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JIABOPATOPHASI PABOTA Nel. QKCTpEMaribHble CBOUCTBA.
Heobxoanmble yCnoBus CyLLLECTBOBAHUS OKaNbHbIX MUHUMYMOB.
OKCTpeMarbHble CBOMCTBA Ha BbIMYKMbIX MHOXECTBaxX

|. Heab padoThl.
H3ydeHne skcTpeMalbHBIX CBOMCTB Ha BBITYKIIBIX MHOXKECTBAX

Il. TeopeTruueckas cnpaBka.

[MpeononoxeHne O BO3MOXHOCTU ONuUcaTb 3aBUCUMOCTU MexXay
ynpasnsgeMbIMU NEePeMEHHbLIMWN C MOMOLLIbIO JIMHENHbIX OYHKUMUIA JaneKko He
BCerga apgeksaTHO npupoAde wmogenupyemoro obbekta. Hanpumep, B
NMNHENHbIX MOAenNsxX LueHa ToBapa CYMTaeTCcd He3aBMCUMOM OT Konmn4yecTBa
npoun3sefeHHOro NpoayKTa, OAHaKO B NOBCEAHEBHOW XXM3HN Mbl MOCTOSAHHO
cTankneaemcs C TeM, YTO OHa MOXeT 3aBuceTb OT obbemMa napTumn ToBapa.
AHarnornyHble 3ameyaHusi MoryT 6bITb caenaHbl U MO NOBOAY TEXHOMOMM-
YeCKMX OrpaHuYeHunin: pacxon onpefeneHHbIX BUAOB Cbipbsi U PEeCcypcoB
NPOUCXOANT He NUHENHO, a ckadkoobpasHo (B 3aBUCUMMOCTM OT obbema
npoussoacTea). [onbITkM y4ecTb 3TN hakTopbl NPUBOAAT K (OOPMYNPOBKe
Bbonee obLWMX U CNOXHbIX ONTUMU3ALUNOHHBLIX 3agad. N3yyeHne meToaos
UX pelleHns CcocTaBndeT npegMeT HayyHou obnactu, nosy4YMBLIEN
Ha3BaHUA HesTUHEeUHO20 rpo2paMmMupo8aHuUsi.

Obwas 3agava HenuHenHoro nporpammumpoBaHma  (O3HI) on-
pefenseTcsa Kak 3ajada HaxoXOeHus Makcumyma (Mnn  MUHUMYMa)
ueneson dyHkumn f(x; Xo,..., X;) Ha MHOXecTBe D, onpegensemom
CUCTEMOM OrpaHNYeHnin

D:{XeRn,

0,(X, %, .., X )<0ji€l:r } (2.1)

9,(X, %, X, )=0,ier+1:m

roe xomsi 6b1 0OHa U3 pyHKUuMM f nnu gi aBNseTcst HeNUHEeNHOMN.

Mo aHanormm c nuHenHbiM nporpammupoBaHMem 3HIT ogHO3HaAYHO
onpegendaetca napon (D,f) n kpaTko MOXeT BbITb 3anucaHa B CreayroLlem
BUae

f(x) > max, DZ{XE R",

gi(xl,xz,...,xn)SF),iel:r } (2.2)
9 (X, Xy X, )=0,ier+1:m

Takke O4YeBWOHO, YTO BOMPOC O TUME ONTUMMU3ALMU He SIBNSETCH
NPUHLMNMANbHBIM. [T03TOMY Mbl, AN ONPeAEeNeHHOCTH, B AanbHeWweM no
yMoI4aHuio ByieM paccMaTpuBaTh 3afaun MakCUMU3aLIMM.

Kak n B 3JMN, Bektop x =(x,X;....x;)eD HasblBaeTcs O0MyCMUMbIM

naHoM, a ecnv Ans noboro xeD BbinonHseTcs HepaseHCTBO f(x')> f(x),

TO X HasblBalT onmumasibHbiM rnnaHoM. B aTom cryyae x siBnsieTcs
TOYKOM rnobansLHOro MakcumMyma.



