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1. BBenenue

Hacrosmue meroanueckue ykazaHusl MPEIHA3HAYEHBI U1l OKA3aHUS TTOMOIIH
CTYJICHTY B €ro paboTe Mo U3yYEHUIO CTPOUTEIHHOM MEXaHUKH MPOCTPAHCTBEHHBIX
CUCTEM.

C »oTOM UEenpl0 CTYAEHTY Mpenjaratorcsi oOlmme ¢ TEeMaTUYeCKHe
METOJIMYECKHE YKa3aHWs, KOTOphle OyAyT HampaBisATh €ro ACSTENIbHOCTh 110
NpUOOPETEHUIO0 3HAHWW, YMEHWH W HABBIKOB B PEIICHWU THUIOBBIX 3aJady IO
M3y4aeMOW TUCLUIUIMHE.

Peanmnszannss MeTOOMYECKUMX YKAa3aHWM IPOMCXOJUT B XOJ€ NPAKTHYECKUX
3aHATAA W BBIIOJHEHUS JOMAIIHUX 3aJaHWul, CBA3AHHBIX C 3aKpEILUICHHEM
MOJYYEHHBIX HA 3aHATHUSX 3HAHUM W YMEHHUM, a TaKKE MOATOTOBKOM K KaXIOMY
MPEACTOSMEMY 3aHATHIO. J[JI1 ATOro KaXaoMy CTYAEHTY Ha MNPOTSIKEHHH BCETO
y4eOHOro nepuoja BbIIAIOTCS CTPOr0 MHAUBUAYATIbHBIC 33JaHUs, KOTOPbIE JTOJIKHBI
OBITh BBIIOJIHEHBI HETTOCPECTBEHHO B XOJI€ MPAKTUYECKUX 3aHITHH.

PaGora Han BbIJAaHHBIM WHIWBHUIYAJIbHBIM 3a/IaHMEM BENETCS B BUJC
CaMOCTOSITENIbHOM  pabOThl NpU  KOHCYJBTATUBHOW IOMOIIM IPENOJIaBaTesl.
Pe3ynbratom 3T0# paboThI SIBIISIETCA YCBOCHUE AITOPUTMOB PELICHUS TUIIOBBIX 3a7a4
CTPOUTEIIBHOM MEXAHUKHM, a TaKXke s3bIKa OIMCAaHUS pACUYETHBIX CXEM U
0003Ha4YEHUH, UCIIOJIb3YEMBIX MPU (POPMYIUPOBKE MATEMATUUECKUX 3a]1a4, KOTOPbIE
SABJISIFOTCS CIEACTBUEM NPUMEHEHHSI METOIOB CTPOUTEIIBHON MEXAHHKH.

BaxxHO TOAYEpKHYTh, YTO MpPUOOpETaeMble B XOJ€ MPAKTUYECKHX 3aHSATHI
3HAHWUW, YMEHHMM W HAaBBIKOB SBJISIOTCS OCHOBOM [JIl NPUHATUS PELICHUN TpPH
IIPOEKTUPOBAHUM  3JAaHUM M  COOPYKEHHMM B KypCOBOM U  JUIUIOMHOM
MPOCKTUPOBAHUK. B YacTHOCTH, yMEHHE MNPAaBWIBHO M OBICTPO CTPOUTH SIIOPHI
YCWIMM TapaHTUPYET [OCTOBEPHYIO HCXOJHYI0 HH(OpMaLWI0 Mg ONpeAesIeHUs
CEUCHUM HECYIIHX JIEMEHTOB KOHCTPYKIUU.
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TeMbl IPaAKTHYECKUX (CEMHUHAPCKUX) 3aHATHI

n/n
6 cemecTp
1 |IIpumep pacyeTa cTaTUYECKHU HEOMIPEAECIUMOMN (hepMbI
2 |llpumep pacyera CTaTHUECKH HEOTPEACIUMOM apKu
3 |[Ipumep pacuera cBOAYATHIX KOHCTPYKIMN, HAXOAUIUXCS B YIIPYTO# cpejie
4 |T'mOkas pacTsiHyTas HUTb KaK HECYUIUH 3JIEMEHT. YpaBHEHHUS PaBHOBECUS U
aedopMaIiy MoJI0roi MpOCTPaHCTBEHHOM HUTH
5 |CTepKHEBbIE CUCTEMBI KaK CHCTEMbI C KOHEUHBIM YUCJIOM CTETIEHEH CBOOO/IBI.
OcHOBHbBIE YpaBHEHUS! CTPOUTEIBHON MEXaHUKH JIJI CTEPIKHEM
6 |Cratuko-reomerpuueckas anajiorus. [locTaHoBka 3ajadu CTPOUTENBHONM MEXAaHUKU U
o61ua51 CUCTCMaA IJI €€ PCIICHUA
7/ |YpaBHeHUs 751 pelICHUS HEIMHEWHBIX 3a/1a4 CTPOUTEIbHON MEXaHUKU
8 |OcHOBHBIE MOJOKEHUS METOZa KOHEUHBIX 3JIEMEHTOB
9 |[[Ipumep mnpumenenus MKD nns  pemreHus TPOCTPAHCTBEHHBIX 3313y
CTPOUTEIIBHON MEXaHUKH
10 |PacueT TOHKOI MIACTHHBI HAa MONIEPEYHBINA U3THO
11 |PacyeT TpeXClIONHOM MJIACTHUHBI C JIETKUM 3aTlI0JIHUTEIEM
12 |[Ilpumenenune mnodyaHaauTH4Yeckoro Bapuanta MKD nmns  pemenus
IIPOCTPAHCTBEHHBIX 33144 CTPOUTEIBHON MEXAHUKHU
13 |J/luneiinble ypaBHEHUS I TOJIOTHMX YIPYTrUX O00O0JOYeK B JEKapTOBBIX
KOOpAMHATax
14 OCHOBBEI pacu€Tta NpUIMATHYCCKUX TOHKOCTCHHBLIX TOHKOCTCHHBIX CHCTEM II0 MCETOAY
Bnacosa
15 |[IpumMepbl npUMEHEHHS METOAa MPEIeIBHOTO PAaBHOBECHUSI
16 |[Ipumepsl NpUMEHEHHS METO/IA TIPEIETLHOTO PABHOBECHS
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IIpakTnyeckue 3anaTus 1-8
IIpumep pacyera cTaTHYECKH HeompeaeaumMon gepmbl
1. Pacuér craTuyecKH HeonpeaeauMbix gpepm

