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JlabopaTtopnasi pa6ota Ne 1

METO/I CIIAWMH-KOJIJIOKAIIUH

1. TEOPETUYECKUE CBEAEHUA

Wnest MmeToa KOJUIOKALMU 3aKJII0YaeTcsi B TpeOOBaHUM, YTOOBI B HEKOTOPBIX
TOYKAaX O00JIaCTH, I/I€ MILETCS pEeUIeHHE 3aJaud, NPUOIMKEHHOE pEeUICHHUE
3aJ]aud COBIAJAJI0O C TOYHBIM. TOUKM, B KOTOPBIX HEBSI3Ka YpaBHEHUU paBHa
HYJIIO, HA3bIBAIOTCSl TOUKAMU KOJIJIOKAIUH.

TpaguMOHHO METOA  KOJUIOKAllMM CTPOWJICST Ha OCHOBE  ammapara
npuOIMKeHuss MHorowieHamu. OAHaKoO B CHJTy CIOXHOCTH peajlu3alud, a
TaK)K€ HE BIOJHE YJOBJIETBOPUTEIBHBIX aIlPOKCUMALIMOHHBIX CBOMCTB
MHOTOWIEHOB 3TOT METOJ] HE HAIlIeJl IIMPOKOI0 MPAKTUYECKOIO MTPUMEHEHUS.

Meton cnjailH-KOJUIOKAalMM, B OTJIMYME OT KIACCHYECKOrO METOoJa,
OCHOBBIBAETCS HA aNNpPOKCUMALMK pelieHus crinaiHamu. [lpm  3tom
NpUOJIMKEHHOE PEIICHHE HaXOJUTCAd B BHJE CIUIailHA BO Bceill oOiactu
ONpPENENICHUS] PELICHHs 337aud, a HE B HEKOTOPOW CHCTEME Y3JIOB, YTO
NO3BOJIIET MOJYYUTh ToOpa3fo Oosee NOJHYH HHGPOPMALUI0O O TOYHOM
peleHun.

MeTto cnnailH-KOJUIOKalMK OKas3blBaeTcs HaubOosee 3>(PQEKTUBHBIM  MpU
UCIIOJIb30BAHUU ammapara KyOudeckux cruiaiiHoB  gedekrta 1. I[lpuyem ¢
BBIUMCIIUTENLHON TOYKU 3pEeHUs YJ00HEe BCEro MCIOJb30BaTh MPEACTABICHUE
KyOHWUYeCKuX CIUIaitHOB B BUjie B-criaiiHOB.

CoryacHO MeTOay CIJIaWH-KOJUIOKAMK B OOJIACTU OMNpPEACNICHUS PElIeHUs
BBOJUTCA ceTka ¢ N+1 y3namu, a nmpuOIMKEHHOE PEIICHHE 3a/1ayd HILETCS B
BUJIe KyOMYECKOro cCIUiaiiHa ¢ y3jdamMu Ha 3Toi cerke. TpeOyercs, 4TOOBI
CIUIAMH, anmpoOKCUMUPYIOUIMN pEIIeHUEe, yAOBIETBOPsUT Tu(PepeHrnaibHbIM
YPAaBHEHUSIM U KPAEBbIM YCIOBHSIM B BHIOPAHHBIX TOUKAX KOJUIOKALIMH, KOTOPBIE
HE 00s3aTeNIbHO COBMAJAIOT € y31aMHu ceTKU. KoJM4ecTBO TOYEK KOJUIOKALUU

ONpeeNsieTCs] Pa3MEPHOCThIO MPOCTPAHCTBA CIUIAMHOB Kiacca C?, KOTOpast
paBHa N+3. Eciu B KpaeBbIX YCIOBHUSIX HMMEEM JBE IPAHUYHBIE TOYKH, TO
KOJIMYECTBO Y3JI0B KOJUIOKAIMU JOJKHO ObITh paBHO N+1. B pesynbrare ans
onpeneneHuss KodQPUIMEHTOB CIUlaiiHa MOJy4aeM CHUCTeMy ypaBHeHui. B
Cly4yae JIMHEMHOW KpAEBOW 3aJayd  NPUXOAUM K CHUCTEME JIMHEWHBIX
anredpanyeckux ypaBHEHUH.

PaccMoTpuM MeTox CITaiiH-KOJIJIOKALMY HAa IPUMEPE PELLICHUs KPaeBOU
3a/layu AJi1 OOBIKHOBEHHOTO TU(PPEepeHIINATIBHOTO YPABHEHUSI BTOPOTO
NopsIIKa:



L[u]=y (x)+ p(x)y () +a(x)y(x) = r(x);
a,y(a) +B,Y (a) =7v,;
a, y(b) + Bz y'(b) =Y.

JIis pelreHuss KpaeBOW 3ajladll METOJIOM CIUIAaHH-KOJUIOKAIIMM BBEJIEM Ha
otpeske [a,b] cetky A: a=X, <X <..< X, =h.
byaem uckaTh mpHOIMKEHHOE pElICHHE KPacBOW 3a/aud B BHJIE KyOHYECKOTO
crutaiina nedexra 1 S(X) xnacca C? ¢ ysnamu Ha cetke A .
[Totpebyem, utobbl crmaiie  S(X) ymosnersopsan — auddepeHnmansHOMy
YPaBHCHMIO U KDacBbIM YCIOBHMSM B TOYKaX KOJUIOKAIHMH &, € [a, b],
k =0,1,...,N. B xauecTBe ToueK KOIOKALMK BHEIOEPEM TOYKHM, COBIIAJAIOIINE
C y3JaMH CEeTKHU X, .

[Tomyyaem

L[S(Xk)] = S"(Xk) + p(xk)Sl(Xk) +0(%)S (%) =r(X,),

k=0,1,..N;

o,S(a)+B,S (a) =v,;
a,S(b) + Ble(b) =7

[loncraBnsisi B MOCHEAHUE YPAaBHEHUSI BBIpAXKECHHUE JJIs CIUIaiiHA, MOJy4YUM
CUCTEMY JIMHEHHBIX alire0pandecKuxX YypaBHEHUU OTHOCHUTEIHHO MapaMeTpoB
cILIaliHA.