C TOYKM 3peHUs SKOHOMUYECKOW WHTepnpeTaumm f(X) MoxeT
paccMmaTpmBaTbCsa Kak OOXOA, KOTOpbI nonyyvyaet dupma (npeanpuarune)
Npu nnaHe BbiNycka X, a g,(x)<0 Kak TeXHONMOrm4yeckue OorpaHudeHuss Ha

BO3MOXHOCTW BbiNycka npoAykuuu. B gaHHOM crnyvae OHW ABMAOTCA
obobLeHnem pecypcHbix orpaHndeHun B 3J1MM (a,x—b, <0)

3agava (2.2) sBndeTcd BecbMa o0Ouwien, T. K. [OMNycKaeT 3anucb
NOrMYECKNX YCNOBUIN, HANpPUMep:

[(0,(x)<0)=(g,(x)>0)] = |g, (¥)+ y?g,(x)> 0,y R}
N 3arniCb yCﬂOBMVl ONCKPETHOCTU MHOXECTB.

[(x=0)v(x=1)]<|x* —x=0]
Habop orpaHunyeHuin, onpegensawowmx MHoxecTtBo D, npu Heob-
XOOMMOCTU BCerga MOXHO CBecTu Ninbo K cucTeme, COCTOALLEN M3 OOHUX
HEepaBEHCTB:

nnbo, pobasus (*)VIKTI/IBHbIe nepemMeHHble y, K CUICTEME ypaBHeHMVIZ

9(x)=0= g(x)-y* =0.

Mepeuncnum ceonctBa 3WUI, KOTOpble CYLLECTBEHHO YCITOXHAOT
NnpoLecc WX pelleHus Mo CpaBHEHUI0 C 3ajadvyaMu JIMHEWHOro npo-
rpaMMmnpOBaHUS:

1. MHOXecTBO AONyCTUMBIX NfiaHOB D MOXET MMeTb OYEeHb CITIOXHYIO
CTPYKTYpPY (Hanpumep, 6bITb HEBbLIMYKIbIM UN HECBA3HbLIM).

2. no6anbHbI MakCUMyM (MUHUMYM) MOXET OOCTUraTbCa Kak BHYTpU
MHOXecTBa D, Tak U Ha ero rpaHuuax (rge oH, Boobuie rosopsi, byaeTt He
coBnagaTtb HU C OQHUM U3 JTIOKaNbHbIX 3KCTPEMYMOB).

3. UeneBaa dyHkumsa f moxetr 6biTb HeamddepeHunpyemomn, 4To
3aTpygHsieT MpUMEHEHMEe KnacCUYeCcKMX MeToOoB MaTemMaTuyecKoro
aHanuaa.

B cuny HasBaHHbIX (PaKTOpOB 3afayuM HENUHEMHOro mnporpaMmmm-
POBaHUS HACTONbKO pa3HOObpasHbl, YTO AN HUX He cyuwlecTByeT obLuero
MeTo4a peLleHus.

lll. 3apaHue

MonyynTb nHanBMAayabHoe 3agaHue, chopMynmMpoBaHHOE CITIOBECHO.
MocTtpontb Mmoaenb. [NpoBepnTb, ABNAETCA NN OHA NMHENHOW. Ecnn HeT —
SBMNSAETCS NN OHA BbINYKIOWN.

V. BbinonHeHue.



[MpoBepka MoxeT OCYLUECTBJIATbCA KaK BPY4YHYIO, TaK U C NMOMOLLbIO

noboro naketa NpUKNagHbIX NPorpamm.

V. OcopmneHune oTyeTa.
B otyeTe pomkHbl ObITb npeAcTaBneHbl: 3adaHue, MNoCTPOeHHasd

MOAerb, eé nccnegoBaHne, BbiBoAbl O MMHEMHOCTU UIU HENUHEWHOCTU — U
O BbIMNYKMNOCTW.

abhwhE

VI. KOHTpOsbHbIEe BOMNPOCHI.

YTo Takoe BbiMyknoe MHOXeCTBO.

UTo Takoe Bbinyknaa yHKUUS.

MoxeT nn kBagpaTudHasa 3agada ObiTb BbINYKITON.
MoxeT nn kBagpaTudHasa 3agada ObiTb HEBbLIMYKITON.
EcTb nu cnocobbl cBeCTU BbIMYKYyO 3aaady K IMHEWHOWN.

