIuncnuTh MOBEPXHOCTHBIN HHTETPal BTOPOTO poja

[1(3+5y-3z)dydz+(4+z-x)dzdx+(2+2x-7y)dxdy ,
z

22,2 .

IJle X- BHEIIHsS CTOPOHA YacTH KOHyca Z*=X"+Yy" , z>0 , nexxaieil BHyTpy LUIUHAPA
2\ 2—

X+y =25,

Pewienue.

3aZaHHbIN TOBEPXHOCTHBIM MHTETPAII MOXKHO MPEICTABUTH KaK CYMMY JIBOMHBIX

UHTETPajoB B COOTBETCTBUU C BBIPAKECHUAMHU

JIP(y,2)dy dz + Q(x,z)dz dx + R(x,y)dx dy =
=+([P(y,2)dy dz +[[Q(x,2)dz dx *[[R(x,y)dx dy, (a)
Dyz Dxz Dxy

rie Dy, , Dy, , Dyy - IpOEKIIMHU MMOBEPXHOCTH X B COOTBETCTBYIOIINE

KOOPJMHATHBIE IUIOCKOCTU , a 3HAK MHEPE] TE€M WM WHBIM JBOWHBIM HMHTETPAIOM
ONPEAENAETCS 3HAKOM KOCHUHYCA yIJIa MEX/y BHEITHEW HOPMAJIBIO 71 K IIOBEPXHOCTU
2 ¥ COOTBETCTBYIOLIIMM OPTOM .

[TockonbKy Z - WacTh MOBEPXHOCTH KOHyca , a Tuockoctu OxzZ u Oyz sBisroTcs
TJIOCKOCTSIMU CUMMETPHH KOHYCa , TO B Halllei 3ajade , korna P e 3aBucur ot X, Q
HE 3aBUCHUT OT Y , IBOMHBIE UHTETPAJIbI

IDIP(y,Z)dy dz u gf Q(x,z)dz dx BoiayT B (a) ABaXKIBI , HO C PA3HBIMH
yz Xz

3HAKaMU Ui KaXKI0M U3 CHMMETPUYHBIX YacTeil KOHyca , 4YTO B CyMME J1aCT HOJMb .
IIpoeKiireil MOBEpPXHOCTH X B IIOCKOCTh OXy SBISIeTCS Kpyr  X°+Y°< 25, a yron
MEK]ly HOpMaJIbIO 7i K BHEIIHEW MOBEPXHOCTU KOHYCA U OPTOM ¥ ocu OZ Tymoi .
IToaTOMy 3aaHHBIN TOBEPXHOCTHBIM UHTErpajl BTOPOIO poJa CBOAUTCS K
BBIYKCIICHUIO OJTHOTO JIBOMHOIO MHTErpana :

[l(3+5y-32)dy dz +(4+z-x)dz dx +(2+2x-7y)dx dy =

)

2n 5
=-[[(2+2x-7y)dx dy=-]d¢ [(2+2p coso - 7p sing )pdp=
Dxy 0 0



t=—(125+ P casp ~ g lip=
O Q= O 3 oS 3 sing do =

250 875 27
=—(25¢p + 3 singp — TCOS(p)

I/IHTCFpaJ'I BBIYHUCICTCA C IIOMOIIBIO ITIEPEXOaa K HOJ'I?IpHOﬁ CUCTCMC KOOpAWHAT .

=-252n=-50x

TEOPUSA ITOJIA
3amayva 1.
Hatitu pOH3BOHYIO CKATIPHOTO MO
u(x,y,z)=-x>+2x%y+4xy*+3y>*+5y°z- 2yz +73+7°x+32x°
B Touke M(3,0,5) 0 HAIIPaBIEHUIO BEKTOpa d , €CIIU BEKTOP d 00pasyer
C KOOPAMHATHBIMU OCSIMUA OCTPBIE YIJIbI , (x—n/3 , B=n/4

Pemienue .

[TpousBoaHas CKaJIIPHOTO TOJIst U(X,Y,Z) 10 HAIPaBJICHUIO BEKTOPA ¢ ONPEICIIICTCS
COOTHOIIICHHE :

ar a au aL i cdu

7 A cosa + 3 cos 3+ > Cosy,e0e GG g - macTbe

npou3BoHbIe QyHKIMH U(X,Y,Z) , COSa. , COSP , COSY - HAITPaBJISIOIINE KOCUHYCHI
BEKTOpa a .

