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HexkoTtopsie mpuMepbl pemieHns 3a1a4 MaTeMaTUIeCKON (DU3UKH.

1.

Pemenue 3aJgavyu o KO0JIeOaHUSX CTPYHLI.

Kak u Bcsixoe muddepeHnmnansHoe ypaBHeHue, ypaBHeHnue (*) numeer oec-
KOHEYHO MHOTO PELIEHUN U JUIsl HaXoxkJeHus pyHkuuu U(X,t), omuceiBaromei
KoJIe0aHUsI HEKOTOPO KOHKPETHOM CTPYHBI, HY’KHO BBIIEIUTh U3 3TOTO CEMEN-
CTBa OJTHO, MIMEHHO JUIsl 3TOM CTPyHBI. I 3TOr0 HY’KHO UCXOIUTh U3 HEKOTO-
PBIX UCXOJHBIX YCIOBHM.

Bo-nepBeIX, B HallleM CiIy4yae CTpYHA 3aKpeIljieHa 3a JBa KOHIIA B TOYKAaX X
=0 u x = |. Torga cMemnieHus B 3TUX TOYKaX B JHOOOH MOMEHT BPEMEHU PABHO
0:

u0,t) =0; u(l,t)=0 (2)

Otu ycnoBus (1) Ha3pIBalOT KpaeBbIMU (TPAHUYHBIMH) YCIOBUSMHU 3aJa4H.

OOBIYHO 3a/1al0T €lle HEKOTOpble HayalbHble YycioBus. Hampumep, B
HavyaJIbHbI MOMEHT BpeMeHU t = 0 U3BECTHO CMELIEHUE JIF0OOK TOUKU CTPYHBI U
M3BECTHA HAYaJlbHasg CKOPOCTh JIFOOOW TOYKU CTPYHBI, YTO BBIPA3UTCS paBEH-
CTBOM:

u(x,0) = f(x) (2)
@—“j = 0(¥) 3)

rae f(x) u ¢(x) — u3BecTHbIC HYHKIINH, Z—l: - CKOPOCTb.

Takum 00pa3oM, pelleHrne 3a/1aun O KOJIeOaHUU CTPYHBI CBOJIUTCS K pellie-
HUIO auddepeHImanbHOro ypaBHeHus (*), T.e. K HaXOXIEHUI0 (YHKIUU 2-X
MEPEMEHHBIX U(X,t), YIOBIETBOPSIOINKA KpaeBbIM yCIOBUSAM (1) m HadalbHBIM
ycinoBusiM (2) u (3). Cy1iecTByeT HECKOJIbKO CTIOCOO0B perieHus: ypaBHeHUs ().
Paz6epem meton dypbe (paznenecHue NepeMeHHbIX ).

Bynem uckath pernieHue B BUje MpOU3BEACHUS IBYX QyHKIUN

u(x,t) = F(x) - d(t) (4)

F(X) — 3aBucuT TOJIBKO OT X, D(t) — TONBKO OT t.

[ToncraBum (4) B (*). T.x. Z;l;= F'(x) - D(1), —g= F(x)®"(t), To F(x) -

82
ot
D"(t) = a® F"(x) - O(t) =>
D"(t) — a2 F"(x) (5)
(1) F(x)

JleBast yacTp (5) 3aBHCHUT TOJIBKO OT 1, mpaBas — TOJIBKO OT X, HO T.K. OHH
paBHbI Tipu J00BIX T > 0 1 m100b1X 0 < X < |, TO paKTHYECKH OHU HE 3aBUCAT HU
OT i, HH OT X, T.€.

o'(t) _F'(x)
a’o(t)  F(x)

= C =Const (6)




Yucno C MoxeT ObITh TOJBKO oTpuliatesbHbiM C < 0.
Ecau C > 0, To HUKaKoro koyie0aTeIbHOTO Mpoliecca He Oy/IeT.
HetictBurensro, npu C > 0 moxem cunrath C = b2 Torga umeem us (6)
F™) _p2 s F'(x) — b2 F(x) = 0 7
F(x)
DTO0 NUHEHHOE OJJHOPOIHOE ypaBHeHHe 2-1o nopska. k% — b? = 0 — ero xa-
PaKTEPUCTUYECKOE YPaBHECHHE.
k1 = b&
K, =-b ero xopuu. Torna pemenue (7) umMeer BUT
F(x) = C1&™ + C,e™™ (8)

Hcnonp3yem kpaesbie ycmoBus, T.e. uTo u(0,t) = 0; u(e,t) = 0 mpu r060M t.
Torna u3 (8) umeem
0= Clebo + Cze_bo{
0= Cleb' + Cze'bl

0=C+GC,
wm 0= Cqe? + Cre™®

Cy = —Cy. U3 2-oro C1e” — C1e®' =0 => Cy(e” — e® )= 0=>Cy = 0 Torga
C,=0=>

F(x)=0.

Ho Torma u u(x,t) = 0 (mpu mrob6om t), T.e. KoneOaHui HET.
Ectu C=0, 10 F'(x)=0. F'(x) =C. F(x) = C1x + C,. U3 KpaeBw{ycnomﬁ 0=
C.

0=

Cie+Cr,=(C=0

Cuoga F(x) =0, u(x,t) = 0 => xonebaHwuii HET.

Urak, Bo3moxno muib C < 0. O6o3naunm a1 ynooersa C = —b?,

Torna u3 (6) umeem aBa TUHEHHBIX AU GEPEHITUATBHBIX YPABHEHUS 2-0T0
MOPSIJIKA C MMOCTOSTHHBIMU KO3 UITMEHTAMU:

F'(x) + b2 F(x) = 0 )
®"(t) + a2b? D(x) = 0 (10)

9)—10) => k2 + b2 = 0 klzzibi
k? + (ab)>=0 ki = % abi KOPHH XapaKTepPHCTH-

YECKUX YPABHECHUM.

HOTOMy peiCHUA UMCIOT COOTBETCTBCHHO BHU:

F(x) = C; cos bx + C; sin bx (11)

®(t) = 11 cos abt + I, sin abt (12)
[Toacrasnsst (11) u (12) B (4), nofydyuM perieHre ypaBHEHUs CTPYHBI (*)

u(x,t) = (Cy cos bx + C; sin bx)( 1 cos abt + JI, sin abt) (13)

Ot0 obmiee pemenue ypaBaenus (*). Merop pemenus auddepeHimansHo-
rO ypaBHEHUS 2-0T0 MOPSI/IKA B YACTHBIX MPOU3BOIHBIX (*) IMTyTEM €ro CBEJCHUS
K pEeIeHuo 2-X 0OBIKHOBEHHBIX TMHEHHBIX MU PepeHInanbHbIX ypaBHEHUN
BTOPOTO Mopsiika 01 mpuMeHeH Dyphe M HOCUT ero Ha3BaHue — MeTo Dyphe



pazneneHus nepeMeHHbIX. OH MHUPOKO MPUMEHSIETCS B ypaBHEHUSX MaTeMaTH-
YeCKOU (PU3UKU.
[IponomxuMm pemenue. Hama KOHKpeTHass CTpyHa 3aKpersieHa W B pellle-
HuH (13) 3T0 HYXHO ydecTs, T.e. u(0,t) = 0, u(l,t) = 0. 13 (13) BugHO, YTO B TOY-
kax X =0 u X = | gomkeH paBHATHCS 0 MHOKHUTEINbD, COJICPIKAIITHUH X, T.C.
{ Cicosbx+Cyrsinbx=> C;-1+C,-0=0
=> Cl =0
Cicosbl+Cysinbl=0 =>C;,sinbl=0
3necwk Cy # 0, T.K. mHa4ye cHOBa u(X,t) = 0 u kosieO0aHus HE OBLIO OBI.
Torna
sinbl=0 (14)
(14) MOXeET OCYIIECTBIISTBHCS TOJIBKO JIJISl ONPE/ICICHHBIX 3HaYeHUH b, T.K. |
(mmHa cTpyHbl) — moctostaHas. Torma bl = kn(k=0,+ 1;+ 2, ...). OTkyna
= kr. : 0, i— L 2% is—”, .o n—”;...
|’ I | I
b =0 cineBa NpUBOAMT K peIICHHUIO (X,t) = O — I[BI/I)KCHI/IH HET.
Ecnu B (13) moacTtaBuTh 3HaYeHHS b = I_ ub=— I , TO pa3HuIla OyJieT
JIUIIb B 3HAKE
y sin bX, Ho Hammuwe mpou3BoNBHON MOCcTOsTHHOW C, JenaeT 3TH JiBa pe-

IIICHUS OJMHAKOBBIMH.
3Ha4uT, 10ocTaToyHO Opath b > 0, T.c.