VIl. Bubnuorpaduyeckmm cnmcok
KoHtoxoBckun [1.B. MaTtematunyeckne wmetodbl UCCeaoBaHUS
onepauun B akoHommke—CI16: Mutep, 2000. — 208 c.: un..



JIABOPATOPHA S PABOTA Ne2. [locTaTtoyHble yCIioBuS
onTumanbHOCTUN. Teopna MHoXUTenen JlarpaHxa, Teopema KyHa-
Takkepa

|. IHeab padoThl.
N3ydyeHne 10CTaTOYHBIX YCIOBUM ONTUMAIBHOCTH.

Il. TeopeTuueckas cnpaBka.

OgHMMm 13 Hambonee obWMX NOAXOAOB K PELLUEHUIO 3adadun noucka
9KCTpemMyMa (floKanbHOro MakcumMyma WnM MUHUMYMA) QYHKUUKM Npu
HanM4YNN CBA3YIOLMX OrpaHMYEeHUN Ha €e MepeMeHHble (MNu, Kak elue
roBopsT, 3adayu ycriogHoU onmumusayuu) asnsetca metop JlarpaHxa.
MHorMm  yutatensm OH  OofmkKeH OblTb  M3BECTEH U3 Kypca
anpdepeHumnansHoro ucumucriennda. lges paHHoro metoga COCTOUT B
CcBeLleHUn 3ajayum Nomncka yCnoBHOro aKCTpemMmymMa LenieBon oyHKUum

f (X, Xy e X, ) (2.3)
Ha MHOXeCTBe [AOMyCTUMbIX 3HadeHus D, onncbiBaeMOM CUCTEMOM
ypaBHEHUN

gl(xl’XZ""'Xn) O
D: (2.4)

gm(xl’XZ""'Xr‘l) O

K 3agade 6e3ycrnoBHOM onTUMM3aunm gyHKLUK

@(x,u) = f(X1,X2,...,Xn)FUIQI(Xi,X2,...,Xn)*... +UnOm(X1,X2,...,Xn),
(2.5)

roe ueR™ — BEKTOpP AONOSHUTENbHbBIX MepeMeHHbIX, HasblBaeMblX
MHoxXumensamu flazpaHxa. PyHkuuio @(x,u), rae xeR™, ueR™, HasblBalOT
yHKyueu JlacpaHxa. B cnydae gudpdepeHumpyemoe™ dyHkumm f n g
cnpaBeasiMBa Teopema, onpegenswowasi  Heobxogumoe  ycrioBue
CYLWEeCTBOBaHMUS TOYKM YCMOBHOIO 3KCTpemMyma B 3agadve (2.3)-(2.4).
[MockonbKy OHa HenocpeacTBEHHO OTHOCUTCH K npeamety
MaTeMaTU4ecKoro aHanuaa, npueeaem ee 6e3 gokasatenbCcTaa.

Teopema 2.1. Ecnu X sensiemcsi MOYKoU YyCrI08HO20 3KCmpemyma
yHKyuu (2.3) npu oepaHu4dyeHusx (2.4) u paHe Mampuubl epebix
YacmHbIX rPou3800HbIX (byHKYUU

a9, (x*)

OX

] mxn




paseH m, mo cywecmsyrom makueu,,u,,..,u., He pasHble OOHO8PEMEHHO
HYIt0, rpu Komopbix

vao(x',u)=Vi(x )+ iu:Vgi(x*)z 0
(2.6) _

N3 Teopembl (2.1) BbiTeKaeT METOL MOUCKa YCNOBHOMO 3KCTpeMyMa,
NnonyyYmBlUMM HasBaHME MeToda MHoxuTenew JlarpaHxa, WM npocTo
meTopaa JlarpaHxa. OH COCTOMUT M3 CrieayoLmx aTanos.

1. CocTasneHue yHkuum Jlarpanxa @(x,u).

2. HaxoxgeHne YyacTHbIX NPoM3BOAHbIX

%(jel:n) " %(iel:m)

J i
3. PeweHune cuctembl ypaBHEHUM

d(x,u)

OX

od(x,u)
ou.

=0,(jel:n)
] (2.7)
=g,(x)=0,(iel:m)

OTHOCUTENbHO NEPEMEHHbIX X U U.