2. 3AIAHUE

MeTonoM criaiH-KOJUIOKAIMU PEIIUTh CIEAYIONIYI0 KPAaEBYIO 3a/1auy:
N
ku” —(2+ N)xu’—ku :?xz,
u(0)-u'(0)=0; u(1)=1.

3nech K - mecroit uaaekc rpynmsl; N - HOMep (haMuIMu CTy/ICHTa B KypHAJIe.

3. OOOPMIJIEHUE OTUETA

B otuete JOJIDKHBI OBITh MMpcaACTaBJICHBI:

1. Hazpanue paboTHhl.

2. IlocTaHoBKa 3aga4u.

3. Onucanue anropuTma (MEeToJa) peueHusl.
4. TekcT mporpaMMbl C OTTMCAHUEM.

5. Pe3ynbrarsl paboThl IPOTrPAMMBI.
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JlaGopaTopnas padora Ne 2

PEIIEHUE IJIOXO OBYCJIOBJIEHHBIX CUCTEM JJMHEMHBIX
AJTEBPAMYECKUX YPABHEHUI

1. TEOPETUYECKHWE CBEJJEHUA
PaccMoTpum cuctemMy TUHEHHBIX aareOpandyeckux ypaBHEHUH.

Ax =b, 1)
rae A—KBajapaTHas MaTPHIA Pa3MEPHOCTBIO N x N ; D —BEKTOP CBOOOHBIX YJIEHOB;
x—uckomblii Bektop (heR"; xeR").

Ecm detA~0, To cucrema (1) Ha3pIBaeTCsl TIOXO OOYCIOBICHHOW. B 3TOM
cllydyae TIOTPEIIHOCTH KOA(DPUIIMEHTOB MaTpUIbl W TMpaBbIX YacTed WIHU
MOTPENTHOCTU OKPYTJICHUS TIPU pacyeTax MOTYT CHIIBHO UCKA3UTh PEIICHUE.

[Ipu pemieHun MHOTHX 3ajay MpaBas 4acTh cuUcTeMbl (1) u kodhPuImeHTHI
MaTpHIbl A U3BECTHBI MIPUOIMKEHHO. [Ipu 3TOM BMecTO TOoUHOI cucTemsl (1) umeem
HEKOTOPYIO JPYTYIO0 CUCTEMY

Ax=b, (@)
TaKyIo, 4TO

|A-A|<h; HB - bH <35 ©)

[Tonaraem, 9To BEMMYMHBI N ¥ & M3BECTHEI.

Tak xak BMecTo cuctembl (1) umeem cucremy (2), TO MOXEM HAWTU JIUIIb
npubamxeHHoe pemenne cucteMbl (1), MeTton mocTpoeHusl TPUOIMKEHHOTO
pemrenus cucteMbl (1) 10KeH OBITh YCTOWYUBBIM K MaJIbIM M3MEHEHHUSAM MCXOJIHBIX
JTAHHBIX.

[lceBnopemenuem cucremsl (1) Ha3piBaeTCsi BEKTOP X , MUHUMHU3UPYIOIIUAN

HEBS3KY HAX — bH Ha BceM npocTpancTtee R".

[Mycts x! —mexoTopelii (ukcupoBaHHEI BekTop M3 R", ompemensemsrii

0OBIYHO MOCTAHOBKOM 3a/1a4H.
HopMasnbHBIM OTHOCHTENBHO BeKTopa X' pemenuem cucteMsl (1) HaspIBaeTcs

, TO €CTh

o o 1
ICEBAOPCIICHUC XO C MUHUMAJIbHON HOPMOHU HX —X

on — XlH —inf

xeF

]

rae F—coBoKynmHOCTh Bcex MceBAOpeIeHnd cucTeMBI (1).

[Tpuuem HXH:\/XI2 +X§ +...+Xﬁ, raec X, X,,...,X,—KOMIIOHCHTBI

BEKTOpA X.



Hns moboii cuctembl Bupa (1) HopmanbHOE peEUIEHUWE CYIIECTBYET U
€IMHCTBEHHO. 3a/iadya HaxOXKICHHs HOPMAJIbHOTO PEIHICHUS IUI0XO0 00YCIOBICHHOMN
cucteMsl (1) sBiIsIETCS HEKOPPEKTHO MOCTABIECHHOM.

Jis  HaxoXAeHWs] MPUOIMKEHHOTO HOPMaJbHOTO perieHus cucteMsl (1)
BOCITOJIB3YEMCSI METOJIOM PETyJISIpU3ALUU.

CoryacHO yKa3aHHOMY METOJTy MOCTPOUM CTJIaXKHUBAIOIIUK (YHKIIMOHAT BUAA

M“[X,B,A :HAX—BHZ +ocHx—x1H (4)

¥ HalineM BekTop X“, MuHMME3Mpynommid #Ha R" stor ¢yskumonan. Ilpuuem
rapameTp peryJisipu3anuy oL OJJHO3HAYHO OIIPEIEIICH U3 YCIIOBUS

- 8)+ I, (5)

e p= inan;‘\X — BH .

xeR

H;&x“ — BH = 2(h‘ xX*

BripoxkaeHHBIE U TIJI0XO O0YCIOBICHHBIE CUCTEMBI MOTYT OBITh HEPA3TUINMBI
B paMKax 3ajaHHON TouHocTH. Ho ecnu umeercs mHpopmalius O pa3peliuMOCTH
cuctemsl (1), To BMecTO ycnoBus (5) ciielyeT UCIOIb30BaTh CIAEAYIOIEe YCIOBHE:

H;‘\x“ —BH:h‘x“ +0 (6)

KoMnoHeHTsI Xj-"(jzl,Z,...,n) BEeKTOpa X SBISAIOTCS PEHICHUSIMH CHCTEMbI

JIMHEHHBIX anreOpanvecKux ypaBHEHUH, KOTOpasl MOJIydaeTcsl U3 YCIOBUS MUHUMYMa
dyHknmonana (4)