=T n=123,..)) (15)
Jlist kaxaoro n nonquM COOTBeTCTBy}omee penienne ypaBuenus (*).
un(X,t) = Cz(ﬂl cos 2T I +ﬂ2 sin ﬂe:ntjsm “—~ (h=12,.)
[Tonaras C; - 11 = Ay, C, - 2 = Bn, MoXXeM 3amnucaTh

Un(X,1) = [An o™t 1 5, ﬂ%t}ml_ (16)

T.k. B coctaB A, u B, Bxogsar Cy, 11 u Cy, 12 , TO OHU €CTh TPOU3BOJIBHBIE
ITOCTOSTHHBIC.
N3 (16) BuauMm, 4TO KaxkJaas TOUKa CTPYHBI C aOCIHCCOM X C TEUCHUEM

o~ mman
BpCMCHU t COoBCpHIacT KoieOaTeJIbHbIE JABMXKXCHUS C HaCTOTOU w = T U aMIIJIN-

. . nax .

Tynoi A=+ An’ +Bn’ sin e (oOmmii BHI KOJIEOATEIHLHOTO IBWIKEHUS Yy =

Cicost + Cysinot = /C} + CZ sin(wt + «) ). OTClo1a BUANM, YTO YacTOTa Kojeba-
an

HUS OJTMHAKOBA JIJIST BCEX TOYCK CTPYHBI (@ = - HE 3aBHUCHT OT X), aMILTUTY1a

KOoJIeOaHus IS KaXJ0W TOYKM pas3Has. T.K. 4acTOTHI OJMHAKOBBI, TO MAaKCH-
MaJbHOTO OTKJIOHEHUSI BCE TOUYKH JOCTHTAIOT B OJMH M TOT K& MOMEHT BpeMe-
HU. Bce konebarenbHble IBIKEHUS Uy(t) HOCAT HAa3BaHUE COOCTBEHHBIX KoOJieOa-
HUW WIA CTOSYMX BOJIH. DTO TaPMOHMYECKHUE KOJICOAHUS U TIOTOMY UMEIOT BU]I



CUHYCOHBI B TIOOOW MOMEHT BpeMeHHU. B 3aBUcMMOCTH OT N (HOMepa CTosiuei
BOJIHBI) 3aBUCHUT €€ BH]I.
Hampumep, npu n = 1,

ui(x,t) = (Al cosm%t + B, sin ﬂ%tjsin Iﬁ Ammumtyna A=, A? + B sin % , JO-

. X X T I
CTUTAET HauOOJIBIIErO 3HAUEHUS MPU Sin T =1, T.C. T = E = X= E- IIOCEPEUHE.

[Mpu mpubmmkennn k' X = 0 u x = | amumatyna
ymenbmaercss 10 0. Crosyas BOJIHA MMEET BUJ,
npu n = 2, Uz(X,t) = = ;\
2rat . 2mat) . 2 "
[Az cosl— + B, sin Tﬂajsm Tﬂx 0[\_[——-/’ o
2

. 27X
A=,/A? + B sin - Haubonbiiee 3navueHrne A nipu

2mx 7w g_1+4k

== 4 2kr. .k:O.x:I—;kzl,x:
I 2 | 2 4

5 o
ZI - HET TaKOM.

I | 3

IIpuy x = — sin—=0, Opa X=—

P 2 | P 4

273l .3
smT:sm E;z:—l HauMeEHbIllee 3HaueHue. B

I
TOYKEC X = E Y3¢ClI. Touka ocTaeTcsi HE MECTe Ipun

kojeOanusx. Ctosyas BOJHA UMEET BU, YKa3aHHBIM Ha BTOPOM PUCYHKE.
COBEpIICHHO aHAJIOTUYHO CTOSIYasl BOJHA MpU N = 3 UMEET yxe 2 y31a u

T.J.
Tak xak ypaBHeHue (*) eCTh OJTHOPOIHOE JTUHEUHOE, TO CyMMa €€ pelieHu
TOXE €CTh pElIeHUE U MOTOMY (PYHKIUS IPEICTABICHA PAIOM
& = nza . nma_|. nax
u(x,t) = Zun(x,t):Z{Aﬂ cosTt+Bn sin Tt}sml— (17)
n=1 n=1
TOXE €CTh pelIeHre ypaBHEeHUs (*), TOIBKO HY)HO TpeOOBaTh, YTOOBI ATOT Psij
MO>KHO OBLIIO MOYWIEHHO ABaXAbl AU depeHunpoBaTh. JlelcTBUTENBHO, TOTAA

2 2 0 2 0 2 0 2 2
ou  , 0% &y, ,&0%, {aun_zau

n

a = a = a
ot? ox? Zat2 Z ot? ox?

3 } =0, T.e. u(x,t) pemieHue
n-1 6X n=1

*). _

Ot0 pemieHue u(x,t) yIOBIETBOPSET KPAEBbIM YCIOBUSIM, T.K. UM YJIOBJIE-
TBOpsET J00ast u3 QyHKIwmid uy(X,t): u(0,t) = iun (0,t)=0, u(l,t) = iun (1,t)=0.
n=1 n=1

B cocraB pemenust (17) Bxomar mpousBoibbie K03 duuentsl Ap u By.
Bri6epem 3t k0d(pPUIUEHTH TaK, 4TOOBI BHITIOJHSINCH U HadalbHBIC



ycious (2) u (3): u(x,0) =f(X) n (%ﬂ =p(X).

s aTOTO HY>XHO, 4TOOBI PYHKIIMS U(X,t) U3 (17) yaoBiIeTBOpsIIA M.

U(x,0) =Y 4, sin @ - () (18)
Nrx — i(——A S|nn—7Zat @B cosn—ﬂatjsm n7x , TO
8t ) [ I I I
(aa—l:j =>'B, —sm I—m( = (X) (19)
t=0

Bcnomunas o pasioxenusx B psgasl Oypee pynknuit f(X) va [0,1], u3 (18)
u (19) BuAMM, 4TO MOXKHO CUUTATH

|
A, :IE [ £(xsin @dx (20)
B, - n:za ZJ- @(X)sin de WA
B, = —Igo(x)sin N 4 (21)
nza s I

Takum oOpaszom, dyukius u(x,t) u3z (17) ¢ koapdunuentamu A, u By,
onpeznensiembiM 1o (20) u (21), u ecth pemenne quddepeHunaIbHOro ypaBHe-
HUSI CBOOOJHBIX KOJIEOAHUU CTPYHBI, YIOBIETBOPSIOUIUX 3aIaHHBIM KPAeBbIM U
HaYyaJIbHBbIM yCIIOBUSIM.