4. WccnepoBaHue Toudek, yaoBnetTeBopsawowmx cucreme (2.7), Ha
MakCUMyM (MUHUMYM) C NOMOLLbKO AOCTAaTOYHOrO NPpU3HaKa akcTpeMyma.

MpucyTtcTBue nocnegHero (4eTBepToro) atana oObsCHAETCS TEM, YTO
Teopema (2.1) paet Heobxogumoe, HO He [0OCTaTO4HOE YCroBue
aKkcTpemyma. [lonoxeHne gen c OOCTATOYHbIMU MPU3HAKaMW YCIOBHOIO
9KCcTpemyma obcTtout ropasgo  cnoxHee. BooOwe roeBops, OHU
CYLLECTBYIOT, HO cnpaBeanuBbl Ans ropa3go 6onee 4acTHbIX CUTyauumin
(Mpy BeCbMa XeCTKMX Npeanocbifikax OTHOCUTENbHO PyHKUUK f 1 gi) 1, Kak
npasuno, TPyagHOMPUMEHUMbl Ha npakTuke. Ele pa3 nogyepkHeMm, 4To
OCHOBHOE€ NpaKkTuyeckoe 3HayeHue meToda JlarpaHxka 3aknoyaeTcs B TOM,
YTO OH 10380s7155em repeumu om yCcri08HOU onmumu3ayuu K 6e3ycrioeHou
N, COOTBETCTBEHHO, paclUMpUTb apceHasrt AOCTYMHbIX CPenCTB peLueHus
npobnembl. OgHaKo HeTpPYyAHO 3aMeTUTb, YTO 3ajadva pPeLleHUs CUCTEMBbI
ypaBHeHU (2.7), K KOTOPOW CBOAUTCA AaHHbIN METO, B 0OLLEM crnyvyae He
npowe wucxogHonm npobnembl noucka akctpemyma (2.3)-(2.4). Metoabl,
nogpasymMmeBaloLLne Takoe pelleHne, HasblBaTCa HernpsmMbiMu. OHU MOryT
ObITb NPUMEHEHBbI 4N9 BECbMa Y3KOro Krnacca 3agad, Ansl KoTopbIx yaaeTca
NOSTyYNTb JIMHEVHYKD UMW CBOASALLYKCA K JIMHEMHOW CUCTEMY YpaBHEHUN
(2.7). x npumeHeHne 0b6bACHAETCA HEODXOOUMOCTbBIO NOMYYUTb peLleHne
9KCTpeManbHOW 3afa4vn B aHannTU4Yeckon popme (4onyctum, Ans Tex nnu
WHbIX TEOPETUYECKMX BbIKNAAOK). [1pn peLleHnn KOHKPETHbIX MPaKTUYECKNX
3agay 0OblMHO MUCNOMb3YKTCA MPsIMble METOAbl, OCHOBaHHblE Ha uUTepa-
TMBHbIX NpoLieccax BblMUCNEHUS N CPABHEHUS 3HAYEHUIN ONTUMU3NPYEMbIX

doyHKUMI.




1. 3apaHue.

3agayvy, NOCTPOEHHYH NpPU BbINOSHEHMM MepBon nabopaTopHOU
paboTbl, pewmnTb MeToaoM JlarpaHxa.

V. BbinosnHeHue.

[Mpn pelleHnn MOXHO MCNosb30BaTh B Ka4eCTBE BCMOMOraTtesibHOro
nobon  nNpuknagHoMm  Matematmyeckmn naket.  [lpoaHanuaupoBaTb
pesynbTaThl peleHnd, caenaTb BbiIBOAbI.

V. OchopmMmneHue oTyera.

B otyete AOomkHbl ObITb npegcrtaBsieHbl: 3adada, pe3yJibTaTbl
peleHnd, BbiIBOAbI.

VI. KOHTpOsibHbIe BONPOCHI.

'ne npumeHsaeTca metop JlarpaHxa.

2. HeobxogmMmoe  ycrnoBuMe  CyLLECTBOBAHUSI  TOYKM  YCITOBHOrO
9KCTpemyma.

3. [loctaTo4yHOE ycnoBue aKkcTpemyma.