M =0, j=0,1,2,...,n
OX§
N UMCCT BU
(A"A+aE K" =A"b +ax’, )

rac E—CI[I/IHI/I‘-IHEUI mMaTtpuna,

~

AN —5pMHTOBO CONpshKEHHAS MAaTPHIIA.
Ha mpakTUKd i BbIOOpa BEKTOpa X'  HYXHBI  JOIOTHHUTEIBHBIC
coobpaxenns. Eciu ux Her, To nonaraior X' =0.
Jns x'=0 cucremy (7) 3amuiueM B BHIE
n
a = vl _h H
ax{ + > a;x;=b;, i=12,..,n, (8)
=1

n . n
rae ;=238 by =2.a,by.
k=1 k=1

Haiinenuslii BekTOp X OyAeT SBIATHCS NPHOIMKEHHBIM HOPMAIbHBIM
petenueM cucteMsl (1).

OcranoBuMcs Ha BbiOOpe napametpa o. Ecnu a=0, To cucrema (7) nepexoaut
B IJIOXO 00ycCJOBIEHHYIO cucteMy. Eciau oo Benuko, To cucreMa (7) OyaeT XOopoIio



00yCIIOBJIEHA, HO PEryJspU30BaHHOE pelieHne He OyneT OJIM3KUM K HCKOMOMY
pemenuto cuctemsl (1). [loaTomy crnumkom OOJBIIOE MU CIHUIIKOM Majloe o He
MPUTOHBI.

OOBIYHO Ha MPAKTHKE MPOBOJAT pPacdeThl C PsJIOM 3HAYECHHUM MapaMmerpa d.

Hanpumep, oo =10"; 0,5-107; 0,5-107%; 1073...

JI7is KaKJ0ro 3HAYCHUS O HAXOJAT JJIEMEHT X%, MUHUMH3UPYIOIUN (QyHKIIMOHAT
(4). B kadecTBe MCKOMOTO 3HAa4YeHHUS TMapaMeTpa peryJsapu3anud OepeTcs TaKoe
YUCTIO O, 711 KOTOPOro ¢ TpeOyeMON TOYHOCTHIO BBITIOIHSETCS PaBEHCTBO (5) wiH

(6).

2.3AJAHUE

1. TlocTpouTh cUCTEMY JHMHEMHBIX aJIreOpanyecKuX YpPaBHEHHI, COCTOSIIYIO U3
TpeX ypaBHEHHU C TpeMs HEM3BECTHBIMH, C ONPEIACITUTETIEM, BEIUYUHA
KOTOPOTro uMeeT nopsaok 107°,

2. IlocTpouth BTOPYIO CHCTEMY, aHAJIOTWYHYIO MEPBOM, HO MMEIOILIYIO JIpyrue
CBOOO/IHBIE YJIEHBI, OTJIMYAIOMIUECS OT CBOOOJHBIX WJIEHOB NEPBOM CHUCTEMBI
Ha BenuunHy 0,00006.

3. Pemmth TOCTPOCHHBIE CHUCTEMBI METOIOM peryisipu3anuu (monaras h=0 wu
6=10"*) u kakuM-1160 APyruM MeToA0M (Hanmpumep MetonoM ['aycca).

4. CpaBHUTH TOJYYCHHBIE PE3yNbTaThl M CAENATh BBHIBOABI O MPUMEHUMOCTH
UCTIOJIb30BAaHHBIX METOIOB.

3. OOOPMIJIEHUE OTUETA

B otuete JOJIDKHBI OBITH MMpCaACTaBJICHBI:

1. HazBanue paboThl.

2. IlocTaHoBKa 3aga4u.

3. Onucanue anropuTma (METoJa) peueHusl.
4. TekCT mporpamMMsbl ¢ OIUCAHUEM.

5. Pe3ynbratsl paboThl IPOrPAMMBI.

BUBJINOTPAOMYECKUI CITMCOK
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JlaGopaTopnas padora Ne 3

PEIIEHUE JIMHEHHBIX UHTETPAJIbHBIX YPABHEHUM
HEPBOI'O POJA

1. TEOPETMYECKHUE CBEJEHNA

3aiauu A1 UHTETPAJIbHBIX YPaBHEHUN IEPBOTO poja SIBISIOTCS HEKOPPEKTHO
MOCTABJICHHBIMHU.
PaccmoTpum ypaBHenue @pearosibma nepBoro pojaa

[Kx,9)z(s)ds =u(x), c<x<a, )

rze a1po K(x,s) sSIBISETCS HEMPEPHIBHON (DYHKIMEH 10 IEPEeMEHHBIM X,S; U(X) -
u3BecTHast QyHKUUS; z(S) - ©CKOMast QyHKLIHS.
Bynem nonarate, 4to ypaBHeHue (1) ¢ TOUHOM paBoOil 4aCThIO U(X) UMEET

€IMHCTBEHHOE PEILICHUE.
Ecnu BMecTo u(x) M3BECTHO JIUIIb €€ TPUOIMKEHHUE U (X), MAJIO OTIMYAIOIIEECS

(B MeTpuKe L, ) OT u(x), TO MOXKEM UCKATh JIUIIb MPUOIMKEHHOE PEIICHUE

ypaBHeHus (1). B kauecTBe npuOimmkeHHOro penienus ypaBuenus (1) Henbsst OpaTh
TOYHOE PEIICHUE YPaBHEHUS

TK(X, s)z(s)ds = u,(x). (2)

TaK KaK TaKOr0 PELICHHs MOKET HE CyIIeCTBOBaTh. KpoMe Toro, Takoe peueHue He
o0J1ajjaeT CBOMCTBOM YCTOMYMBOCTH K MaJIbIM U3MEHEHUSIM MPABOM YacTH
YpaBHEHHS.