Crnoco0 penieHus: Ha3bIBaeTCs "HAIO)KEHUEM CTOSAYMX BOJIH", T.K. MOJIyYa-
€TCSl CIIOKEHUE OTJEIbHBIX CTOSTYMX BOJIH.

Ecnu peub naeT o cTpyHe My3bIKaJbHOTO MHCTPYMEHTA, TO CTOSIYUE BOJIHBI
UMEIOT oTpeeNieHHbIN cMbIci. Kaxas crosiuas BOJIHA €CTh KoJeOaHUs! CTPYHBI,

BbI3bIBAKOIIasA OIIPCACICHHOC 3BYyYaHMUC. Yem OoJipllle YacToTa 3BYHYaHUSA O =
N7a

—— , TeM OoJIbllIe BBICOTA 3ByKa (3BYK TOHBIIIE), YeM OOJIbIIIE aMIUIUTyAa KOJe-
OaHus A, TeM CHIIbHEE 3BYK.

OkassiBaercs, yto npu N — o, A, — 0 u By, — 0, T.e. ¢ Bo3pacTanuem U
aMILIMTyAa A M, 3HAYNT, CUJIA 3ByKAa YMEHBIIAETCS, & BBICOTA YBEJINYUBACTCS.

Haubomnbiyto cuity umeer 3ByK, JOCTaBJsieMblid 1-0¥ CT. BOJIHOM mpu N =
1.

OH Ha3bIBaeTCs OCHOBHBIM TOHOM CTpyHbl. YacToTa KojeOaHHs ©1
HaUMEHbIIas, 3BYK CaMbIi HU3KUN. YacTOTHl ®2, ®3, ... - KOJEOAHUN CTPYHBI
HA3bIBAIOTCS YaCTOTAMHU OOEPTOHOB.

T.x. HacTosIIee KoJeOaHHEe CKIIAJbIBAeTCsl U3 OECUMCIIEHHOTO YHCIla rap-
MOHHMYECKUX KOJeOaHuM, TO M 3BYK CKJIaJbIBacTCsl U3 OECUMCIEHHOTO 4ucia
3BYKOB — OCHOBHOT'O TOHA U 00E€PTOHOB.

OO0epTOHBI BIUAIOT HAa TEMOP 3BYKa, OKPACKy OCHOBHOTO TOHA.



VY pa3nuuHbIX MY3bIKaJbHBIX MHCTPYMEHTOB OCHOBHOHM 3BYK U OOEPTOHBI
noI0MparoTCs MO pa3HOMY. B 3TOM cekpeT ux pa3iIuyHOro 3By4YaHHsl.

2.
KoneuHnasi crpyHa -- cxema pelieHust

U = @%uy, + f(x,6),0<x <1
Ule=o = uq ()
Utle=0 = Uz (X)
+ 'paHUYHbIe YCI0BUA
JBe rpanunbl x = 0; x = [
Ha xa)x10i1 13 rpaHull MOTYT OBITh CIEAYIOIIHNI TPAHUYHbBIE YCIOBUS:
lul= = @(t)
Iy lx= = P(2)
1 (e + AW = = P(E)
[ar 1. OOHyJIeHHE TPAHUYHBIX YCIOBHM.
U=rv+w
HyxHo HaliTH QYyHKIUIO W, KOTOPAash UMEET TaKHUe e TPaHUYHBIE YCIOBUS, KaK
1 QYHKIUA U.
Torna s pyHKIMM v ycnoBus Ha rpanuue oyayT = 0.
Mar 2. Tlomyuurts 3anavy Juist GyHKUMU V. B ncXoqHy10 3a/1a4y MOACTaBIsAETCS
u = v + w (w-HaleHHas PYHKIINSA)
W+ 0)=a*(W+ )+ f(x,1),0<x <1

W+ @)limo = us (%)

(W + @ )tle=o = U (%)
+ HyJIeBble TPaHUYHbIE YCI0BUs HA QYHKIUIO U
TO €CTh

Ve = a2 + T(X,1),0 <x <[, mme f(Xt)=a2wy, — wy + f(x,1)
V|ezo = Uy (%) — @ |¢=o = U, (%)

Velp=o = Uz (%) — @¢le=0=U,(X)
+ HyJieBble 'paHUYHbIE YCA0BUS Ha PYHKIUIO V.
[Iar 3.
[TosyuenHas 3a7a4a eiie pa30MBaeTCs Ha JIBE 3a1a4H.
A UMEHHO, pelieHre MIIeTcs B Bune V=V, +V,, TJe HOBbIe QDYHKIUH SIBISIOT-

CiA PCHICHUCM CIICAYIOIIHX 3a1a4.

v =a*y, ,0<x<I
tt xx

Vilemg = U (0
V1t|t=o=U2(X)
+ HyJIeBble FPAaHUYHbIE YCA0BUSA HA QYHKLHIO V,.
u



Vo = azvzxx + f(X,t),O <x<lI,
v2|t=0—0
V2t|t—0=

+ HyJ/1IeBble FPaHUYHbIE YCI0BUA HA QYHKIUIO V, .
Llaz 4
3agaya s QyHKLUUY V, pelIaeTcss METOIOM pa3/ieieHNs NepeMeHHbIX (N
nHaye Meto oM Dypre). Perienne uiercs B BUI€ MPOU3BEICHUS

v, =T(t)- X(X)
IToxacTaiiss 3T0 BeIpaKEHHUE B ypaBHEHHE A PYHKLIUU V,, TIOTydaeM
T"(t)- X (X)=a’T (t)- X"(x).
[opgenum o6e yactu Ha a°T - X

® _X'(X)

a’T(t)  X(x)
JlanpHeiiliee cBsA3aHO CO CIAEAYIOIIHUM YTBEPKIACHUEM.
Jlemma 1.
Ecmm f(X)=9g(y) VX=(X,-.-,X,), Y =(Yy,.-»Y,,), T0o f =g =const
HoxkaszatensctBo: Pukcupyem Y =Y, , Torna

f (X)=w(y,)=C =const.
Ho
g(y)=1f(X)=C = f=g=const. Y.T.x.
Kaxk cnencrsue Jlemmsr 1
' _ X'(x)
a’T(t)  X(x)
OTcrona mosry4aeM ypaBHEHHE OTHOCUTETBHO QyHKIUHU T (1)
I;: T"—a*CT =0
1 oTHOCHTEIbHO yHKIMU X (X)
IIy: X'"—-CX=0

W3 HyJIeBBIX TPaHUYHBIX YCIOBHUM K YpaBHEHUIO I [y HOOABISIOTCS YCIOBUS Ha
dbynkuuo X Ha rpanunax — 3to 3agayda lltypma-JInyBusis.
Pewmnts 3amauy HItypma-JInyBusuis o3HayaeT, 4To Hy)KHO HAalTH HETPUBHUAIb-

Hoe penieHne X(X) u onpeaenuTs C mpu KOTOPOU CYIIECTBYIOT HEHYJIEBBIE pe-
IICHUS.