PaccMoTpuM pacueT cTaTMUecKH HEONpPENeNUMbIX (epM 1o MeTony cuil. Pacuer
HAUMHAETCSl C OINpEACNICHUs] CTENEHU CTAaTUYECKOW Heolpeaenumoctu. Bcerogy B
JaJIbHEHIIIEM MPEATNOoIaraeTcs, YTO UCXOJAHBIE CUCTEMBI SIBIISIOTCS HEU3MEHSEMbBIMHU.
OmnpenenuM cTeneHb CTATUYECKON HEOMPEASIUMOCTH sl pepM, N300pakKeHHBIX Ha
puc. 1.9, mo popmyne n=s — 2K, rue K — 4ucio y3:10B hepMbl; S — YUCIIO CTEPIKHEH,
BKJIIOUasi onopHeie: a) N=14 — 12=2; 6) n=39 — 38=1; B) n=32 — 30=2; ) n=40 —
36=4.

[locne ompeneneHuss CTENEHU CTATUUECKOM HEONPEAETUMOCTH BBIOMPAETCS
OCHOBHas cucteMa. Jlanee cocraBisieTcs cucTeMa KaHOHUUECKUX YPaBHEHHUH (YUCIO
KOTOPBIX PaBHO CTENMEHH CTATUYECKOW HEOMPEIeINMMOCTH), €3 KOTOPBIX
OTIPENICIISIIOTCS JIMIIIHUE HEeU3BECTHBIC (YCWIIUSI B OTOPOIICHHBIX CBA3sX). Tak Kak B
HIApHUPHBIX  (pepMax BO3HUKAIOT TOJBKO MPOJOJIbHBIE CUJIbL, B (hopmysie Mopa npu
OTIPEICTICHUN E€IWHUYHBIX M TPY30BbIX MEPEMEIICHUN COXpPaHsSETCS TOJIBKO OJUH
yjieH, 3aBuUcAlME OT mpoaoibHbIXx cuil N. Ilocme Toro kak HailieHbl JUIIHHE
HEU3BECTHBIE, YCUIIUS B OCTAJIbHBIX CTEPXKHAX HaXOAATCA 10 GopmyIie

N =N®+N,X, +N,X, +...+N_X_ (1.1)

PaccMoTpuM mocienoBaTebHOCTh pacyéTa Ha MPUMEPE JIBAXKIbl CTATUYECKU
HeonpenenumMoil pepmbl, n3o0paxeénHoil Ha puc. 1.9, a. Ha puc. 1.10, a nokazana
OCHOBHas cucTema. Pacmpenen€éHHas Harpy3ka 3aMEHEHA COCPEIOTOYCHHBIMU
cwiamu P=qd=4q. CocpenoToOYCHHbIC CHIIbI, MPUIOKCHHBIE K ToukaM 1 u 4 He
MOKa3aHbl, TaK KaK JTH CWIBl HE BBI3BIBAIOT ycuwiuii B (depme. Cucrema
KAaHOHUYECKHUX YPaBHEHUH /711 OCHOBHOM CHCTEMbI UMEET BUJI:

0 X, +0,X,+A, =0;
{521x1 +0,X,+A,,=0.

JIns BBIYMCIEHNS €IMHUYHBIX U TPY30BBIX NIEPEMEIICHUIN ONPENEIINM YCUIINS B

cTepxHsaX Gepmbl oT X1, X, 1 Harpy3ku P. Berauciaum Sin 0=3/5=0,6 Cos 0=4/5=0,8.
.a)

Pucynok 1.9
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Pucynok 1.10
Bripesas y3en 4 (puc. 1.10,0), onipeaenum N34 1 Nyg:
D> X =-0,8X,-N, ,=0;N, , =-0,8X,;

DY =X, +0,6X,+N, ;=0;N =, ;=—X,-0,6X,.

[IpoBoas ceuenue 1-1, momyunm
>'M ,=X,-4+0,6X,-4+N, ;-3=0;N, ;, =-1,333X, -0,8X,;
DY =X,+0,6X,-N;-0,6=0;N, ; =1,667X, + X,.
[IpoBoxs ceuenue 1-2, Beranciaum Nz 7:
DY =X, +0,6X,-4q+N,_, =0;N, , =—X, —0,6X, +4q.
[IpoBoas ceuenue 2-2, MoIy4nm
> M ,=X,-4-N, ;-3=0;N, ; =1,333X;
>M ,=X,-8-4q-4+N,_,-3=0;N,_, =-2,667X, +5,333q;
> Y =X,-49-N,,-0,6=0;N, , =1,667X, —6,6670.
[TpoBons ceuenue 2-3, onpeneaum Nog:
DY =X,-8q+N,,-0,6=0;N, ; =—X, +8q.
[IpoBoas ceuenue 3-3, MOIyInM
DM =X,-12-4q-4-4q-8+ Ng_¢-3=0; Ny =—4X, +160;
DM (=X,-8-4q-4-N,,-3=0;N, , =2,667X, -5,333q;
DY =X,—4q-49—-N, ;-0,6 =0;N, , =1,667X, —13,333q;

[Tomaras B mpuBenéuusix opmynax X;=1, X,=0, q=0, monyunm ycumnus BO

BCceX cTepxkHAX OT X;=1. AHaIOrMYHO MOTYT OBITh HaijieHbl ycuius oT X,=1 u
Harpy3ku. [Iporiecc momyderus: ko3hGUIIMEHTOB KAHOHMYECKUX YpPaBHEHUN yI0OHO

MPOBOJIUTH B TaOmuHO# opme (Tadi. 1.1).