Haiinem yacTHbIC IPOU3BOAHBIC (DYHKITUM 1MOJIs U(X,Y,Z) ¥ BBIYACIMM UX 3HAYCHHUS B
3amannou Touke M(3,0,5) :

Z—_-sx +AXY + 4y? + 2% + 62X, j U]y =-332+ 430 + 407 + 5%+ 6.5.3288 ;
X X

Z 2% + 8xy + 9y + 10yz - 272, £ i |y =2:32 + 8:3.0 + 90 + 10-0-5-2.52= - 32
Z = 5y? - dyz + 322 + 22 + 38, S |y =5.0- 4.0.5 + 3-52 + 2.5.3 + 3-32 =132 .

zZ zZ
Harmpasisirorime KOCHHYCBI BEKTOpa @ 10 YCIIOBHIO PaBHBI
COSaL = COS = = 1 , COS[3 = cos Z = £

B 32 4 2

cosy = V 1- cos’a - cos’p =V 1-0,25-0,5=0,5
Toraa 3HaueHUE MPOU3BOIHOMN CKAISIPHOTO 1mosist U(X,Y,Z) 10 HallpaBJICHHUIO BEKTOpa
d B TO4YKe M paBHO :



é u 1 V2 1
- IM =88 5 -32-~ - +132 =110 - 162~ 87,37 .
3ajgaua 2.

Haintu HaI/I6OHBIlIy}O CKOpPOCTD BO3paCTaHUA CKAJIAPHOI'O I10JIA
u(x,y,z)=In(7x*+2y*+5z% ) B Touke M(6,8.,4) .
Penienue .
Hau6onpmas ckopocts V Bo3pacTaHus CKaIApHOTO 1o U(X,Y,Z) B 3aJaHHOM TOUKeE
paBHA 3HAYECHHUIO MOYJIS rpagueHTa GyHKuy U(X,Y,Z) B 9TOM TOUKE :

Vv=|gradu |

. ou. Ju_. Ou-
['paguent ckanspHoit GyHKIUU grad u=——i + = j+ "k

ox Oy Oz
_ [ u P (ou) (é’u)z
V‘J(aj (a—y) 2

B Touke M(6,8,4) rpagueHT ¢pyHkuuu U(X,Y,Z) UIMEET CIACIYIOIINE COCTABIISAIONIHE

du 14x du 14-6 21
Ox  TxX 4202 +52 7 Ox|w 7-3642-64+5-16 115
ou 4y ou 4.8 8
Ay TxP 42y 4522 7 Oyly 7-36+2-64+5-16 115
Ou 10z du 10-4 10

Oz IxE+2y2+52 0 Pzly T1-3642-64+5-16 115

Torma

v=\/[21)2+( 8)2+(10)2 2487 +10° /605

115 115 115 115 =15 T 0214

3ajgada 3.

HaiiTi BeKTOpHBIE JIMHUK B BEKTOPHOM Tonie g = (8X+22)7 +(-9x-82) k

Penienue .
YpaBHEHHE BEKTOPHBIX JTUHHUH TNIOCKOTO TOJI , COCTABJISIFOIIAsi KOTOPOTO BAOJIb OCH

Oy pasHna Hyito (ay = 0 ) , ©meeT BuUL



a B TaKOM CJIy4dac

Ox oz

8x+2z —9x—8z
YTO CBOJUTCS K OAHOPOAHOMY nu(depeHITNaTbHOMY YPaBHEHHUIO TTEPBOTO TOPSIKA

z
Oz —9x—8z oz _9_8;

= unu = :
ox  8x+2z ox 8+2£
X

Breimoanum IMOoACTaAHOBKY

o
=4 = u(x) , 22 = ux+u,
X

ox
u'x+u = —9 - Bu , OTKyJa U'X = =9 - 16u=2u"
8+ 2u 8+2u
1 TOCJIE€ pa3eaCHUs TEPEMEHHbBIX
8—2u _ Ox
—9—l6u-2u’  x

HNHuTerpupys , noaydaem
ljd(2u2+l6u+9)_ dx
2¢ 22Ut +16u+9  x

1 C
—In2u® +16u+9|=1In—
2 X

2 e 2o0=C
2u° +16u+9 =
X

BrlmotHIM 00paTHYIO MOJCTAaHOBKY

2

X z z C
u=— \/2—2+16—+9:—
z X X X

170101
242 2 _ 2 v v

Z2°+16zx+9x° = C° - ypaBHEHHUE KPUBOW BTOPOTO MOPSAKA , ABIISIOMIEHCS
BEKTOPHOU JINHUEHN 3aJJaHHOTO TIOJIA .

3agaua 4.

Haiitu notok BekropHoro mois g =30x; + 30y + 15k

yepes 4acTh MOBEPXHOCTU

Y. z=4-X*-y* , pacrnonoxeHHyio B | - OM OKTaHTe .

Pemenue .

[ToBepXHOCTH X - YaCTh MOBEPXHOCTH MapaboJIona , pacloIOKEHHAasi B IEPBOM
OKTaHTE .