= C =const

3anayga [lItypma-JIlnyBuiist UMeeT CYETHOE YUCIIO PAa3InIHBIX perieHnui {X,,} u
KaXXJIOMY PEIIEHUI0 COOTBETCTBYET KOHCTaHTA C,.
Jlanee Vn pemaewm ypasuenue Ir: T — a?C,T = 0
1 2
Ta(t) = an Ty (8) + b T2 (0)
= Vnvy, = T,X,



YpaBHEHHE TUHENHO = JNEHUCTBYET NPUHIUII CYIICPIIO3ULIUHN:

U = 2 T Xy
n

Koadduuments! a,,, b,, HaXOIATCS U3 HaYAJIbHBIX YCIOBHM

V1le=
tleso =ZTan
v1t|t=0

[lar 5.

v = ) (X,

JI71s1 BBIOJTHEHUS HYJIEBBIX HAYAJIbHBIX YCIIOBUH HA VU,

JIOCTaTOYHO noTpeboBaThb ¥,(0) = y,,(0) = 0.
Hannune pynkumii X,, o6ecriedMBaeT HyJIeBbI€ YCIOBHS Ha rpaHUIAX.
V, YIOBJIETBOPSAET YPABHEHUIO

Uy, = @%Vy, + f(x, 1)

D m®Xa | =@ ) ®%a ] +7 G0

t XX

Z V7’1’Xn = a® z ynX7,1, + f(xr t)
n n

D 0 = @Car) X = f(1,)

f(x,t) packnanpiBaercs B psix o X, (x)
f(x; t) =Xn fn(t)Xn(x)'

Torna 3amayga Ko Ha y,, (t): {

Yn (X5

12 2
Yn —a“Chyn = fn(t)
, S y) v, =
O =y =0 " 2
u=w-+v+v,
O 3agaue HI.-JI.

PaccmoTtpum 60osee obmryro curyanuto:3agady L.-JI cienyromero Buaa:
( Xee +p(0)X +q(0)X=CX,0<x <

@ npu x = 01 x = [ 0JHO U3 rPaHUYHBIX YCJIOBUU

[ X(0)=0umwmX() =0
HX'0)=0umX'()=0
\ I (X' + AX)|x=o = Oununpu X = [

[Ipennonoxunm, uto X; u X, — pemenue 3agaum [1.-JI.
Ilycts X; — peuieHue cooTBeTCTBYIOLLEe KOHCTaHTe C = (y;

10



X, — pellleHHEe COOTBeTCTBYyMIIee KOHCTaHTe C = C,, Toraal * | *
Xi" +pXi +qX, =G X,
X5 +pX; +qX, = C,X,.
YMHOXHM TIEpBOE ypaBHEHHUE Ha X, * el pax , @ BTOpoe Ha X; * el PA% y priarem
13 TMIEPBOTO BTOPOE.

el Pax(xI'x, — X' X)) + pel P (X1X, — X1X,) = (C, — C,)el P*X, X,
HeBon qaCcTb MOXXHO HpCI[CTaBI/ITB KakK HpOI/IBBOI[HYIO HpOI/ISBCI[eHI/IH

(e P& (X{X, — X5X,)) = (€, — C)e Px, x,
[TpounTerpupyem o6e yactu pasenctsa ot 0 1o |

l
e/ PEX (X1 ()%, (6) — X3(OX (D] = (€1 — C) j e/ Paxx, X, dt
0

el P ([(X (DX, (D) — X3 (DX (D] = (X1 (0X(0) = X3(0)X, (0)]
= (C, — Cy) j el Pdxyx X, dt
0

HpI/I JIIOOBIX YCIO0BHAX HA 'PAHUIAX JieBAdAd YdCTb IIOJIY4€HHOI'O paBEHCTBA
paBHa HYJIIO, CJICA0BAaTCIbHO

l
j el Pdxx X de =0
0

Beenem ¢yHKIHIO el pax = p(x), KoTOpst Ha3bIBaeTCsl BecoBol (pyHKIMEH. B
pe3yabTaTe Mbl OTYYHIN, YTO GYHKIUU X; © X, SBISAIOTS OPTOTOHAIBHBIMU B
WHTETPATLHOM CMBICIIE C BecoM p(X).

Oyukimio V(x) MOXHO pa3aoxuTh B psia 0 GyHKmIM X, (x). [Tpeanonoxum,
YTO MBI UMEEM MOJO0OHOE Pa3JIOKEHUE

V(x) = z a, X, (x).

n
YMuO)HM 00€ YacTH Ha X, (X)p(x)u mpounterpupyem ot 0 10 | . Torma

l l

fo V(x)p(x)Xm(x)dx = Zn an fo andex

HNHuterpansl B mpaBoil vacTu mpu M # N paBHbI 0. OcTaeTcs TOJIBKO OJIHO ciara-
eMOoe Ipu M =N, OTKyJa

!
B Jy V(x)pXpdx
[, pX2dx

D10 obmras hopmyna Hax0xKACHUSI KOIPOUIIMEHTOB pa3IoKeHUs PYHKITUN
V (x) B psin o dyrkumsM X, (x) Ha otpeske [0;1].
[Tpumep B oO1IeM BUeE:
Upe = AUy + g(x,1),0 < x < I
Ulr=o = Uy (x)
Utle=0 = U2(x)
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Vile=o = w1 (%)
V1t|t=0 = U (X)
Vilx=o = V1x|t=0 =0
V, =Tx)X(x)
T"X = a’TX":a’TX
TII XII
a’T X
I;:T" —a?CT =0
Iy: X" —CX =0
Vilx=o = T()X(0) = 0 = X(0) = 0
Viele=t =T@®X(0)=0=>X'(1) =0
C>0:C=22A>0)
X'"—22X=0
k? — 2% = 0; k1,2 =+4
X = Cich(Ax) + Cysh(Ax)
X0)=C¢;=0
X'()) =AC,ch(A) =0=>C, =0
X = 0(ne unTepecyer)
C=0
X"=0
X =Cix+Cy
X(0)=0C,=0
X'(l) = C; = 0 = X = 0 (ue unrepecyer)
C<0C=-22(1>0)
X"+2°X=0
k2 + 2% =0;ky, = 2A
X = C; cos(Ax) + C, sin(Ax)
X(0)=C,=0

X' () = AC,cosAl =0 = C2=0=>X=0
cosAl =0

T
Al :E+nn,n =0,1,..,0

X(x) = C,sind,x

12



/1
X,(x) =sind,x = SinT(E )
I;:T" —a?CT =0
T" 4+ a?22T =0
k? +a%22 =0
k1,2 == ialni
T, (t) = a, cosald,t + b, sinal,t
‘v’n T, (D)X, (x) =V,

v, = ZTX —z(ancosa/l + b, sin al,t) sin A, x

n=0
N3 HayanbHBIX yCIOBUM:
(00 (0]
Vilt=o = Z a, sind,x =u;(x) = z Uy, Sin A, x
n=0 n=0

) l
Uy, = Tfo uq,(x)sind,x dx

(00]

Viele=o = z aby A, sin A, x = u,(x)

n=0
2 l
ab, A, = TJ u,(x) sin A, x dx
0

2
a/’Ll

v, = Zm(t)x () = Emo sin 1
¥ (0) = Vn(o) =0

Flxt) = z £.(t) sin A, x

b, = u2 (x) sin A,x dx = V,Haiineno

fa(t) = jf(x t) sin X,,x dx

{Vn + @’ 23 ¥n = fu(0)
¥n(0) = 1,(0) =0
[Tpumep 1(KOHKpETHBII):
U = 4U,, — 8t +t2cos3x,0<x<m
Ul = sin? x
Up|pmo = X% + cOS 4x

= Vn(t) = VZ

ux|x=0 =0
uxlx—n = 2mt
Uu=v+uw

w:wx|x=0:0
— )
Wy | =g = 2Tt > W = x°t
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u="V+x?t
Vie + 0 = 4(v,, + 2t) — 8t + t% cos 3x
Vie = 4V, + t% cos 3x
Ulpzg = (V + x%t)|42o = sin®x
Uplpzo = (U + X%t)¢|p2o = X2 + cos 4x
Vi|t=o = cos 4x

Vie = 4V, + t% cos 3x

1 1
Vlizo = sin? x = E — ECOS 2x

Vi|t=o = cos 4x

Velx=0o =0
Velx=r =0
V - Vl + VZ

Vl: Vltt = 4V1XX

Vili=o = 5~ 5 C0s 2x

Vigle=o = cos4x
lelx:O =0
V1x|x=n =0

Vv, = T(O)X(x)