[locne Toro kak HaWaeHbl KOI(DPUIMEHTH KAHOHMYECKUX YpaBHEHUH,

COCTaBJIAICM CUCTCEMY
376,535X, +56, 741X, -1383,284q =0;
56,741X,+61,6X, -360 =0.

(1.2)
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Pemas  cuctemy  (1.2) otHocutrenbHO X; U Xy,
X,] [0,003084 —0,002841] [1383,2847 [4,164
{XZ}::{—O,002841 0,018850:}q[36 :|={—3,251}q'
HNmes 3HaYeHUS JIMIIHUX HCU3BCCTHBIX, BLIYUCIINUM YCHIIUSA BO BCCX CTCPIKHAX
dbepmbl o hopmyie (1.1)
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2. Pacuér craTuyecku HeonmpeaeJTUMOM apKu
[lepBoHaYaJIbHO OCTAaHOBMMCS Ha BBIOOPE OCHOBHBIX CHUCTEM JIJIsl pacuéra apok.
Jlist nByX1apHUpHOM apku Ha puc. 1.14,a mepBbli BapuaHT OCHOBHOW CHCTEMBI
MpEACTaBIsIeT CcO0OM  KpuBONMHEWHYO Oanky (puc. 1.146), BrOpon —
TpEXIIAapHUPHYIO apKy (puc. 1.146).
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Pucynoxl.14
[Ipu BTOpOM BapuaHTe pabOTa OCHOBHOM CUCTEMBI OJIMKE K paboTe 3aJaHHOM,
B pe3yJibTaTe€ 4Yero ajJropuT™M pacuérta OyaeT 0oJjiee YCTOWYMB MO OTHOIICHUIO K
omuOkaM okpyrieHua. OJgHAKO TPU BTOPOM BapHAHTE IOCTPOCHUS DIIIOP
BHYTpPEHHUX Ooyiee TpPyHOEMKO, YeM TIPH HCIOJb30BaHUM TIEPBOTO BapHaHTa
OCHOBHOHM cucTeMbl. UeMm MeHbIe mojoroctb apku f/l, Tem Oosbimii pacmop
BO3HHMKAET B apKe, T. €. TeM OoJiblliee BIUSHHUE OKA3bIBAIOT HAa apKy MPOAOJbHBIC
cuibl. Biusinue ommOOK 3aKpyrieHUs YBEJIUUYMBACTCS C YMEHBIICHHEM TMOJIOTOCTH
apKd, TMOATOMY JUIsi OYEHb IMOJOTUX apOK MOXET OBITh PEKOMEHJIOBAaH BTOPOM
BApUAHT OCHOBHOM CHUCTEeMbl. B OCTaJIbHBIX CiydasX MOKET OBbITh HCIIOJIh30BaHa
OCHOBHAas CHCTeMa, IToKa3aHHas Ha puc. 1.14, 6.
Ha puc. 1.15 nzo0pakena cummeTpuyHas OecriapHupHas apka u Tpu BapraHTa
OCHOBHBIX CUCTEM 151 €€ pacuéra.
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Pucynok 1.15
[lepBeiii BapuanT (puc. 1.15,0) moaydeH w3 3agaHHOM TyTEM pas3pesa
nocepenuue. [Ipu 3ToM cuctemMa KaHOHUYECKUX YpaBHEHUM Oy/1eT UMETh BU]I
O X +0,X,+A,, =0;
Oy X, +0,X,+A,, =0;
053X+ A, =0.
Bo BTOopoMm Bapmante (puc. 1.15, 6) HeM3BECTHBIC IEPEHECEHBI B YIIPYTHI IICHTP, B
pe3yJbTare 4Yero CUCTEMa KAaHOHWYECKMX YPaBHEHMHM pacmagaercs Ha TpU
HE3aBUCHUMBIX YPaBHCHHUS:
511X1 +Ap = 0;
0, X, +A,, =0;
Oy Xy +Ag =0. (1.6)
[TonmoxkeHne yrnpyroro UEHTpAa B CHMMETPUYHBIX apKax HE 3aBUCHUT OT
BEJTMYMHBI TIPOJIOJILHBIX CHJI, TaK Kak IpH ACHUCTBUU X;=1 TIPOJOJIbHBIE CUIIBI PABHBI
Hym0. B momorux apkax mpojoibHBIE CHIIBI OKa3bIBAIOT HAWOOJbBIINEE BIMUSHHUE HA

S N
kodpbunmeHT “2, npuuéM 3TO BIHSHHE OyAeT TeM OOJBIIUM, YeM MECHBIIE
1moorocth. [loaTOMy BIHMSIHHUE MPOIOJIBHBIX CHJI MOXKHO YYUTBHIBATH TOJIBKO B 3TOM

ko3 dunmente. Ha koappunmeHt O MPOJI0JIbHAS CUJIA BIMSIHUS HE OKa3bIBAET, a Ha

K03 huLreHT %% 510 BAMSAHHE Te MEHBbIIIE, YeM MEHBIIIE TT0JIOTOCTh apKHU.