Bbynem uckath peleHue ypaBHeHUs (2) MeToIoM perysipusaiuu. CorjiacHo
METOY NOCTPOUM CIIIaXKUBAIOIIMKA PYHKIIMOHAT M “[z,u;], BBIOpaB cTaOMIU3ATOP

IEPBOro nopsaxka Qfz] .
Ma[Z,U(g]:pEQ (Az,u;) = aQ)z], (3)

r7e ¢ - mapaMeTp peryisipu3aluu;

o1z = fa)2* )+ p(s) £ | 1o

Az = j' K(x,s)z(s)ds;

dlb 2 %
pu, (Az,u,) ={I[IK(x,s)z(s)dsu5(x)} dx} :

cpLa

q(s), p(s) - 3a1aHHBIC HEOTPHUIIATEIIbHBIC HEMPEPbIBHBIC (DYHKIIUU (€CITU HET
CHELUAIIBHBIX COOOpaKeHU 1Mo BbIOOPY PyHKIMM ¢(s), p(S) , TO OOBIYHO MOJIATat0T
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q(s) = p(s) =1). 3atem HaiiieM QYHKIHIO Z,,(S), MUHUMHU3UPYIOLTYIO GyHKIIHOHAT (3),
MpUYEM MapaMeTp a OMPENIEIIUM 10 HEeBS3KE, T.€. U3 YCIOBUS

p, (Az,uz) =0, (4)
r7ie § - YKIOHEHHE MPaBOil YaCTH MHTETPATLHOTO YPABHEHUS B METPUKE
MPOCTPAHCTBA L, , KOTOPOE CUUTAEM U3BECTHBIM:

g %
{J[ug(x)—u(x)}jx} <5

c

Pemenune z,(s) OyAeT yCTOWYHBO K MaJbiM U3MEHEHUSAM B METPHUKE L, MPaBOM YacTH
YpaBHEHHSA U, (X).
OyHkuug z,(s) OyaeT ABIATbCA NPUOIMKEHHBIM perieHneM ypaBHeHus (1).

Jlst HaX 03K JIEHHUS ITapaMeTpa peryaspu3ai OyaeM IPOBOIUTH PACUYETHI C

HECKOJIbKMMH 3HAYCHUSAMHE MapaMeTpa o
(Hampumep, o =107;0,5-10";107;0,5-107;107°,...).

JI7ist KaxKI0T0 3HAUCHHS @ HaXOIUM (QYHKIHIO Z,(S), MUHUMH3HUPYOILY IO
dbyukimona (3).
B kauecTBe HCKOMOTO 3HAYEHMS ITapaMeTpa PEryJIIpU3alii BO3bMEM TAKOE YHCIIO
a , U KOTOPOTO C TpeOyeMOil TOUHOCTHIO BBIITOJIHIETCS YCIIOBHE (4), T.€. HEBA3KA,
TIOJTyYeHHAsI IPH [TOJICTAHOBKE HaMeHHON QyHKIUK z,(S) B ypaBHEHHE (2), JOIDKHA

OBITh CpaBHUMA C MOTPEIIHOCTHIO MPABOM YACTU UHTETPATILHOTO YPABHEHUS.
OO6paTtuMcs Tenepb K BapUallMOHHOM 3aa4e
M“[z,us]=min .
[Tonmaras q(s) = p(s) =1, moay4YuM

j'[b K (x,s)z(s)ds — ué(x)} dX+ajl[22(s) +(3—3 ]ds = min . 5)

[IpoBeneM MUCKpETU3AIUIO CTIIAKUBAIONIETO (DYHKIIMOHAJIA, BOCTIOIH30BaBIINCH
Pa3HOCTHBIM METOIOM.
AMNNpoKCUMUPYEM BXOJsITHE B GYHKIIMOHAT M “[z,u;] HHTETpaIbI

KBaJpaTypHbIMU (opMynaMu. BBeseM Ha NpsAMOYToNbHUKE {a<s<b,c<x<d}
ceTky {x,,s, } (n=01,..,N;m=0.1,..,M), TaK, 410 X, =C,X, =d,s, =a,5,, =b.
JIyist IPOCTOTBI PACCMOTPUM PABHOMEPHYIO CETKY X, =C+nh ;s =a+mh,
rie

b 2
dz
Beruucionm -[(d_ ds mo opmyJie CpeHUX, 3aMEHSISI POU3BOIHYIO Pa3HOCTHBIM
S
a

OTHOILICHUEM
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2
J(dzj dszhs(%j ~ h, Zna = Zm
o \ds ds .Y h, ’

rae z, =z(s,) .
Takum 00pazom,

(%) e~ -2 ©

OcTanbHble HHTETPAJIbl BRIYUCIUM IO (PopMyJie Tpanenui

b M
[2(s)ds =Y c, 22, (7)
a m=0
rae
1
COZCMZE’ :C2: :CMl::I_
IK(xn,s)z(s)ds ~h Zc K.z,
rie
Knm = K(Xn1 m)
dfb 2 N M 2
J.[J'K(x,s)z(s)ds—u[s(x)} dx ~ hXZb{hSZCmKnmzm —us(xn)} , (8)
clLa n=0 m=0
rIe
1
by =by = iby=b, =..=by , =

[Toncrasmss Beipaxenus (6) - (8) B (5), momyunm

2
hxibn{hsichnmzm—ug(xn)} +ath§:cm Z(zm+1 z,)=min. (9)
n=0 m=0 m=0

s m=0
Jlnst pemienust 3anayu (9) npupaBHsIeM K HYJTIO POU3BOHBIE OT JIeBOM 4acTH (9)
mo z, (m=01..,M). Ilonyunum cucrteMy ypaBHEHUM, IMHENHBIX OTHOCUTEIIBHO Z,_ '

oz, —2T(z )+hzckakk =@ m=01..M, (10)
Cm

rac
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(2, —-227 +12;,),m=12..,.M -1,

m-1

oy 1
T@zn) =+

2
o 1 o a\.
T(ZO):h_z(zl -25);

o 1 o o .
T(ZM):h_Z(ZM—l _ZM)1

S

N
ka = hxzanannk;
n=0

N
@, =h,> b K us(x,).
n=0

Cuctemy (10) pemium kakuM-1u00 METOJIOM, HarpuMmep, MeToioM ["aycca.
[TapameTp a cieayeTt moaoOpaTh CHOCOOOM, YKa3aHHBIM BbIIIE. 3aMETHUM, YTO
ycioBue (4) B pe3ysibTaTe JUCKPETU3ALIUU 3AIUILIEM B BUJIE:

N M 21 %
{thbn[hSZchnmz;—ua(xn)}} = .

n=0

2.3AJAHUE

Haiitu npubnuxeHHOe pelieHue HHTErpaibHOTO YpaBHEHUS

XS

j(k +3s)(eN +N)z(s)ds = x2,0< x <1,

mmoJjiarast o = 0,001.
3necs N — HOMEpP CTYZEHTA B CIIUCKE I'PYIEI, K — mrecToii HHIEKC TPYIIIEL.

3. OOOPMIJIEHUE OTYUETA

B otuete JOJIDKHBI OBITh IMpCaACTAaBJICHBI:

1. HazBanue paboThl.

2. IlocTaHoBKa 3aga4u.

3. Onucanue anropuTma (METoJa) peueHusl.
4. TekcT mporpaMMbl C OITMCAHUEM.

5. Pe3ynbTarsl paboThl IPOTrPAMMBI.

BUBJINOTPA®UYECKUI CITMCOK

1. TuxonoB A.H., Apcenun B.fl. Metos! pelieHusi HEKOPPEKTHBIX 3a1a4. — M.:

Hayka, 1979. 286 c.

2. baxsanos H.C., XKXunkxos H.II., Ko6easkos I'.M. Unuciaenasie MeTOaEI. - M.:
BMHOM, 2008. 636 c.

3. Camapckuii A. A., Babumesuu [1.H. Yncnennbsie MeTObI pelIeHUs] OOpaTHBIX
3a1a4 Matematuueckont ¢pusuku. - M.: YPCC, 2004. 480 c.



14

JlabopaTtopnasi paGora Ned
METO/J KOHEYHBIX 2JIEMEHTOB PEHIEHUA KPAEBbBIX 3ATAY /UUIA

ABYMEPHOI'O OTHOPOJHO-9IJIMIITHYECKOI'O YPABHEHUS B
MMPAMOYI'OJIBbHOU OBJACTH

I. IEJIb PABOTBI

HpI/IO6peT€HI/I€ HABBIKOB PCIOCHHA KPACBLIX 3ada4 OJIA OJHOPOAHO-
QJIJTUIITHYCCKOI'O I[I/ICI)(l)epCHHI/IaJ'IBHOFO YPaBHCHUA B YaCTHBIX IIPONU3BOJAHBIX BTOPOI'O

ImopsaaKa B HpHMOYFOHBHOﬁ 00J1aCcTH C IIOMOIIBIO MCTOAa KOHCYHBIX 3JICMCHTOB.

II. SAIAHUE HA PABOTY

HOJIy‘II/ITB HpI/I6J'II/I)KeHHOG PCHICHUC OJHOPOAHO-OJUIMIITHYICCKOTO YPABHCHU A

—ﬁ[an(x, y) U ”j—i{aﬂ(x, y) a”(ﬁyx’ y)j+c(x, YU, y) = £ (x,y)

OX OX oy

Ha TpsAMOYTOJbHOM obsactu Q= (0,a)x(0,b) TpPU CMEHIAHHBIX OJHOPOIHBIX
TPAaHUYHBIX YCIOBHUAX C IIOMOIIBIO METO/1a KOHEYHBIX JJIEMEHTOB.
IIpu sTOM Ha pasHeIX oTpe3kax rpanuusl I ={[,T,,[,,[,} 3adaHbl CBOM

IPaHUYHBIC YCIIOBUSL.

I1I. BAPUAHTGBI 3AJIAHMI

Ne | a,(x,y) | a,(xy) | cxy) | f(xy) | a | b Buz rpanuyHbIX
YCIIOBHI

1 1+x 1+y 1 2x 1] 2 ul=0

2 1+y 1+ X 1 2y 111 ou
E 1"120! u 1"2,1'3,1"4:0

3 1 1 X+y 1+x |2 | 1| ou _ ~0
E Lo, Y ;.0

4 | l+x+y 1 0 x>+1 | 1| 2 ou B _o
5 L,L L u r,—




5 1 1+ x+y 0 Xy+1 ou
E rl,r3:07 u 1"2,1"4:0
6 1+xy 1 X y-1 ou
E rl,r4:0’ u 0,0
7 X 1 y X+Yy ou
2_5 E rz,r3:0’ Upr,=
Ne | a,(x,y) | a,(xy) | cxy) | f(xy) By rpaHYHbBIX
YCIIOBHI
8 y 1 X+y 2x -1 ou
2—E E 1—2’1—4_0, u rlvrs—O
9 1 1+ xy 0 X+2y ou
E 3.0 , u rlvrz_o
10 | 1+x+y 1+ X 1 2X +X° ou B 0
E PO i u L,
11 1 y 2X y—X ou
Z_E E 1"2,1"3,1"4:01 u‘l‘ =0
12 | 1+x | lEx+y | x+1 | X=2y My _
E I, ’ 00
13 1 X Xy 24+1 ou
Z_g g PV ke ur1rz:O
14 X l1+y y+1 X2 — ou
2_5 y E 1"4_0’ u 1"1,1"2,1"320
15 1+y 1+x+y 2y Xy+1 ou
E r2:0’ 000
16 1+y y X X—-y ou
2_6 E L0, u rl:O
17 | 1+x+y 1+y 0 X+ Yy’ ou
E rl_o’ u .0,
18 1+xy 1+x 1 xy+1 ou
5 rlr2r3_01 u‘r =0
19 1 1+ X 1 X+2y ou
E rz,r4:0’ u rl,rs_o
20 | 1+x+y 1+xy 0 2X + X2 ou
E LI, Y u rl,rz_o

15
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IV. BBIIIOJIHEHUE

1.