T"X =4TX":4TX
T" X"
ar-x ¢

I;T" —4CT = 0

X"'"—-CX=0
I,] X'(0)=0
X'(m)=0
C>0:C=2*11>0)
X'—2X=0
ki, =4
X = C;ch(Ax) + C,sh(Ax)
X0)=0CGA=0=>C,=0
X'(m) = C;Ash(Ar) = 0 = C; = 0 = X = 0 (He unTepecyer)
C=0X"=0
X=Cx+C,
X'(0)=C =0
X(m)=C, =0
X(x) = C, = 1 (npou3BoIBLHO)
X, =1
C<0:C=-2%*(1>0)
X"+2°X=0
ki, = A



X = C; cos Ax + C, sin Ax
X'0)=1C,=0=C, =0

X’(ﬂ)=—1asinln:0=;,c1=.0=>X:O
sinAr =0
AT =T1n
A=1,=nn=10
C = n:_lgl:_nz

X(x) =Cicostx(C;=1) =
0= X,,(x) = cosnx
=-n?=X,=1
X,=cosnx,n>1= X, =cosnx,n =1,
I;:T" — 4CT = 0
C=-n?=-A3,n=10
T" + 4nT =0
T" +422T =0
ki, = t2ni
T, (t) = a,, cos 2nt + b,, sin 2nt
C=0
T" =0
Ty = a, + byt
O6miee pemienue V;:

V, = Z T, X, = z T, cosnx = Ty X, + z T Xy
n=0 n=0 - n=1

= ay + byt + z (a, cos 2nt + by, sin 2nt) cos nx

n=1
Omnpenensiem a,,, by,

- 1 1
Vilt=o = ao +zancosnx =E—Ec052x
n=1
1 1
a, =§;a2 = —E;an =0,n=1345,..,0

Vilt=0 = by + Z b,2n cosnx = cos 4x

n=1

n=4b2n=1

b_1
g

1 1 1
Vi(x,t) = 5~ 5cos 4t cos 2x + gsin 8t cos 4x
VZ: Vtt == 4‘V2xx + t2 COS 3x

Vzle=0 =0
V2t|t=0 =0

b, =0n#4,n>0
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V2x|x=0 =0

vV, = Z ¥, (t) cos nx

n=0
y(0) =y'(m) =0
Yn=0,n+3
v, = ¥3(8)X3(x) = y3(t) cos3x
{Vé' +4x3%; = t*
¥3(0) =¥'(0)
T" +4n*T =0
Y3 = Vg 173
Vaoms = C, cos 6t + C, sin 6t
Vs =At? + Bt +C
Ys = 2At+b
Ys =24
2A + 4 % 32(At*> + bt + C) = t?

1
36A=1=>A=—
36
B=0

2
2A = = ——
+36C=0=>C 362
— — . 1, 2
y3=Clcos6t+Czsm6t+%t ~ 362
2 — 2
V3(0)=61_F20:>A61=@
y3(0)=6C,=0=>C, =0
2 1, 2
]/3(t)=@COS6t+£t _@
Vv, (cos 6t + 18t% — 1) cos 3x

367
u=w+V; +V,

[Tpumep 2(3-e rpaHUYHOE YCIOBUE):

Ut = Ny, 0 < x < 2

Ule=o = x

Utle=o = 0

Ulx=0 =0

(u - ux)|x=2 =0
(u=v)
u=T>{t)X(x)

T"X =9TX" (:9TX)
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TI’ XII
9T X
I,T" —9CT = 0
X"—CX=0
I,]  X(0)=0
X(2) - X'(2) =0
1 cayyaii € > 0;C = 22(1 > 0)

X'"—212X=0
X = C;ch(Ax) + C,sh(1x)
X(0)=C,=0

X(2) — X' (2) = C,sh(22) — AC,ch(24) = 0
Co(sh(22) — Ach(21)) =0 =

C;,=0=>X=0
sh(24) — Ach(24) = 0 (: ch(24)) =
th(21) = A

Harmmack Touka (MOKHO TOCMOTPETH Tpadudecku) A*, ya0BICTBOPSIOMIAS
ypaBHeHHO th(21) = A4
X = C,sh(1*x)
C, = 1(camn)
X*(x) = sh(A*x) (th(2A* = 1)
C = (A")?
2cayyai: C =0=> X" =0
X=Cx+0C,
X(0)=C,=0
X2)-X'(2)=2C,-C,=C=0=>X=0
3 cyyvaii: € < 0;C = —1%2(1 > 0)

X"+ 2X=0
X = C; cos Ax + C, sin Ax
X(0)=C,=0

X(2)=X'(2)=C,sin2A—AC,cos21 =0
Otcrona m60 C, = 0, 4TO NPUBOIUT K TPUBHAIEHOMY PEILICHHIO, KOTOPOE HAC
HE UHTEpecyeT, oo sin 24 — A cos 24 = 0. [logenus Ha KOCUHYC, MTOTYYUM
CJIeIyIOlee ypaBHEHHE
tg 24 = A.

['padmyeckn MOKHO MOKa3aTh, UTO 3TO ypaBHEHUE MMEET OECKOHEUHOE YHCIIO
pEIIeHH, KOTOphIE HENb3sd HAUTH aHATUTHYECKA. MBI UX MPOCTO 00O3HAYAEM
A, 1 nanee paboTtaem ¢ 3TUM OyKBEHHBIM 0003HAUCHHUEM.
Takum oO6pazom:

X=0C,sinA, x

C, = 1 (camn)

X,(x) =sind,x
Jlanee periaeM ypaBHEHUE OTHOCUTEIbHO GyHKImHU T (1)
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Hna C = (1%)?
T" —9(1)*T =0
T = a*ch(31t) + b*sh(31"t)
Hna C = —22;
T" +922T =0
T, = a,, cos3A,t + b, sin3A,,t

u=TX" + z T.X,
n
= (a*ch(3X*t) + b*sh(31°t))sh(A*x)

+ z (a, cos 3A,t + b,, sin 31,,t) sin 4, x
n=1

Ut|i=o = 3A"b"sh*(Ax) + z 3A,b,sinA,x =0=b"=b, =0

n=1

Ulizg = a"sh(A™x) + Z a, sinA,x = x
n=1

_ foz xp(x) X, dx

)
Jy P(X)XZdx
X"+px)X +qX =-CX
p = 0 B HalueM cayyae

an

BecoBas (ynkuus (sec) p = ed P& =1
foz x sin A, x dx

=2
Jo sin? A, x dx

an

2 1 (2 1 1
jsm/lnxdxzzj (1—cosZAnx)dx=—<x——sm2&nx>|(2)
0 0

2 2,

_q 1 131 = 1 ZSinZ/lncos)Ln_1 1 293

= 4)Lnsm n = i = 5 C0s” 24,
fz'/ld 1J2dl (x p 1',1)|2

xsinA,xdx = —— | xdcosAd,x = —(=—cosd,x — —sini, x

0 n Zﬂ.no 1 n /Ln n A%' n 0

= ——cos 24, + = sin 24,, = [sin 24,, — A,, cos 24,, = 0]

An A5
=—Zc0521n
—%cosZAn
a, = 1

1-— %cos2 21,

AHaNOru4yHO MOXKHO HaWTHU



1
. foz xsh(A*x)dx FCh(Z/'l*)
a = 2 =
Jo sh2@0)dx 1 -2 ch?(2x)

TCHCpI) MOJXHO HaIluCaTh OTBET.

u = (a*ch(31°t))sh(A*x) + Z (a,, cos 31,t) sin A,,x
n=1

3.