OcHoBHas cucTema, IOKa3zaHHas Ha puc. 1.15,6, Hanmuia MKUPOKOE
pacrpocTpaHeHue npu pacuére apok. OCHOBHAsl cuCTeMa B BHJE TPEXIIAPHUPHOMN
apku (puc. 1.15, 2) He mnojyuwsna HIMPOKOTO PACHPOCTPAHEHUS NPU pPacueTe
CUMMETPUYHBIX OECIIAPHUPHBIX apOK, TaK KaK IMOCTPOCHUE AIIOP BHYTPEHHUX CHUJI B
ATON cHUCTeMe CJoKHee, 4eM B KoHcoipHOM. Ha puc. 1.15, 0, e mokaszanwl aBa
BApUAHTa OCHOBHBIX CHUCTEM JUJIsi pacu€Ta HECUMMETPHUYHON OECIIapHUPHOU apKH.
Kanonuueckue ypaBHeHUS JJ1s1 00EMX OCHOBHBIX CUCTEM MMEIOT BUJ]
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Oy X +0,X, +03 X5+ A =0;
Oy Xy + 0, X, +0,,X;+A,, =0;
0y X + 03, X, + 0, X, + A4, =0.
HpI/I pacucTC II0JIOIrHX AapoOK ¢ HCIIOJb30BAHUCM OCHOBHOMU CUCTCMBI,

n3o0paxeHHor Ha puc. 1.15, 0, kodddunmeHT 0% MOKET HA HECKOIBKO TTOPSIAKOB
OTJIMYAThCS OT JPYrux TIaBHbIX Kodhdumuentos. [lpu pemieHun cuCTEMbI
KaHOHWYECKUX YPABHEHHM STOT KOIPPUIMEHT Kak Obl «IOIJIOLIAETY» BIUSHHUE
OCTaJbHBIX 4IEHOB. lIpum pemieHun cHUCTEMBI ypaBHEHHM C TNPUMEHEHUEM
KAJIBKYJISITOpa MPUXOJUTCS HCIOJIb30BaTh IUIABAIOLIYIO 3amsATyto. lloaromy s
pacuera HECUMMETPUYHBIX MOJIOTUX apOK MOXKET OBITh PEKOMEHJO0BaHA OCHOBHAS
cucrtema, n3oopaxkenHas Ha puc. 1.15, e.

WNuorna mpu pacuere apok Ha HEMOJBIXKHYIO, HAarpy3Ky OOKOBBIE IIApPHUPHI
CTaBSIT B Me€CTaX, IJIe MPEANoJaraloTcsl HyJIM B OKOHYATEIbHON 3MIOpPE MOMEHTOB.
[Ipu Takom moaxone OCHOBHas cucreMa Oyner HanOosiee OJM3Ka IO CBOEH padoTe K
3a1aHHOM. OTHAKO MOCTPOEHUE DIIOP BHYTPEHHHMX CUJI B TAKOM CUCTEME SIBIISIETCS
0oJiee TPYAOEMKOM 3a/1aueid.

[IpuBeneHHbIE BhIlIE COOOpPAXKEHUS IO BEIOOPY OCHOBHBIX CHCTEM OTHOCSTCS K
pacyeTy € HCIOJb30BAHHEM JIOTapU(PMHUUECKON JHMHENKH U KalnbKyIaTopoB. [lpu
ucnonap3oBaHud OBM, BBUIY BBICOKOM TOYHOCTH, KOHCOJIbHAasi OCHOBHAsl CHCTEMa
(puc. 1.15, 0) pnaer xopomme pe3yiabTaThl. [lpu wucnonszoBanuun SOBM
11eJIECO00Pa3HON OCHOBHOM CHCTEMOM SBJISIETCS Takasi, B KOTOpOH Hambojee mpocTo
CTPOUTCS 3MIOPbl BHYTPEHHUX CHi. OCh apKu SABJISETCS KPUBOJIMHEUHOM, MOATOMY
IUIsL  ONIpEeZeNIeHHs TIepeMelieHnid 1mo Mopy BO3HMKAeT MpoOjieMa BBIYMCICHUS
ONpENETICHHBIX WHTErpajoB. OTU HHTErPaJIb B OOJIBIIMHCTBE  CIy4yaeB HeE
BBIPAXKAIOTCS. B AJIEMEHTAPHBIX (DYHKIUSAX, MOITOMY MPU MPAKTUYECKUX pacyeTax
KPHUBOJIMHEIHAS OCh apKU 3aMEHSIETCSI BHUCAHHBIM MHOTOYTOJIbHUKOM, JJIsI KOTOPOTO
UHTErpasibl Mopa BBIUMCISIOTCS IO OOBIYHBIM TMpaBWjIaM: JMOO TO MpaBUITY
Bepemaruna, nmu6o mo dopmyne mnepeMHOXKEHUs Tpamnenui, jaubo mo Qopmye
CumricoHa.

3. OCHOBBI ME€TO/A TPEAECTBHOTO PABHOBECHS
3.1. [lonsATHE O IpEAEIBHBIX HArPy3KaX U MEXaHU3MaX pa3pylLICHU
PeanbHble KOHCTPYKIIMM TIPEACTABISIOT CO0OW B OOJBIIMHCTBE CIIy4acB
MHOTOKPATHO CTaTHYECKHU HEOIpEACIMMBbIE CUCTEMBI, MaTepuall KOTOPBIX 0OJagaeT
CBOMCTBOM IUIACTUYHOCTU. IJTO [J1a€T KOHCTPYKIHMHU JIOMOJHUTEIbHBIE PE3EPBBI
npouHoct. Ilocme Toro kak B HauOosiee JeOPMUPOBAHHBIX IJIEMEHTAX