IIpencraButh pemieHWE TMOMYYEHHOM KpaeBOM 3aJjadd B BHUJIE JIMHEHHOU
KOMOMHAITUN KYCOYHO-JTMHEHHBIM 0a3UCHBIX (DYHKITUM.

CocTaBUTh KBaJPAaTUYHBIN (YHKITMOHA, COOTBETCTBYIOIIHI TaHHOH 3a1ade.
CocTaBUTh CUCTEMY JIMHEWHBIX aJIreOpanyecKuX ypaBHEHHM.

PemuTe 1NONy4YEeHHYIO CHCTEMY JIMHEHHBIX ainreOpandyecKux YpaBHEHHM
OTHOCHUTENHHO KO3((OUILIMEHTOB psfa.

[ToactaBuTh mMoONydeHHBIE KOA(PGUIUEHTHI B P U TMOJNYYUTh MPUOIMKEHHOE
peneHne 3a1a4u.

PGBYJIBTaTBI PacucTOB MPCACTABUTDL B BUC Fpa(l)I/IKOB u Ta6JII/III.

V. O®OPMJIEHHE OTHETA

B otuete JOJIDKHBI OBITH IIpCaACTAaBJICHBI:

1.

2
3
4.
5

Ha3Banue paboThl.

[TocTaHOBKY 3a1a4u.

Omnucanue anroputma (MeToza) perieHus.

TekcT mporpaMMBbl ¢ OITMCAHHUEM.

Pe3ynbrarel paboThl MpOrpaMMbl Ha 3aJlaHHOM BapHaHTE€ U HA KOHTPOJBHOM

npuMepe.

VI. METOIMYECKHUE YKA3AHUA

Haiinem pemenune ypaBHeHuUs

2
_y o aija—u +cu=f, (1)
721 O%; OX;

Ha NpSAMOYTOJIbHHUKE € CO CTOPOHAMH a,b TapajuICIbHBIMM OCSIM  Xp,X,, M C

HYJICBBIM I'PaHUYHBIM YCJIOBHUEM

u=0Ha T. (2)
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3nech f(x)elL,(Q), kod3pPUIHEHTHI a; =a;(X,X,)  HEIPEPBIBHO
nuddepeHnypyeMsl B Q, KpPOME TOTO a; (X, %) =a;(x,%,), QyHKOHMA Cc(X,X,)
HEIpephIBHA B Q U C(X,,X,)>0.

Kaxk u3BecTHO, OJTHOpOIHAS AJUIUNITUYHOCTD ypaBHeHUs (1) B Q o3HayaeT, 4To

CymeCTBYCT IIOCTOsIHHAA p > 0, Takad 4To HCPABCHCTBO

Za”( ,X,)e; a; p(ocl2 +a22)

i,j=1

CIpaBeIJIMBO JUIsl JIIOOOTO BEIIECTBEHHOTO BEKTOpa (@,,a;) W JIIOOOM TOYKH
(X +X,)eQ.
Hanpumep, ypaBuenue Ilyaccona

~Au=T, f eL,(Q)
oOnagaeT 3TMMHU cBOMcTBaMHU. {151 3TOr0 ypaBHeHuUs

all(xlv Xz) = a22(X1’ Xz) =1
alz(xl' Xz) = a21(X1’ Xz) =0, C(X11 Xz)
H, CJI€CA0BATCIIBHO,

2
2 2
> (X, X)aqa; zal +ay
i) j=L

Kak MbI 3HAaCM, 9Ta 3aJlada IIpU 3aJdHHBIX IIPCAIIOJOXKCHHAX CBOAUTCA K

3a/1aue HaXOoXAeHUs PYHKIUU U(X,,X,) , MUHUMHU3UPYIOLIEH (PyHKIIMOHAT

Fu= ‘[g[.zjzlla” s)l: u dx X, + ” cu’dx,dx, — Zﬂ fudx, dx, . (3)

B ITPOCTPAHCTBE HEMIPEPHIBHO-AU B DepeHpyemMbIx GyHKIIUNA, paBHBIX HYIIO0 Ha [

BriGepem B 3TOM MpoCTpaHCTBE HEKOTOPHIN Oa3uc
@1 (X1, X3), 05 (X1, X5 ),

Hanee BbIOEpeM (UKCHPOBAHHOE n M PEIIMM COOTBETCTBYIOLIYIO 3aJady

MeronoM Putma, T.e. MuHuMH3uUpyeMm (QyHKmoHan (3) Ha TOAMPOCTPAHCTBE

KOHEYHOM pa3sMEepHOCTH n (YHKIIMA BUIA

V, (X, %,) = bl(n)gol(xl’ X2)+"'+brgn)¢n (%, %)



18

O603Ha4asi MUHUMU3HPYIONTYIO QYHKIIUIO Yepes
u, (%, %) =a", (X, %,) +..+a"g (X, X,)
MBI TIOJTYYHMM JIJI1 HCM3BECTHBIX MOCTOSHHBIX al”,...,al” cuctemy Purtia
(21, 003" + (0, 0,)a” +...+ (91, 0,)8" = (f,9,)
(@2, 008" +(0,,0,)8" +...+ (92,0,)8" = (f,0,)

(gon 1 (ol)afn) + ((Dn ! ¢2)a§n) +..+ ((0n7(pn)ar€|n) = (f l¢n)
rac

(f.p,) = [ fp,dxdx,, r=1..n
Q

2 9g, dp,
(0. 0)=> 3, ; P dx,dx, +IIC¢S¢tdx dx,
i,j=1

S :1,...,n t=1...,n.
B wactHOCTH, B ciIydyae ypaBHCHUSA HyaCCOHa CIIpaBeJINBO PABEHCTBO

Op; ¢, 0p; 09,
Q) = S dx,dx,,
@..0) J;;'. [ X, OX, ax X,

Teneps BoiOepeM GyHKIUU

¢’1(X1’X2)’ ¢)2(X1’X2)""1¢n(xl’x2)' (4)

COCTaBJISIOIIME Oa3UC, CAETYIONIUM CTeIUaIbHBIM 00pa3oMm.