IIpumep AJIsi pE30HAHCHOTO CJIYYas.

Au=r’sin5¢, 2<r<3
u|r=2:4

ul_,=sing
Ecnu vckath pelieHne Tak ke, Kak B MPEAbLIYIIEM IPUMEPE, TO MOJTyUUTCS
clIeyrolIee:
U, =w=Ar“sin5p A=const
Jlist 9T0# (pyHKIIMHM MOTPeOyEeM BBITIOJHEHUE YPABHEHUS
Aa):a)rr+%cor+r—12a)w:r3sin5(p (2)
Torna mosyunm
Ac(a —D)r*?sin5¢ + Aar®?sin5¢ — 25Ar**sin 2¢ = r’sin5¢
Janee, cokpaTuB Ha SIN5¢p nMeeM
Ar“?(a® —25)=r°.
OTtkyna re?=r?
a—2=3
a=>.
CokpaTus Ha '’ omydyaem
A(a® -25)=0-A=1

EcTecTBEeHHO, UTO MOJIy4YEHHOE COOTHOIIIEHUE HE UMEET cMbIciia. To ecTh 3Ha-
yeHus A He CyIlIeCTBYeT.

Ho 310 He 03Hauaer, 4yTo 3a7a4a He pemaercs. EqMHCTBEHHBIN BBIBO, KOTOPBIN

OTCIOJIA CJIEAYET, UTO PELICHUE @ HY»KHO HUCKaTh B IPYTOM BUJIE.

[IpocTo MBI cunTanu, 4To A KOHCTaHTa. B pe3ynpTare noy4uiiv, 4To Takon
KOHCTAHTBI HE CYILLECTBYET.
3HAYUT UIIEM TENEPh PEUIEHUE B BUIE
— — [24 1
u, == A(r)r“sin5¢
HalinenHoe 3HaueHNE @ =5 UCIIOJIB3YEM, TO ECCTh
— = Sqj
u, == A(r)r’sin5¢

Ocraetcst onpeaenuTb GyHKIUIO A(r).

Breraucnasem IIPONU3BOAHBIC
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o, = A(r)r°sin5¢ +5A(r)r*sin5¢

a, = A"(r)r’sin5p+10A'(r)r*sin5¢ + 20A(r)r’sin5¢
®,, =—25A(r)r’sin5¢

U TIOJICTaBJIIEM BCE B ypaBHEHHE (2).

A"(r)r°sin5¢ +10A'(r)r*sin5¢ + 20 A(r)r’sin5¢ +

+E(A’(r)r5sin 5¢ +5A(r)r*sin5¢) — %25A(r)r5sin 5¢ =r’sin5¢
r r

CokparuB Ha Sin5¢ u r’® momydnm

A'(Dr2 +10A'(Nr +20ANr® + (A(Nr +5A(r)) —25A(r) =1

umn A'(P)r? +11A(Nr =1

Y1066l MPOMHTETPUPOBATH 3TO YPABHEHHE JOMHOKHM 00€ €ro 4acTH Ha rg_

Torna A'(N)r* +11A(r)r'® =r° u neByro YacTh MOKHO CBEPHYThH KaK MPON3-

BOJIHYO IIPOU3BECHUS
(A()rty =r°.
HNuTerpupyem

10

A(Nrt = Jrgdr = ;—O +C,.

Tak Kak Mbl XOTUM HaiTH XOTh KaKO€-HUOYIb PELIEHUE, TO CaMBIi MPOCTON
Croco0 B3SITh KOHCTAaHTY KaK MO>KHO ITPOLLIE.

10
A nmenHo 6epem C, =0. Torna, cokpatus Ha I MOJIy4YUM

11
Alry=—--.
(") 10 r

Eme pa3 unrerpupyeM U nojrydyaem

1
A(r)=—-Inr+C,.
(r) 10 2

Omsats ke 1 npoctoTsl Buaa pynkiuu A(r) 6epem C, =0 u Torna nomyyaem

1
A(r)=—-Inr, oTtkyna
(r) 10 v

U =w= A(r)rSSinSgo:%-rslnr-sinSgo_

Jlamee nencTByem Takxke, Kak U B IIPEAbIAYIIEM IIpUMEpE:
WIIEM PEIICHUE UCXOTHOM 3a7]a4d B BUJIEC

U=VvV+ow.

OyHKIUA V SABISIETCA PEUICHUEM CIEAYIOLIEH 3a/1aun
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Av=0, 2<r<3

—a| :4—%25In2-sin5gp

v, =u| w\rszsin¢—%35’ln3-sin5gp

r=3 " lr=3 n

Jasiee Bocionb3yeMcsl TeM, 4TO o01Iee pelmenue ypasHenus Jlamnaca s
KOJIbLIA YK€ MTOJIy4YEHO

v(r,p)=AInr+B, +i(Anr” +Cnr‘”)003ngp+
n=1

+(B,r"+D,r " )sinng

I/IHIGM KOB(l)(l)I/IHI/IeHTBI. Ounu HaXOOATCA U3 CIICAYIOIMIUX CUCTCM:
AIN2+B,=4

AIn3+B, =0
B2+D,2"=0
B3+ D37 =1

B,2° + D,2° = ——2°In2
10

B3+ D,3° = ——3In3
10

CucTeMbl MOKHO PEIIUTh U HAUTH 3HaYeHUs KO3 (DUITUEHTOB.

Hanesich, 4To Kaxkaplii U3 Bac MOJOOHBIE CUCTEMBI MOXKET PEIIUTh U TOCKOJIBKY
BbIpaXeHUs JIJ1s1 KOA(PPUIIMEHTOB MOJIy4YaTCsl JOCTATOYHO JIOXKE, TO TIPHU pe-
IIEHUHU MOJOOHBIX 33/1a4 KOHTPOJILHOM U 3aUeTa I0OCTaTOYHO OyJET 3anucaTh
CUCTEMBI JJIsl HaXOXKJIeHUs Ko PUIIMEHTOB, HE pelias ux. To eCTh TO, UTO YiKe
y Hac HanucaHo. I y4uThiBas, 4To BCe OCTalbHbIE KOA(DPUIIUEHTHI paBHbBI HY-
JI10, 3aMMMChIBAEM PE3YJIbTAT.

Pemenne ucxomaHou 3agaun

u=v+w=AInr+B,+

+(Blr + Dlr_l)singo+(B5r5 + D5r‘5)sin5¢+%r5 Inr -sin5¢

Ha xoHTpospHOM 3a1aua OyAeT coliepKaTh JIBa CllaraéMbIX B IMPAaBOM YacTH,
HarpuMep:
AU =rsin2p+r’sin5p, 2<r<3

u\rZZ =sin3p

u\rzs =COS @

OnHo cnaraemoe -- pe30HaHCHBIM CiTy4ai, a Ipyroe -- He Pe30HaHCHBIN.
CootBeTcTBeHHO QYHKIIUA @ OyAET MPEACTaBIATh COOOH IBa ClIaraeMbIX.
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w=w + @, , KAKA0C U3 KOTOPBIX UINETCA OTACIIBHO. OI[HO AJIs1 YypaBHCHUA
1 1 i
JAPYToe Uil ypaBHEHUS

Aw, =(w,),, +l(a)2)r +i2(a)2) =r’sin5¢p.
r r

PP

COOTBETCTBEHHO @, HAXOAUTCA KAK B IPUMEPE MPEAbIIYIIEH JEKIUH, a @, KaK

B HACTOSIIIEM MPUMEpE.
Jlanee Tak ke Kak B 000MX mpuMepax padboraem ¢ PyHKIUEH @ .