HaIlps’KCHUA  OOCTUTAKOT MPCACIa TCKYUYCCTH, KOHCTPYKOHA MOKCT CHIC HCCTH
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JOTIOJIHUTENIBHYI0 HArpy3Ky 3a CYeT Mepepacnpe/iesieHusi BHYTPEHHUX CHUJ U UX
JOTIOJIHUTENIBHOTO BO3pacTaHus. M3 Kypca CONpOTUBICHUS MaTepHUaioB, HAlIpUMeEp,
U3BECTHO, YTO HJisi CHUCTEMbI, NOKa3aHHOW Ha puc. 10.1, a, CTEepKHH KOTOPOM
M3TOTOBJIEHBI M3 Marepuania ¢ jguarpammor  Ilpanarns (puc. 10.1,6), npu
JIOCTIDKEHUHM HANpPsDKEHUSIMU G TIpeliefia TeKydyecTd B Haubosiee HampsiKeHHOM
cTepkHe 101;=0; erle He MPOUCXOIUT HCUEpIIaHuEe HECYyIel ClIOCOOHOCTU CUCTEMBI.
OTHOCHUTENbHBIC YJJIMHEHUS € U €3 OyAYT MEHBIIUMH € U BO3MOXKHO JaJIbHEHIIIEE
yBeJIMUECHHUE Harpy3ku, npu kotopoi ycunmuss N, u Nz Oyaytr Bo3pacTtaTh mnpu

N;=const= o.F.

a) |

7977

Ny 6, Fy
13 2 1
[J-Z; N 3

d d [ d d
&) 6

67

&, ]

& & 67"3 ~2:6r F2

- ’ t 1”1‘61’.1
#7 p

U

Pucynok 3.1 — Cuctema, CTep»KHU KOTOPOH U3TOTOBJICHBI M3 MaTepuaa ¢

nuarpammon [Ipanariist
[Ipu mosiBIeHUM TEKYYECTH B CTEPIKHE 2 G,=C, HECYIas CIIOCOOHOCTh CUCTEMBI
TAK)KE€ €IIE€ HE HCUYEPIBIBACTCS, W JIMIIb ITOCIE TOTO KAaK HANPSKEHHUE TOCTUTHYT
MpeJiesia TEKy4eCTH BO BCEX TPEX CTEPKHAX, NAIbHEWIIEE BO3pACTaHUE HArpy3Ku
HEBO3MOKHO. COOTBETCTBYIONIAsA NpeAEabHAsA HArpy3Ka Prye, JUIA 3a1aHHON JBaKIbI
CTaTUYECKH HEOMPEACIIMMOM CHCTEMBI JIETKO HAaXOJHUTCSA, TakKkuM oO0pa3oM, u3

ypaBHEHUS paBHOBECUS ISl ipefesibHoro coctosiHus (puc. 10.1, B) > Ma=0:
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Pupen = 2 [(01F3)d + (07F,)2d + (o1F;)3d);

=2 (3F, 4+ 2F, + F,).

Pnpe,u - 4

IL]:’)YI‘I/IM HU3BCCTHBIM M3 COIIPOTHUBJIICHHA MATCPHUAJIOB IIPHUMCPOM SABJIACTCA

3aJja4ya U3ruda CTaTHYECKH HeompeaeauMon 0anku ot Harpy3ku P (puc. 10.2, a).

a)
P By é; ér
St I P
1/2 1/2 e oc Or
4) 6)
- P /M,,,, l”nped
a:\ { i %( N -
1/ . ”;’7 ' Mn/{ \Mnn
P _Mpp
T

Pucynok 3.2 - 3agaua n3ruda cTaTUueCKU HEONpEeAeIMMOM OanKku OT Harpy3Ku
P

[Ipy mosiBIeHMH TEKydyecTH B KpallHMX BOJIOKHaX HauOoJiee HaINpsKEHHOTO
cedeHus | emie He McuepnbIBAaeTCs Hecylas cnocooHocTs Oanku. [lpu nanbHeiem
YBEJIMYEHUHN HAarpy3Kd TEKy4eCTb IPOHUKAET BIriayOb CEUEHHS BIUIOTH 10 MOSBICHUS
B HEM IUIaCTHYEeCKOro ImapHmpa, korma M=M= oW, (Hamomuum, uro,
HaIpuMep, Ui MPSAMOYTOJIBHOTO CEYEHHUs COTJIACHO mocienaHen smope puc. 10.2, a
W, =253 =bh?/4)Ho u mpu 5TOM Hecymas CIOOCOOHOCTH OalKh He
ucyepnbiBaercsd. Cuctema Kak Obl IMPEBPAIAECTCd B CTATHUYECKH OIPEACIUMYIO U
reoMeTpuyecku HeuaMensiemyro (puc. 10.2, 6) mpu M,<M,,,. JIuie nocne Toro Kax B
ceueHMH 2 w3rubaromuii MOMEHT JIOCTUraeT »3HadeHus M,= M,,, cHucrema
npeBpaiiaercs B Mexanusm (puc. 10.2, B). I3 paBHOBecHs: MexaHU3Ma B MPEACIbHOM

COCTOSHHNH MOKHO OIIPCACIUT NNPCACIIbHYIO HAI'PY3KY

P“peﬂl Mrm
MZ - MnJl — 4 - 5 !

OTKyJa
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Pipey = 6M, /L.

AHanornyHasi KapTuHa OOpa30BaHUS MEXaHU3Ma TMPEJEIbHOIrO0 PaBHOBECHUS
HAOIO/IaeTCsl M MPU HATPYKCHHH IUIACTHH, 000JOYEK U OoJiee CIOKHBIX CHCTEM,
COCTOAIIMX W3 CTEPKHEH, IIACTUH W OO0OJOYEK W BBHINOJHEHHBIX W3 YIPYTo-
IJIACTUYECKOTO MaTepuaia.