EnvHUYHBINA BEKTOP HOPMAJIHM K TOBEPXHOCTH X HAWJIEeM Yepe3 TPagueHT GyHKITUN
D(X,y,2)=2+X>+y*-4



op. O0p. O¢ -~
¢z'+ ¢j+ ¢k

. gradg ox Jy Oz 2xi +2y) +k
n = = =
radg | 0, Op.  Op, Jax'+ay +1
gradd] 0y ( Py Py A4
ox oy Oz

DJIEMEHT MOBEPXHOCTH X , 3ajaHHON ypaBHeHHeM Z=f(X,y) , HalijleM 1o N3BECTHOM
dbopmyie

do :\/1+(%)2 +(j—;)2 dx dy =1+ (=2x)* +(-2y)*> dxdy,

TOTr aa
do = V1+4x* +4y* dxdy .

Brlunciienre moBepXHOCTHOIO MHTErPajia BTOPOro Po/ia CBOJUTCS K BBIYMCIICHHUIO
JIBOWHOTO MHTETpaja 1o 00actu Dyy , KOTOpas ABISETCA NPOEKIUEN MOBEPXHOCTH
> B iockoctu Oxy (cMm. puc. 2):

. :DH(a,ﬁ),/l +4x +4y” dxdy
Xy

BbIUMCINM CKAJIIPHOE MIPOM3BEICHUE BEKTOPOB a4 U 7 .

. 60x> +60y° +15 > 3
(@,71) =a;ny+asn,+agn; = —15\1+4x> +4y

J1+4x7 +4y°

Torna

.= ” 15 /1+4x> +4)* - J1+4x> +4y*> dx dy = 15 .” (1+4(x+y?))dxdy=
D,, ey
2 2 2
= 15[ do [(1+4p?)p dp = 15-1/2 (p/2 + 4p*14) | = 15-n/2(2+16) = 1351 = 423,9 .
0 0 0

3amaya 3.
HaiiTH MoTOK BEKTOPHOTO OISt & = (-X+Sinz) 7 + (X°z+3y) j + (z+cosy) &

z=+x" 4+’

4yepe3 3aMKHYTYI0 TOBEPXHOCTh X :{ 5y 5
Z=2—-Xx"—-y

Penienue.

Haitnem ypaBHeHNe JIMHUU [IEpECEYEHUs KOHYca Z = VX + y2 51

napabononma Z=2-X -y° :

{zq/x2+y2 {x2+y2=2—z {x2+y2=l

z+x°+y°=2=0 22 +z-2=0 z=1

[ToTOK BEKTOPHOTO MOJIS Yepe3 3aMKHYTYIO ITOBEPXHOCThH OMPEISTUM T10
teopeme Octporpanckoro - ['aycca.



Haiinem nuBepreHuuo BEKTOPHOIO MOJA d -

Jda da Jda

diva:ﬁ: + éyy * — =-143+1=3.
I, = (@do)=|]] 3dv=3[f] dv=3v,
z 4 V

rae L - 00beM Tella, OrPAHUUCHHOTO 3aMKHYTOM MOBEPXHOCTBIO . .
BbraucnuM v , nepexos K IHIHHIPUYECKON CHCTeME KOOPIMHAT :
X=pcosp,y=psing,z=z,dvo=pdpdpdz.
VYpaBHeHHE KOHycCa B 3TOW CHCTEME KOOpPAMHAT WUMEET BHUI Z = P , ypaBHEHHE
napabomnonna Z = 2 - p> . [Ipoekuus Tena B miockocth OXY - kpyr p < 1. Torya

27 1 2-p* 27 1 2,02 p3 p4 |
v=] do] pdp | dz=] do| @p-ppdp=an(Z--T-1) =

0 0 P 0 0

2 1 1 5
:27'5(5' 5 -Z) =3 E 21 = 5%

Sz 5Srx
[Torok 17, = 3? =7~ 7,854 .

3azgaua 6.
Haiitu paboty cunbl F = (SinX+7y); + (7X+COSy)j mnpu nepeMeieHuu oT

touxu 0(0,0) 1o Touku M;(3,18) o gyre muamm L :y = 2X°.