Yro kacaeTcs 3a7a4 B Kpyre U BHEIIHOCTU Kpyra, TO Ha KOHTPOJIbHOU UX HE OY-
JIET, HO MOTYT IlonacThcs Ha 3a4eTe. Ha nmpakTuke asis TpeHUpOBKHU OyAeT He-
CKOJIBKO IIPUMEPOB C HEPE30OHAHCHBIM citydaeM. [ [puHuum pemenus Takon xe,
KakK U JUIsl KOJIbla: ¢ MOMOIIbIo (YHKIIMU @ ypaBHeHue [lyaccona cBoauTCs K
pelIeHuIo ypaBHeHus Jlamaca, 11 KOTOporo BT OOLIEro PeICHHs yxKe
HaijeH. M octaercs TOJIbKO onpenenuTh KO3 (PUIIMEHTHI U 3alIUCcaTh OTBET.

Ypasuenue Jlamuaca:
Au=0 ¢ Q

VYpasuenue Ilyaccona:
Au=—f(x1)eQ

Ilnroc rpaHUYHBIE YCIIOBUSI.

Eciu Ha rpaHuiie 00acTy 3a1aHO 3HAYCHUE (DYHKITHN: u 20 = UO (X) TO 3a/1a4ua UMeHyeTcs 3aaauent Jupux-

ne g ypaBHeHus Jlamaca (ITyaccona)

ou
Ecnm Ha rpaHune oOnacTé 3afaHa NPOM3BOIHAS [0 HOPMajM K IpaHUIE: a_. - uo (X) TO 3ajmaya
oQ

Ha3bIBaeTCs 3amadeii Helimana s ypasaenus Jlammaca (Ilyaccona).

Ecnm Ha rpanne 3a1aHo 3-e rpaHUYHOE YCIIOBHE, TO 3a/lada HE IMEET CBOETO Ha3BaHMHS.

Pemenne nro0oit n3 3amau i ypaBHeHus [lyaccoHa MOXHO HPEICTaBUTh B BUJIE CyMMBbI (DyHKIMIA: niepBast U3
KOTOPBIX SIBIISICTCS PEIICHHEM COOTBETCTBYIOLICH 3ajaun i ypaBHeHMs Jlamaca, a BTOpast pelIeHHEM ypaB-
HeHus [IyaccoHa ¢ HyJIeBBIM COOTBETCTBYIOIUM yCIIOBHEM Ha IPaHUIE O0IaCTH.

Ho peanpHO ynoOHee yka3piBaeTcs pemars ypaBHeHue [lyaccoHa HECKIBKO MOAPYTOMY.

Uzes COCTOMT B TOM, 4TO Haiis Kakoe-HMOYab pemenue ypasHeHus Ilyaccona () MOXKHO CBECTH peleHHE
ypaBHeHus IlyaccoHna k pemenuto ypasHeHus Jlannaca.

Ecmu pemas ypaBHeHue AU =— f (X,t) MBI HaliIeM HEeKyr0 (QyHKIUIOT Aw=— f (X,t) , TO IIpeJI-

crapus U =V + @ nonyuum, aro AV = O.r PaHWYHBIE YCJIOBHMS Ha HOBYIO HEH3BECTHYIO (DYHKIHIO

V= —U wmoxno waiitn, nockonsky ¢yrxuus (0 usBecTHa, a rpaHnuHble ycioBus Ha dyskimo U
MOKHO B3SITh M3 YCIOBHS 3aJaUH.

Crnenyer OTMETHUTh, YTO MOJyYeHHE OOIIEeTo pelieHns ypaBHeHns Jlamaca HUKaK He CBSI3aHO C yCIOBUSAMH HA
TpaHHUIIE.

VYpaBuenue Jlannaca mis Kpyra, KOJIbIia M BHEITHOCTH KpyTa.
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Bo Bcex Cllydasx 6yZ[CM paccMaTpuBaTh PpCUICHUSA TaKUEC, YTO ‘u (XX < M - OrpaHu4.

KOJIBI.[O: IlepexonuM K MOJIIPHBIM KOOPIAUHATAM:

1 1
Au=u,+-u +—u, =0

r r
u‘r:R1 = U1(§0)
u|r=R2 = UZ (¢)

Miewm pemenue B BUzE:
u = R(r)o(p)
R"®+1R’CD+£2RCD” =0 /DR
r r
(rete)
r _ d _
R ()

u(r,¢)= u(r,g0+ 272)

|.®"+ A0 =0, ®(p+27)=D(p)

A=n,n=0,0

@ (@) =C,cosnp+C,sinng

Mpu N =0 mveen oxso pemerme Dy () =1, mpu N>1 umeercs aza nesasucunbix pemers
O () =cosng

O () =sinng

OO6mee pemieHue mpu 3TOM OyJeT UMETh BUJT

@, (¢)= A cosng+ B, sinnp

1. I’ZR” +rR’ —ﬂ,ZR =0 -- ypaBHeHue Diiiepa
A=0 rR"+R'=0,R' =y

ﬂ:_£:> y:C11:>R:C1|nI’+C2
y oo r

JlBa HE3aBUCHMBIX PEIICHHS R1 =Inr, R2 =1
Ipu A =N nmewm pemenne B Buge R =%,
a(la-1)r" +ar” —n’r* =0

a 2 2
Cokpamas I momywaem & =N, & =N, 1o ecTh nMeeM /1Ba HE3ABUCUMBIX PEIICHHS



_ n _ -Nn
R(l)_r , R(Z)_r

OO01ee peleHne MoTyJaeTcs Kak JTHHEHHAass KOMOWHAIIMS ATHX HE3aBUCUMBIX PEIICHUN
n —-n
R, =C,r +C,r
Hrak nmeem

@, (@)= A, cosng+ B sinng mpu n>1
D, (¢)=Ay mpu N=0
R, (r)=C,r"+C,r", nx1

n=0 Ry(r)=Cy,lnr+C,
Cooreeretsentio npu kazom N nonyuaes pemene U, (T, ¢0).
Uy (r, @)=, Ry =CInr+Cyy =4 Inr+ B,
Ipu N>1
u,(r,@)=(A,cosng+B,sinng)r" +(C,cosng+ D, sinng)r"

OO1ee pemeHHe HMeET BHU]

Zu )=AyInr + B, +Z A, cosng + B sinng)r" +

+(Cn cosng + D, sinng)r™"

Mo3xHO 3anucaTh HHa4e

u(r,p)=AInr+B,+> (Ar"+Cyr")cosng +
n=1 1)

+(B,r" +D,r")sinng

ITo cytu -- oHO 1 TO k€. CMBICI B TOM, YTO PACKPBIB CKOOKH MBI ITOJIyYUM U B TOM , ¥ B IPYTOM JIMHEHHYIO

KOMOHMHAIINIO MPOU3BECHII HE3aBUCUMBIX PEIICHUN P uR. Onna u apyras Gopma 3anucu CBsi3aHbl TOJIBKO
€O CrIOCOOOM TPYNITUPOBKH CIaraeMbIX.

3anaua [{upuxne nis ypaBHeHus Jlannaca B KOJbIIE.