Hanpumep, nipu paspylmieHuy mapHUPHO ONEPTOM NMPSAMOYTOJIbHOW IIJIACTHHBI,
3arpy>KeHHOM paBHOMEPHO pactpejieieHHoNn Harpy3koi (puc. 10.3, a), oOpa3yrorcs
MJIACTUYECKUE MIAPHHUPHI BIOJIb JIMHUM, MOKa3aHHBIX HA puc. 10.3, 6. AHamorudHo
npejiebHas Harpy3ka Jyisi 000JIOUKH BBI3bIBAET MOSIBJICHUE IIACTUYECKUX IIAPHUPOB
BJIOJIb HEKOTOpBhIX nuHUM (puc. 10.3, B), moyiokKeHUE KOTOPBIX, BOOOIIE TOBOPS,
3apaHee HEU3BECTHO.

3amMeTHM, YTO Harpy3ka B OOIIEM Ciydae XapaKTepus3yeTcs HECKOJIbKUMHU
rapamMeTpaMu M 3apaHee HEHU3BECTHBI HE TOJIBKO MEXaHW3M pPa3rPYKEHUs, HO U

HanboJiee ONaCHOE COYETaHHE HArPy30K.

c)

Pucynok 3.3 — Pa3py1ienne mapHupHO ONepToi MpsSMOYTOJIbHOM MJIaCTHHEI,
000JI0UKH

JUtst aHanu3a MpEeAeIbHOIO PAaBHOBECHS CIIOXKHBIX CHCTEM HCIOJIB3YIOTCS TaK
Ha3bIBAEMbIE CTATUYECKAs] U KUHEMAaTHUYeCKasi TEOPEMbI O IIPENETbHOM PABHOBECUH U
BBITEKAIONIME W3 HUX CBOWCTBA TPEACNBbHBIX HArpy3ok. B  paspabotky
COOTBETCTBYIOIIMX METOJ0B OOJIBIION BKJIAJ BHECIU pabOThl COBETCKUX YUEHBIX A.
A. I'Bo3zneBa, 1. M. PabunoBuya, A. P. P>xanuiibiHa 1 MHOTUX JIPYTHUX.

3.2. Teopemsl 0 npeneIbHOM PAaBHOBECUH
Cucrembl, HaxonsIIUECS B COCTOSSHUU TMPEIEIbHOTO PABHOBECHS, 00JIaJaroT

AKCTPEMAIBHBIMUA CBOWCTBaMU. BepHemcs BHauale K IpUMEpPY, MOKA3aHHOMY Ha
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pucynke 10.1, B. PaccMOTpuM IpPOHM3BONIBHOE CTATHYECKHM BO3MOYKHOE COCTOSIHHE,
KOTOPOE€ MOXXET U HE YAOBJICTBOPATh YPABHEHHSIM COBMECTHOCTH Je(opMariuii.
O4eBUIHO, YTO B JTaHHOM IIPUMEpPE IMPHU MPOU3BOJIBHBIX HAIPSDKEHUAX XOTS Obl B
OJIHOM M3 CTEp>KHEH HampsbKeHue OyJIeT MEHbUIE G;, U U3 YPaBHEHHS PAaBHOBECHS
> M=0 nomyuum aJii COOTBETCTBYIOIIEH cuibl P* 3HaueHne MeHblIe MpeaenbHOro
P*<Prpen-

Mo>HO 10Ka3aTh, YTO U B IIPOU3BOJIBHOM CIIydae YIPYTOIJIaCTUYECKOrO Teia
Harpy3ka, COOTBETCTBYIOLIAsl CTaTUYECKH BO3MOKHOMY COCTOSIHHIO, MEHBIIE YeM
npejaesibHasg. JTO M SBIsAETCA (POPMYIMPOBKOM cTaTHuecKol TeopeMbl. M3 Hee
BBITEKAET COOTBETCTBYIOLIMK METOJ OIPEACICHUs NPEACIbHON HArpy3KH Kak
HauOOoJbIlIEH, MPU KOTOPOM BO3MOXKHO paBHOBecHe cucTembl. [l cratuuecku
ONPENEIIMMON CHUCTEMBI TaKOW MOAXOA oOueBHAEH. Ho yke NpHMEHUTENBHO K
CTEPKHEBBIM CTATUYECKHA HEOINPEIEIUMBIM CUCTEMAM €T0 pealu3alnus HyKIaeTCs B
nosicienuu. Hanpumep, cuctemsl, nokazanHele Ha puc. 10.4, oquH pa3 cTaTHYecKH

HEOIPEIEIIUMBI.

2 g

ey ],

Pucynox 3.4 — OnuH pa3 cTaTUYECKA HEONPEICTUMBIC CHCTEMBI

B ympyroii craguu 3HadeHuss V=X mia cuctembl Ha puc. 10.4, a unmu H=X mis
cucteMbl Ha puc. 10.4, O JIerKO ONpEAENAIOTCS, HAlpUMEpP METOAOM CHJ, U3
ypaBHeHHH  coBMecTHOCTH  nedopmanmii. Ilocne mepexoma  cuUCTeMbl B
YOPYTOIMJIACTUYECKYI0 CTaJAUI0 3TH 3Ha4YeHus u3MeHstoTcs. Ho ayist BbIACHEHUs
BO3MOXXHBIX MPENIESIOB U3MEHEHUs (| U X JIETKO HaNucaTh YCJIOBUS — OTpaHUYCHUSI.
Hanpumep, amropa u3rudarommux MOMEHTOB JIJIsl CHCTeMbI Ha puc. 10.4, 6 umeeT BuU,
noka3aHHblid Ha puc. 10.5, a. OHa UMeeT ABe XapaKTEepHbIE OPJAUHATHI B C€UEHUSIX |

(wmu 3) u 2. bBynem npeHeOperath BIMSHUEM MPOAOJBbHBIX cuil N M cuuTath, 4TO
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mepexoa B COCTOSAHUC MPCACIIBHOIO PABHOBCCHA IIPOUCXOJUT, KaK U B 63J'H(aX,

BCJICACTBUC OOCTUIKCHUSA MOMCHTAMHU COOTBCTCTBYIOIIUX IIPCACIbHBIX 3HAYCHUMN

Pucynok 3.5 -
Torma mis momeHTa B y3i1e My umeem orpanndenns M;=Xh< M,,, oTkyaa
X < (51). (3.1)

JI1s1 MOMEHTA B CEYEHUU 2

ql?