4. NccnepoBaHue HaWEHHbIX TOYEK Ha 4OCTaTOYHOE YCroBUe.

=

VIl. Bubnuorpadunyeckmm cnmcok

1. KoHtoxoBckun 1.B. MaTemaTndeckme mMetoabl CccnegoBaHMa onepauum
B 9KoHOMUKke—CI16: MNutep, 2000. — 208 c.: vn..



JJABOPATOPHASI PABOTA  Ne3. [JBOMCTBEHHOCTb B  BbIMYKINOM

nporpamMmmMmnpoBaHnmn
l. lenb paboTbil.
N3yyeHne cBONCTB ABONCTBEHHOCTU U X NPAKTUYECKOrO UCMONb30BaHUS.

Il. TeopeTnyeckas cnpaBka.
[BONCTBEHHOCTb B HEJIMHEMHOM NPOrpaMMMpoOBaHNMN

NMoHATMe cepnoBoM TOYKU. KpaTKO OCTAHOBMMCS Ha HEKOTOPbIX
dyHOaMeHTarnbHbIX MOMEHTax TEOPUN HENUHENHOro NPOrpamMMupoOBaHUS.
OTnpaBHOM TOYKOWM AN HUX SBNAGETCH pacnpocTpaHeHWe MeToaa
Narpanxa ans pewenns 33U ¢ orpaHnvyeHnsiMm B dopmMe HEPaBEHCTB:

f(x)—>max, D ={xe X9 (%, X s X, )< 0, €1 m| (2.28)

roe X — HekoTopasi obnactb B npoctpaHcTee R".
Mo aHanormm ¢ n. 2.1.2 onpegenum gna 3agayn (2.28) dyHKUUO
JlarpaHxa:

d(x,u)= f(xl,x2,...,xn)—Z::uigi(xl,xz,...,xn) (2.29)

» [lapa eekmopos (Q,G) Ha3bleaemcsi cearioBOU TOYKOU yHKuuu @
(x, u) 8 Hekomopou obriacmu X x U , ecnu 0ns mobbix X e Xuwn € U

®lx,u)< dx,u)< Dlx,u) (2.30)

HepaBeHcTBa (2.30) Takke HasblBalOT HepaseHcmeamu cedriosou
MOYKU.




Puc. 2.7

B kauyecTtBe npumepa ceasioBon TOUKM MOXET ObITb NpuBedeHa To4ka
(0, 0) ansa dyHKUMM O(x, u) = - x> + U, onpeaeneHHon Ha MHoXecTBe R x
R. B camom pgene, @(0,0) = 0, ®(x,0) = -x2, ®(0, u) = u?, a Ana NodbLIX X €
R 1 U e R BbINONHAKTCA HEPaBEHCTBA —x* <0 U 0<u?.

Ha puc. 2.7 n3obpaxeH rpaduk pyHKumMmn @(x, u) (rmnepbonnyeckun
napabonowng), n, kak BMAHO, B okpecTHocTn To4kmM (0, 0) OH AENCTBUTENBHO
no dopme HanoMuvHaeT cenno, 4em U OOBACHAETCA MNPOUCXOXOAEHUE
COOTBETCTBYHLLEIO TEPMMHA.

Teopema KyHa — TaHkepa. LleHTpanbHOe MecTo B Teopuu
HENMMHENHOro nNporpamMmMmpoBaHna 3aHuMaeT Teopema KyHa — Takkepa,
KoTopas cBa3blBaeT peweHne 3HIT ¢ Hanuumem cennoBoW TOYKU Y
COOTBETCTBYHOLLEN PyHKUMN JlarpaHxKa.

Teopema 2.3. (ocTaTouyHOe ycrioBue 3KcTpemyma). Ecru (Q,G) —

cednosass moyka ¢yHKkyuu flagpaHxa, 8 obacmu xe X oD, u=0, MO x
qerigemcs orimumaribHbIM rriaHoM 3adadu (2.28), nipu4dem cripasednueo
mak Ha3blgaemMoe NPaBuUNo [ONOSTHAIOLEN HEXXECTKOCTMU:

iaigi(§)=o (2.31)