Au=0, R <r<R,

1 1
Au=u,+-u +—u_ =0

r r
u‘r:Rl = Ul((ﬁ)
— KOJIbYO
u‘r:R2 = U2 (w)

Jnst konpLa:

U, =By INR + A, +iR1”(A1 cosng + B, sinng) +

n=1
+R,;"(C,cosnp + D,sinng)=u, ()
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u_, =ByInR, + A +iR;(A1 cosng + B, sinng) +

n=1
. :
+R,"(C,cosng + D,sinng) =u,(¢)
Ecmu BcmioMHATE pa3inoskeHue (QpyHKIINHA Ha OTpe3Ke [—72' T ] B psiax Dypre

f(o)=u(p)=

= % A i( f ) cosng + f?sin ngp) = % + i(an cosng +b, sinng),
n=1 n=1

TO JUIS HAXOXKACHUS KO3 (HUIIIEHTOB UCTIONB3YIOTS H3BECTHBIEC (DOPMYJIBI

1 T
fO_Z [ d
] ﬂ_fﬁ (¢)cosnpde

17 )
fO==1f d
A EJ; (p)sinnpde

AHaJIOTHYHO U Ha JPYyTOH IrpaHuIe

g(p)=u,(p)= 5 g\ + Z_ll(gﬁ") cosng + g'* sin n(p)

KOBq)(I)I/ILII/IeHTH A‘I’ Bn y Cn, Dn HaxoauM Hu3 CUCTEM, NPHUYCM IIPpU 3TOM yz[06Hee HCIIOJIb30BAaTh PCHICHUC B
dopwe (1)

1/ £y =By InR,+ A

% g(()c): B,InR, + A, :

f =R"A +RC,

gf]C) = RznAﬂ + RZ_nCn

f)=R"B +R "D,

gr(15) = Rann + RZ_nDn

Haiinst ko3¢ ¢uumenTs! 3anuceiBaeM pelieHre B Buje (1) ¢ HaliJeHHBIMH KOHKPETHBIMH KO3 HIIMEHTaMU.
B o61em citydae nonydaem pemieHue B Bue psina (1)

u(r.p)=AInr+B, +i(Aqr” +Cnr‘”)c05ngo+
n=1

+(B,r" +D,r")sinng

Jns xpyra:
Au=0, r<R,
u|r=R2 =Up (Q))

Pemenne JUIA Kpyra MOKHO ITOJIYUWUTh U3 PEHICHUA JJI KOJIbIA, YCTPEMUB MEHBIITHH paanyc KoJbla K HYJIIO U
YUYHUTBIBasA, YTO PCUHICHUC NOJIKHO OBITH OTpaHUYCHO.

TIpu R1 — 0B 06mem pemIeHnH IS KOJIbIIa UMEIOTA CllaraeMble, CTpeMsIecs K 6eckoHeuyHoCTH. B crmy

OrpaHNUYCHHOCTHU PECUHICHUA OTH CJIaracMbIC TOJKHBI HCUC3HYTh.
A BO3MOXHO 3TO TOJBKO B ciydac, €CJIM OTUX ClIaracMbIX B PCIICHUU ITPOCTO HE 6y,ZI€T, TO €CTh
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B,=C,=D,=0.
Torna obmee pemenne ypaBHeHus Jlammaca i Kpyra MpUMET CIIeTyFOITHH BU:

u(r.p)=A +§:r”(A1 cosng + B, sinng)

n=1

u\r:Rz =u,=f(p)=A JriRZ“(An cosng + B_sinng) =

n=1

:% £ + ( f cosng + f*sin ngo) =
n=1

Lo a-tio

1
:_f(c)’ B —_—
'Ab 2 0 n R2n n R2n

BremHocTh Kpyra.

Au=0, r>R,
u|r=R1 :U0(§0) )

AHaJIOTUYHO PEUICHHIO JIJISl Kpyra pellieHue JJis BHEITHOCTH KpyTa MOJIyYUM yCTpeMIIsisl OONbIINi paguyc
KOJIbIa K OECKOHEYHOCTH.

CoOOTBETCTBEHHO ITpH R2 —> 00 B 0011IeM peneHNH A KOJIbIa OyXyT cllaraeMble CTpeMsIIecs K OeckoHed-

HOCTH. B CHITy OTpaHUYEHHOCTH PEIICHHUs OHH JOJDKHBI HCUE3HYTh. DTO MPOU3OM/ICT, €CIIU ITUX CIIaracMbIX HE
oyzner. To ecth

B,=A =B,=0

U pelIeHHUE IJIsl BHEITHHOCTH Kpyra OyeT BBITJISIETh CIIEAYIONIMM 00pa3oM

u(r.p)=A Jrir‘”(cn cosng + D, sinng)
n=1

COOTBETCTBEHHO

u\r:Rl =u,=f(p)=A+ iR{”(Cn cosng + D, sinng) =
n=1

o0

_ % £ + Z( f cosng + £*sin ngo)

A=517 C = R, D =R

[Ipumep pemenus 3aga4uu

Au=rsin2p, 2<r<3

u| , =sin3p

u| _,=cose

Haiinem uactHoe pemenue ypaBHenus Ilyaccona.

1 1 :
Au=u, +-U +—U, =rsin2¢p
r r

4] CTPYKTYPBI oniepaTopa Jlannaca B MOJIAAPHBIX KOOPpAWHATAX CICAYCT, UTO 3TO PCHICHUEC MOXKXHO MCKATh B BUJIC
o
u,=o=Arsin2¢.

HOHCTaBI/IB OTO BBIPAXKCHUC B YPABHCHUC Hyaccona MoJIyunum
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Ac(a—Dr*?sin2p+ Aar®?sin2¢p —4Ar“?sin2p = rsin 2¢
Jajee, COKpaThB Ha sin 2(0 HOJIy4UM

A (o —4)=r.

Otkyna I’Ol_2 =r

a-2=1

a=3.
1

Takum oOpazom A(CZZ — 4) = A(32 — 4) =1u A= E .
1, .

3Haunt ) = gl’ SIn 2(0

Jaiee uiieMm penieHre HCXOAHOIM 3a/1a4u B BHIC

Uu=VvV+aw.
Oyukiys V SBIseTcs pelieHreM ClieIyoIei 3a1aqu

Av=0, 2<r<3

V,_, =sin3p—o|_, =sin3p- %ZSSin 20

1., .
V| _,=cosp—a|  =cosp- 533 sin2¢

OG1muee pemenne ypaBHeHHs Jlammaca I KOIbIa ke MOIyIeHO
v(r,p)=Alnr+B,+> (Ar"+Cr")cosng+
n=1

n -N\ei
+(Bnr +D,r )sm N
Ocrtaercs HaiiTi Ko3ppuureHT. OHU HAHAYTCSA U3 CICAYIOMIUX CUCTEM

_ 2°
B,2°+D,2° =——

B,2°+D,2° =1
B,3*+D,3°=0
A2+C2'=0
A3+C3"'=1

Bce ocranpHbIe K03 (OUIHEHTH PaBHBI HYJIIO.
Pemenne ucxonnoil 3agaun

u=u(r,p)=(Ar+Cr*)cosp+

+(B,r? + D,r?)sin2¢ + (B,r® + D,r *)sin 3(0+%r35i”2(ﬂ



YpasHenue Jlamuiaca B miapoBoM cJioe IJI CJIydYasi paauajbHON CHMMeT-
puu.

YpaBuenueM Jlannaca Ha3pIBaeTCsA ypaBHEHUE

Au=0,
u=u(r) R <r<R,
ou U‘ R, A a_g =A
u‘r=R1 - = = A ril on r=R;
a) 6) 0Nl g, 8) ou 2)
u‘r:R2 = U‘ =B a_ﬁ =B a—u =B
r=R, r=R aﬁ r,

2
Au=u, +—-u, =0
r

v=u,
V, +gv:0
r
d—vz—zdr
v r
Injv| = -2In|r|+C,
C C
v=—=u=—+C,
r r

OTcros1a BUTHO, YTO BBITIOJTHEHHUE YCIOBUS (2) HEBO3MOXKHO.

[Ipumepsr:

u =2 C

@‘M u=-—1+C,

ul_, =3 r

C1+C2:2 C:—Z 2
= Su=-"+4

_1+C2:3 C2:4 r

u 0 ou C

| = u u

0) on|,_ ==

) ' on or r?
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