M, = ?—Xh < My,

OTKyZa

q < 5 (Mg, + XR) (3.2)

HepapenctBamu (10.1), (10.2) cooTBeTCTBYeT 001aCTh CTATUYSCKH BO3MOKHBIX
3HaueHuid ( u X, moka3zaHHas Ha puc. 10.5, 6. B cooTBeTCTBUM CO CTaTHMYECKOU
TEOpPEMOW MpeAeNbHBIMA 3HAYCHUSIMU Harpy3ku ( Oyner qnpen:16MHn/|2 npu X=
=M,,/h (Touka Kk mmarpammsr). K Takomy ’ke 3HAYEHHIO (pe; MOXKHO HPHUTH B
pe3yibTaTe aHajau3a paBHOBeCHS MexaHu3Mma purenss pamsl (puc. 10.5, B) B

COCTOAHHUH IMPCACIIbHOI'O PaBHOBCCHUA

. (Al ! ql\ 1 _
mMe=0; (5);-(5)5—2Mum =0,
Otkyna
_ 2
QHpea - 16Mn11/l .
[TonoxxeHne ceyeHU C MaKCHUMaJlbHBIMM MOMEHTaMH HE BCETAa 3apaHee

u3BectHO. Hanpumep, mis 6anku Ha puc. 10.4, a onHO ceueHue OyaeT Haa onopoi |,
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a BTopoe B nponete (puc.10.6, a) Ha paccTOAHUM Z OT KpaiiHel onopsl. PaccTosinue Z
M3MEHSETCS TP YBEIMYCHUU HATPy3KH MOCIIE TIOSIBJICHUS TUIACTUYECKOTO MapHUpa B

ceuenud |.

a) %) g

Pucynox 3.6 — BapuaHT pacroioskeHus CeYeHUsI ¢ MAKCHMaJIbHBIM MOMEHTOM
OnHako Z MOXHO BBIpa3uTh uepe3 W X Tak Kak B CEUEHUH 2 C
AKCTPEMaIbHBIMH W3THOAIOIIMM MOMEHTOM TOTIepevHas cuiia paBHa Hyro: Q,=0, gz-
X=0, otkyma z=X/q.

3anuceiBasg orpaHuueHus st M u M,
12 2
M, = "7 — Xl < Myy; q < 5 (M, + XD) (3.3)

2
M, =Xz — % <M, (3.4)

U noacrasnss B (10.4) Beipaskerue z=X/(Q, MOIyInM
q > X*/2My,. (3.5)
MHoxecTBO 3HaueHU ( U X, yIoBIeTBopsronmx HepaBeHcTBaM (3.3), (10.5),
moka3zaHo Ha puc. 3.6, 6. CoracHO CTaTHUYECKOW TeopeMe NpeaesIbHOEe 3HAYCHHUE
Harpy3Kd paBHO HaHOOJBIIEMY 3HAYEHHIO Qe =11,6 M,/ I? mpu X= 4,82 M, /l.
JpyruM HMHCTPYMEHTOM WCCIEAOBAHUS TPEASIHHOTO PABHOBECUS SIBIISACTCS
KHHEMaTHYeCKass TeopeMa, COTJacHO KOTOPOWM Harpys3ka, COOTBETCTBYIOIMIAS
KHHEMATHYECKH  BO3MOKHOMY COCTOSIHHMIO, OOJbINe, YeM TmpenaeiabHas. B
KHHEMATHYECKOM METOJIe, OCHOBAHHOM Ha ATOW T€OpPEME, CPAaBHUBAIOTCS BEIIMYUHBI
Harpy30K, COOTBETCTBYIOIIMX  pPa3IMYHBIMH  KHHEMATHYCCKH  BO3MOXHBIM
COCTOSIHUSIM ~ CHCTEMbI, U W3 HHUX BBIOMpaeTCs HaumMeHbllee. B coderanuum co

CTaTUYECKOU TEOPEMOM ATO AET OLUECHKH IS PEAEITbHON HATPY3KU CHU3Y U CBEPXY.
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[Ipu wuccnenoBaHMM KHHEMATHYECKH BO3MOXKHBIX CXE€M  MPEAENbHOTO
paBHOBecHsl OyJeM HCIONb30BaTh MPUHIUI BO3MOXHBIX mepemernieHuil. [lpu
pacdere paMm OyneM mpeHeOperaTh BIMSHHEM MpooibHBIX cuil N m m3rubarornue
MOMEHTBl M,;;, COOTBETCTBYIOIIIUE TMOSBICHUIO TIACTUYECKHUX IIAPHUPOB, CUUTATDH
TaKUMHU ke Kak U B Oankax. CocTaBisis BhIpaXKEHUsI BO3MOKHOM pabOThl MEXaHU3Ma,
HEOOXOJUMO yYeCTh pabOTy BHEIIHUX CHI ) PyA; U paboTy BHYTPEHHHX CHII —
MOoMeHTOB M; B IuiacTudeckux maphupax - ;M;6;, rae yrom 6; — yron,
XapaKTePU3YIOIINH BO3MOXKHYIO JIehopMaIlMIo B J-M IapHUpe. Takum oOpa3om, st