HokasaTenbCTBO.
Mo onpeaeneHnio ceanoBo TOYKU

m m _

f(x)-> uig,(x)< f()?)—Zuigi (?()s f()?)—iZi:uigi (?() (2.32)

i=1 i=1

npu Bcex x € X, u >0 . I3 BToporo HepaBeHCTBa B (2.32) criegyeT, 4To
Zm:uigi&)g Zm:ﬁigi(i), AN u>0 (2.33)

OpHako (2.33) MOXeT MMeTb MECTO TONbKO Toraa, Korga gi(i)go npu
Bcex iel:m. [lencTBUTENBHO, €Cnn CyLlecTByeT Takoe K, 4To gk(§)>0, TO,
NoNoOXmB u, =0 ANs Bcex i=k M BblbpaB goctaToyHo Gonblioe ux > 0
MO>XHO J0BUTBLCS TOro, YTO 3HaA4YEeHne

Z::uigi(i):ukgk(;()

okakeTcsi 6onblle NOCTOAHHOro Bblpa>KeHns




m — (—
Zuigi(x)
i=1
N3 Toro, 4yto Ans Bcex iel:m BbINOMHATCA HepaBeHCTBa gi(x)so

creayeT, YTo x ABNAETCS AONYyCTUMbIM NnaHom 3agadn (2.28).
Ecnun B neByto yacTb HepaBeHcTBa (2.33) NOACTaBUTb 3HAYeHUS u, =0,

iel:m, TO NONy4nM, YTO

Zilaigi(;()zo

BmecTe ¢ TemM 13 TOro 4To, gi(i)s 0 U u >0, CNeayeT OLeHKa

gﬁigi(x)é 0

CoBMeCTHOE paccMOTpPeHMNe NocnegHnX ABYX HEPaABEHCTB NPMBOAUT K
npaBuny AOMOJSTHSAIOLLEN HEXXECTKOCTU B TOUKE X :

m — —
Zuigi(x): 0
i=1
Torga Ha OCHOBaHMM NEBOW 4YacTUM HepaBEHCTBA CEOSIOBON TOYKM
(2.32) umeem, 4TO OANs Bcex X € X (B TOM yucrne n ansa x € D)

f— m —
f(x)z f(x)— > uig;(x)
i=1
Mo ycnosuto 3UIM ans nwobbix X € D BepHbl HepaBeHCTBa gi(>_<)so,
YTO, B COYETaHWUM C YCroBUEM u, >0, NMO3BONSAET 3anucaTb

iZ::Gigi(x)S 0

3HauuT,

f(x)—gﬁigi(x)z F(x)

OkoHyaTenbHO nony4aem, 4YTo Anga nwbbix xe D cnpaBeasMeBo Co-
oTHoweHne f(x)> f(x), T.e. x — ONTUMAanbHBIV NRaH 3agayn (2.28). A

YTBEpxaeHue, obpatHoe Teopeme (2.3), T. €. Heobxogmumoe ycrnosue
akcTpemyma B 3HI1, okasbiBaeTcs BepHbIM TOSIbKO MPU  BbINOSTHEHUN
OOMNOSTHUTENbHbBIX YCINOBWUA, KOTOPbIM AOSMKHA YAOBMETBOPATbL 3adadva
(2.28). BaxHenwum wn3 HUX 4BNAETCS TaK HasblBaeMoe YCrioBue
perynsipHoctn Cnenrtepa:



» [08opsm, ymo byHKUUs Qgi(x), 3adarowas ogpaHu4deHuUe 8 3adaye
(2.28), ydosnemeopsiem ycnosur peaynspHocmu Creumepa, ecrnu
cywiecmeyem makasi mo4ka x, rnpuHadnexawas obnacmu 0ornycmumabix,
nnaHos D, ymo

gi(i)<0

T. €. X ABNAeTCA BHYTPEHHEN TOYKOW OTHOCUTENbHO OrpaHUYeHus g
(x). NoaToMy gaHHOE yCroBMe TakKe Ha3blBalOT YCITIOBUEM mMesiecCHOCmU.

Boobuwe roBops, CyLleCcTBYHOT pasHble BapuaHTbl Heobxoaumoro
ycnosua KyHa—Takkepa. [NpnBegem oanH U3 HUX.

Teopema 2.4. (Heo6xoaumoe ycrnoBue Harnmumsi IKCTpemyma).