Pemienue .
PaGora cuisl F Opd MEPEMENIEHHMM TOYKM 10 JMHHM L ompemensercs Kak
KpuBOJuHEHHbIN uaTerpan Il poxa :
A=[(F d7) ,
L
rae F =Fyi +Fyj - 3agannas cuna, d7 =dxi +dy .
Torma A =] F,dx + F,dy = [(sinx +7y)dx + (7x+cosy)dy .
L L

Haiinem cBs3p Mexay auddepeniinanamu nepeMeHHbIX X Uy Ha JuHuu L :
y = 2x*, dy = 4x dx , Torza

XMm1 3
A = J[(sinx + 7-2x%)+(7x+c0s2x%)4x]dx = [(sinx +42x? +4x cos2x?)dx =
Xo 0
3 3 3 3 3 3
= Jsinx dx + 42Jx? dx + Jcos2x? d(2x?) = - cosx | + 42x%/3]| + sin2x?| =
0 0 0 0 0 0

=-c0s3 +1 + 14.27 +sin18 = 378 - cos3 + sinl8 ~ 379 .

3agaqa /.



Haittn nupKynsinuio BEKTOPHOTO OIS
a=(X2)i +(-y+z) j +(X-Y)k
x = 6c¢cost
[0 3aMKHYTOMY KOHTYpy L : {y=6sin¢
z=1-cost
Pemenue.
[Hupkynsauus onpeaenseTcss Kak KpUBOJIMHEWHBIM UHTETPaj BTOPOTo poja :

I = § aydx +a,dy +a,dz.
L

HauHuA L X =6 cost, dx = -6 sint dt ,

y =6 sint, dy = 6 cost dt,

z = 1-cost, dz = sint dt, 0<t<2n
TOrAa 27

11 = | [(6cost -1+cost)(-6sint)+(-6sint+1 -cost)(6cost)+(-6cost-6sint)sint] dt =
0

27 27
= [ (-84 sint cost - 6cos’t - Bsin’t+6sint+6cost) dt = -6J(7sin2t+1+sint+cost) dt =
0 0
21
= -6(-7-1/2-cos2t + t -cost +sint) | =-6-2n=-12n~-37,68..
0
3ajaua 8.

Haiitu Moy b TUPKYJIAIMKU BEKTOPHOTO TOJIS
a=X(24y +5z) i +y(24z +5x) j + z(24x +5y) &
x*+y’ =2y
10 3aMKHYTOMYy KOHTypy L: {Z _s :
BOCMOJIL30BaBIINCH TeopeMoit CTokca
Pemienue .
B nanHol 3a1a4e X - 4acCTh INIOCKOCTH Z = 5, OTPAaHUYECHHAS] OKPY>KHOCTBIO
X + y* =2y (xorTypom L) . IIpu BEIOpaHHOM HarmpaBieHHH 00X0/1a KOHTypa L,
eIMHMYHAs HOpMalb K X 7i =k, a do = dxdy.
Jl1s1 3a1aHHOTO TOJIS @
rota = (5z -24y)i + (5x -24z) ] + (5y -24X) k
rot a-ii =5y - 24x.
11 = || (5y -24x) dxdy

z
[Tepexons K MUIMHIPUICSCKHM KOOpIUHATAM, UMEEM
T 2sing
1= de J(5p sing -24p cose )p dp ,
0 0

T.K. OKPYKHOCTB X° + Y =2y B IHIMHAPHICCKAX KOOPAMHATAX HMEET YPABHCHHE
p=2sinp, 0<op<m,



2sing T
1= I[5/3p sing - 24 -1/3 -p° cosp] | do = [[5/3 -8sin“p - 8-8sin*p cosp] do =
0 0 0

40
——)'do -64[ sin® d(sing) = —J (1- 2c0s2¢ +c0s°2¢) do -

40 0052(0
316

Va

j (1 2C052(p+

0

sin* ¢ os4q)

- 64

3 ) do =

1003 o0 L 1.1 g = 5 ~
—3(2(p 22 S|n2(|)+2 1 S|n2(p)‘0 5t~ 15,7.

3amaua 9.
Haiit poTOp M TUBEPICHIINIO BEKTOPHOTO TOJIS

a=7°7 +32° j+ (2xz +6yz +1272°)k B Touke My(3,4,7) .

SIBnsieTcsa JAHHOC IT0JIC MIOTCHIHWAJIbHBIM WJIN COJICHONAAJIbHBIM ?
Pemenue .

I[I/IBepFCHIJ;I/ISI BCKTOPHOI'O ITOJIA
da, a, da, _
. PR > =0+0+2x+6y+24z.
B touxe Mo(3,4,7)
diva=2-3+6-4+24.7=198.

POTOp BCKTOPHOTI'O ITOJIA
— oa,. da - ca
rota = oy oz )i+ (—Z—
=(62-62)i +(2z-22)7 +(0-0)k = 0
B JIIOOOM TOYKE U B TOUKE My .

JlaHHO€ BEKTOPHOE MOJIE SABJISACTCA NOTCHIIUAIBHBIM, T.K. rota =0.

diva =

a, - (é’ay é’ax)];_
I+ ox Oy~

bubanorpadguyeckuii CIUCOK.
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