0001 KMHEMAaTHYECKOW CXEMbl MEpEeMENICHU paMmbl OylieM HMETh ypaBHEHHE

D Pl = ) M6 =0
T 7

paBHOBECHS

N

bynem paccMmarpuBarth Tak Ha3bIBAEMOE MPOCTOE HArpyKEHUE, KOrJa CHJIbI
BO3pAacCTarOT MPONOPLMOHAIBHO OJHOMY IapameTpy, ISl ONPEAEIICHHs TPEAEIIBHOIO
3HA4YEHUsI KOTOPOTO U COCTaBIISIOTCA ypaBHeHMs paBHOBecus (10.6). IIpu sTom BO
BCEX IUIACTMYECKUX MIApHUpaX HJAET pa3BUTHE IUIACTUYECKUX AepopMainuii, T.e.
cinaraemple  M;6; MOKHBI OBITH  TOJOKMTENbHBIMU. YHCIO KHHEMATHYECKH
BO3MOYKHBIX COCTOSIHUI 3aBUCHUT OT YMCJa XapaKTEPHBIX CEYEHUMN, B KOTOPBHIX MOTYT
00pa30BBIBAThCA IJIACTHUECKHUE MIApHUPBL. [Ipu MCHOIB30BaHUM KHHEMATHYECKOIO
MeTola B OOLIEM cllydyae HET HEOOXOAMMOCTH B MPEIBAPUTEIBHOM pacuere IO
VOPYro CTaAuM W aHaAJIKU3€ I[OCJE0BATEIbHOCTH OOpa30BaHMS IJIACTUYECKUX
IIAPHUPOB, 4YTO, HAmpuMmep, ObUIO CAeNaHO B MpeablAylleM maparpade mpu
ONpeJeIeHUH TPEIeIbHOTO 3HAUeHUsI HAarpy3ku aiisa Oanku(cM. puc. 3.2). Beipaxkas
JUTS KaXXJOr0 KAUHEMATHYECKH BO3MOKHOIO COCTOSIHMSA nepemMenteHust Ay u yriisl 6;
yepe3 OJMH MapamMeTp W COKpaimias Ha Hero ypaBHenus (3.6), mnomydaem
COOTBETCTBYIOIUE 3HaueHus P*>P...,. BpiOupas u3 HuX HauMeHbIIEE, IOIYyYUM

A Pypey OLIEHKY CBEPXY.
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PaccmoTpuM, HampuMmep, 3a1ady ONPEAENECHUS NPEAEIBHOTO 3HA4YeHUsA P,
Harpy3Ku W3 ABYX OJMHAKOBbIX cui P mmsa pamsl (puc. 3.7, a). MexaHusMm 37ech
MOJKET OBITH 00pa30BaH IMOCIIE MOSBICHUS MJIACTUYECKUX IIAPHUPOB B CEUEHUSIX 1, 2
U 3, IpUYeM JOCTAaTOYHO IMOSBJICHUS LIApHUPOB B JABYX cedyeHHsX. Hampumep,
ypaBHeHus (3.6) paBHOBecHsl Me€XaHU3Ma, Moka3zaHHOro Ha puc. 10.7, 0, 3anuiem
yepe3 0:0, =0, = 0; Aj=A,= hO; 2P;A= 2M,0, otkyna npu A= hf mnoiydaem
P =M, /h.

W3 ypaBHEHUs paBHOBECHS BTOPOro MexaHu3ma (puc. 3.7, B)

P(hO) + P(2h0) = M,,0 + M0

[Tomyuaem P, = 2M,,,,/3h.

Bribupas u3 Beipaxkenuit P = M, /h u P, = 2M,,,/3h HauMeHblIee 3HAUYCHNE,
nomaydaeM Pppe,<2M,;/3h. B 3Toil 3amade HECIOXKHO [OKA3aTh, YTO IIOIyYEHHOE
3HaueHue P, Oyaer mpeaenbHbIM. JlefCTBUTENHHO, paccMaTpuBas MEXaHHU3M (pHC.

3.7, T) ¢ mpou3BOJbHBIM 3HaueHueMm 6, = k@, rae 0<k<l, momyuum ypaBHEHHE

paBHOBECHS
PhO + P(2h60 — kh8) = M0 + M, kO + M,(0 — kB),
Otkyna
P=ren

[Tockonbky K He MokeT OBITH OTPHIATEIBHBIM, TaK KaKk B TOM CiIydae
oTpuliateiabHas pabora MmomeHTa M,, HauMeHbIllee BO3MOXHOE 3HadeHHe P paBHO
2M,/3h. B 3T0M MOXHO yOEIUTHCS, UCTIOJIB3YSI CTATHYECKYIO TEOPEMY.

CormacHo puc. 3.8, a ycmoBusi orpanuyeHus st Mj;, M, M; wumeror
CIEIYIOIINI BUA:

M; = 3hP — X1l < M,;
M, =Xl — hP < M,;
M; =Xl < M,

N

1
P<—WM X1);
< 3h( r[f[+ l))
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P> (X1 = My,); (3.7)

X< M,
a) o) — d’p "
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Pucynok 3.7, 3.8 - Ctarnuecku BO3MOXKHbIC 3HaYeHUs TapameTpos P u Xl
Hepasenctsam (3.7) cOOTBETCTBYET 00JIaCTh CTATUYECKU BO3MOXKHBIX 3HAYCHUM
napametpoB P m Xl, mokazanHbpix Ha puc. 3.8, 6. MakcuMaJbHOE BO3MOXKHOE
sHauenue P = 2M,,/3h. Takum 00pasom, nonydeHHoe 3HaYeHue By, = 2My,/3h
SBJISICTCS TIPEICTTLHBIM.
AHAJOTMYHO HCCIAEAYIOT M MEXaHU3Mbl TPEJEeIbHOTO paBHOBecUsi OoJee
CJIOKHBI CTEP)KHEBBIX CHCTEM, IUIACTHUH, 000y04eK. BBHIYy OOJIBIIOTO KOJIHYECTBA

BO3MOXHBIX cOCTOsIHUM DBM 1 coBpeMeHHbIE MaTeMaTUYECKHE METOIBI.
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