[TokpoeM mpsIMOYTOJIBHUK € TPSMOYTOJIBHOW CETKOM ¢ maramud h;, U h,,
BJIOJIb OCEM X; M X, COOTBETCTBEHHO.

PazpgenuM KaXaplii U3 TOJYYCHHBIX MPSMOYTOJBHHKOB JHAarOHAIBIO Ha JIBa
TPEYTrOJIbHUKA U TOJYyYUM, TaKUM 0O0pa3oM, CETKy U3 TpeyrojbHUKOB. Temepb
MIPOHYMEPYEM BHYTPEHHHUE Y3JIOBbIE TOYKH (BHYTPEHHHUE Y3JIbI) 3TOW CETKH; MYCTh
WX YUCJIO paBHO n (3TH TOUKU 0003HaueHbI unciamu ot 1 no 12 Ha puc. 1). Jlanee,
MIPOHYMEPYEM y3JIOBBIE TOYKH, JEKAlllue Ha TpaHHUIE MPSIMOYTOJbHHKAa € (Tak
HA3bIBAEMbIC TPAHUYHBIC Y3JIbI CETKH); MYyCTh MX YWCIO PaBHO m (3TH TOYKHU

o0o3HaueHbl uncnamu ot 13 1o 30 Ha puc. 1).
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x_,A P
3O T26
14 1 4 7 INJO0[N\25
15 AN 3 [NU [N 24
16} B[N 0 [ NU2[ 23 “I-”"
177 18 19 20 21 23
0 .<T> .\‘,’

Puc. 1. Cetka

PaccMoTpuM Mpou3BOJIBHBIN BHYTPEHHUM y3€J1 CETKH, TyCTh ATO OYIET y3el ¢
HOMEpPOM r, B mpumepe Ha puc. 1 3to y3en 5. Iloctpoum nupamuay J, ¢ BBICOTOM,
paBHOM eaWHUIlE, W OCHOBaHMEM (0OO3HAYEHHBIM YeEpe3 Q,) B BuUIE
HIECTUYTOJIbHUKA, COCTABJICHHOTO W3 IIECTH TPEYTrOJIbHUKOB, UMEIOIIUX OOIIYIO
BepIIMHY B y3i1e r. Ha puc. | oTMeueHO OCHOBaHuE Qs MNHUpaMHIbl J;. BepriuHsl
ATOr0 OCHOBaHMS- y3Ibl 1, 2, 6,9, 8, 4.

Ecnu MBI 0003HaYMM Yepe3 z TPEThI0 KOOPIUHATY IEKapTOBOM cUCTeMBI (0;X,, X,,Z)
uecan x{, X3 — KOOpIAMHATHI pacCMaTPUBAEMOTrO y3Jia r, TO JIETKO MOITYYUM
YPaBHEHUSI TPAHEN COOTBETCTBYIOLIEH MUPAMU/IBL:

0 ()
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OTH ypaBHEHMs BBIIMCAHBI COOTBETCTBEHHO JIi TPEYTOJBHHUKOB T, ,,..T, ¢

(coCTaBIAIOMIMX OCHOBAaHHWE Q;), C KOTOPBIMU CMEXHBI TPAaHH HUPAMHUABL. JTO

BUJIHO M3 PHC. 2, TJIe OTMEYEHBI TPEYTOJbHUKA T, ,,..,.T,; € BepmnHamu 1,2,5,...,4,15.

6 9

Puc. 2. OcHoBanue Q,

OmpenenuM QyHKIHUIO ¢, (X, X,) (T. €. B HaIIeM citydae QyHKIHIO ¢, (X, X,) )
B O TakuM 00pa3oM, YTO AJd TOYEK, NPHHANICKAIIUX Q, , OHA ONpPEAENIAeTCs
COOTHOMICHHUSIMH (5), B TO BpeMs Kak BO BCEX OCTAJIbHBIX TOYKAX MPSIMOYTOJbHUKA
Q OHA MOJIAraeTcs PaBHON HYIIIO.

CnenoBaTesibHO, MOBEPXHOCTb  Z =@, (X, X,) JIGKUT HA IJIOCKOCTH  Xi,X»,
UCKIIIOYas IIEeCTUYTOJIBHUK  Q,, HaJ KOTOPHIM OHAa HMEET BHJ IIECTUTPAHHOU
UpaMUIbl STUHUIHONW BHICOTHI.

Kaxnas w3z ¢yHkmuit ¢, (x,X%,),r=1..,n (B Hamem ciydae r=I,.,12),
HEmpephlBHA B Q M HMMEeT B () KYyCOYHO-HENpEpHIBHBIE (JaXke KyCOUHO-
MIOCTOSIHHBIC) YaCTHBIE TIPOM3BOIHBIE TIEPBOTO MOPSIIKA.

W3 moctpoeHuss Oa3ucHbIX (GYHKIUH cJeayeT, 4To Oa3ucHble (yHKUIUU
JINHCHHO HE3aBUCHUMBI.

Hanee, u3 ompenencHus (QYHKIHUA CIEIyeT, YTO HAa BHYTPEHHEM Y3Je r

GyHKIWMS vV, (X,,X,) TPUHUMAET 3HaYeHus b,
B wactHOoCTH, M1 QyHKIMU U (X,X,), KOIDPHUIIMEHTH KOTOPOW 3aaHBI

cucremoit Putiia, cripaBeisTuBoO paBEHCTB /IS JIF0OOTO BHYTPEHHETO y371a I .



21

OyHKIMH V, (%, X,) H U, (X,X,) HDPUHALIEKAT K TAK HA3BIBAEMBIM CHAAUH-

¢dynxyusam. B nuTeparype 3TO Ha3BaHUE OOBIYHO HWCIOIB3YETCS I (yHKIIHMH,
HEIPEPHIBHEIX M KyCOYHO-NOJIMHOMHUANBHEIX B Q (HaIpuMep, KyCOYHO-JIMHEHHBIX,
Kak B HamreM npumepe). DyHkuun ¢, (X, X,) TMOCTPOSHHBIE BhIIIE, OYyT HAa3bIBATHCS
INEMEHMAPHBIMU CHAAUH-DYHKYUAMU.

Otu QyHKIIUU HE PaBHBI HYJIIO TOJIHKO HA MIECTH 3JIEMEHTaX BHIOpAHHOM CETKU
13 TPEYTOJLHUKOB, T.€. TOJIBKO HAa MaJIOi YacTH MPSAMOYTroJdbHUKA Q (IpH YCIOBHH,
YTO ATa CETh JOCTATOYHO MEJIKas).

Paccmorpum moapoGHee oOCykIaBIIMiicS BbIIE ciydail (cM. puc. 2) u
UCCIeayeM JJIsl Hero OoJiee THmiaTenbHO cucTemMy Putia. B xauecTBe wminmocTparuu
COCTaBHUM MATOE ypaBHEHHUE (M3 JIBEHA/LIATH YPABHEHUI) 3TOM CUCTEMBI JJIsl CITydas

ypaBHenus Ilyacconanpu h, =h, =h.

Brrancnnm npexie BCero npon3BeacHUs

op, 0 op, 0
(¢5’¢t) J'J'[ Dy (Dt ¢t]dXdX

OX, 0%, ax OX

., O 0
Bcenencreue (5) nns GyHKIui sy 5 vpr MOJIYYUM TIOCTOSTHHBIE 3HAYCHUS B

0%, 0X,

paccMaTpUBAEMBIX TPEYTONbHUKAX T, ..., T, ; @ IMEHHO, 110 TIOPAAKY

%’ %’ 0~ 0 O
(6)

o 101 o 1.1

h h h h

[TockonbKy Bce (QYHKIUU ¢, (X;,X,) TOXJIECTBEHHO PaBHBI HYJIIO B Qs , 3a
UCKIIIOYeHHe  QyHKuUMH ¢, (X,X,) M  «COCEAHMX» ¢ Hel  (QyHKuul
(X0, X5, 90, (%1, X2 ), 05 (X1, %5 ) 05 (X1, X,), 05 (X1, X,), 04 (%1, X, ) , IPOU3BOJHBIE KOTOPBIX IO X3
u X, TAK)KE TMPUHUMAIOT 3HaueHus (6) COOTBETCTBEHHO (KOHEYHO, B
COOTBETCTBYIOIIUX TPEYroJIbHUKAaX) TO BCE MPOU3BEACHUS (¢,,p;) PaBHBI HYIIO, 32

HCKJIFOUEHUEM TEX, 11 KOTOPBIX I MPUHUMAET OJHO W3 3HadyeHui 5, 1, 2, 6, 9, §, 4.
h2
[Imomanu paccmMaTpuBaeMbIX TPEYTOJIBHUKOB paBHbI 5 . BenencTBue paBeHCTBa
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0ps 0ps 0@y Oy
, = + dx,dx, =
(05 05) IQI ( X OX, OX, X, ) -

2
_” [a¢5j (8%] dx,dx, +...+
T51
op,) (0
+.UK (DSJ ( %J ]dxldxz.
2
Y COOTHOIIICHUH (6) cieayer, 4yTo

h2|( 1 1 1 , 1
(¢5’¢5):?Kh—2+0 j [h—2+Fj+(0 +Fj+}
1

Tewm ke crtocoO0M BBIYHCIIUM

((P1,§D5) = .U[aq)l 6(05 8(01 8(05 ]dX dX
T5v

OX, 0%, ax OX,

:J'J' 0, 0¢s a(/)l o0ps dx,dx, =
X, OX, ax2 OX, 2

2
=h— _1 -0+0-| - 1 +0- l+1 0|=0.
2 h h h h

(©5,95) =0, (92,05) = (05, 05) = (05, 95) = (@4, 05) =1,
Takum 00pa3om, ATOE ypaBHEHHE MPUMET CIICAYIOIIUNA BU/I;

AHanoruyso,

(12) (2 _ 02 _ o0 _ o0
—C, 7 +4c,” —cg 7 —Cy ﬁ fo,dx, dx,.

VYpaBHEHUE CONEPKUT TOJBKO TMSITh HEHYJIEBBIX KOAPOUIMEHTOB IS
Heu3BecTHBIX ¢™?. Kak BHIHO M3 croco0a MOIydeHHs 3TOrO YpPaBHEHHUS, JPYTrHe
ypaBHEHUSI 3TOM CHCTEMBI Takke OyayT cojepkaTb He OoJiee MATH HEHYJIEBBIX
k03 dureHToB s Hem3BecTHBIX c™?. B ciyuae metoma Purtia MbI, BoOOIIE
rOBOpSI, HE BCTpEYaEMCsl C TaKUM siBJieHHEM. JlJis MeTo[a KOHEUHBIX 3JIEMEHTOB 3TO
CBOMCTBO MaTPHUIIBI CUCTEMBI SIBJISIETCS] XapaKTEPHBIM.

Kak yxe ormedanoch, QyHKITUH @, (X, X, )y, ¢, 2(%;, X,) JTUHEHHO HE3aBUCHMBI B

npoctpaictBe  H, . Takum o00pa3oM, cucTeMa JIMHEWHBIX allre0panyecKux
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ypaBHEHUH OJHO3HAYHO pazpemmnMma. CrenoBaTeNbHO, MBI TOJYYUM MPUOIMKEHHE

Uy, (X, X,) UICKOMOTO pEIICHUSI.
Mo’kHO nOKa3aTh, YTO MPH YBEIUYEHUN n Mbl IPUOIU3UMCS K 0000IIEHHOMY

PELIEHUIO YPAaBHEHUS, T.€.

lim u,, (X, ;) =u(X;, X;)
n—o0
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