Ecnu (D, f) sensemcsi 3adayel 8biryKi020 rpo2paMmMupo8aHusi C
peweHueM x, ee ueneeas yHkuus f(X) u gpyHkyuu o2paHudyeHul gi(x) —
ougbpepeHyupyemsbl, HesluHelHble 02paHU4YeHuUsi 8 hopme HepageHcms
yooeriemegopsitom ycrioguro peayrspHocmu Crieimepa, mo cyuwecmeyem
makoli eKmop u>0, Ymo (>_<,G) — ceodrnoeasi moyka ¢byHkyuu flazpaHxa @

(x, u).

Mbl He Oygem 3gecb NpUBOAMTL [AOKa3aTeNnbCTBO Teopembl (2.4),
KOTOpPOEe S$BMSAETCHA [LOBOJSIbHO CrOXHbIM. 3auHTEpPeCcOBaHHbIN YuTaTesb
MOXET HalTu ero B TakKnUx UCTOYHMKaX, Kak [1, 13].

3HaveHne TeopemMbl KyHa—Takkepa COCTOUT B TOM, YTO OHa MO-
3BOMSIeT CBA3aTb NPOLECC pelleHns oNnTUMN3auMoHHOM 3a4a4n ¢ MOUCKOM
ceanoBblX ToyeK yHKumm Jlarpanxka, T. e., rpybo rosops, C
MakcumMmnsaumen 3Tom PyHKUUN NO X U MUHUMU3AUMEN Mo U.

Onpegenum F(x) kak OyHKUWUIO, CTaBSILLYO B COOTBETCTBUE KaXOoOMy
3HaYeHU0 X MMHUManbHOE 3HadeHne yHKUMM @(x,u) No u:

F(x)=min @(x,u)

u=0

1 NO aHanornm

G(u)=max @(x,u)

xeX
PaccmoTpum 3agady oTbiCKaHUA Makcumyma yHKUnmn F(x)

F(x)=min &(x,u)— max, x e X (2.34)

u=0

1 3agadvy MuHuMmsaumm G(u)

G(u)=max @(x,u)— min, u>0 (2.35)

xeX

OuyeBugHoO, 4YTO




F(x)=min &(x,u)=

u=0

f(x),xeD
{ o, X¢ D

Otcioga crnegyet, 4TOo Makcumym F(X) Haxogutca B OOMYCTUMOM
obnactn D n coBnagaeT ¢ MakcMmymoM Leneson ¢yHkuum f(x) 3agaym
(2.28):

max F(x)= max min cD(x,u)=r£13Dx f(x)

xeX xeX u=0

Takum oOpasom, 3agjadva (2.34), B onpenenieHHoM CMbicne, pas-
HocunbHa (2.28). AHanornyHble BbIBOAbI MOrYT OblTb MOMYYEHbl M AN
(2.35). 3apaun (2.34) n (2.35) obpas3yT ABOMCTBEHHYI napy. Kak
HEeTpyOHO JoragaTbCd, AaHHOE OTHOLWeHue saBndeTca 0600LWweHnem
OTHOLLEHUS1 ABONCTBEHHOCTM ANs 3agadvy JIMHEMHOro nporpaMmMMpoBaHUS.
CoOoTBETCTBEHHO, NPU OnNpedeneHHbIX YCMoBUAX Mapa OBOWCTBEHHbIX
3agady  HenuHerHOro  nporpaMmmupoBaHusi obnagaeT  CBOWMCTBaMM,
aHanorM4yHbIMM CBOMCTBaM OBOMCTBEHHbIX NIMHEWHbIX 3ada4y. B yacTtHocTw,
npu nobbix xe X, u >0

F(x)<G(u) (2.36)

Ycnosne (2.36) HaxoauT WKMPOKOE MNPUMEHEHME NPU MOCTPOEHUU
OLEHOK B WTEpaTMBHbLIX MeToAaxX peLUeHUs ONTUMU3ALMOHHbLIX 3aJau.
Hanpumep, ecnu wumeeTca BO3MOXHOCTb MPUBAN3UTENBHO pPeLnTb
npsAMy0 M OBOWCTBEHHYK 3adavnm W NOfyyYuTb MOCreaoBaTESNIbHOCTU
npubrwkernn {x@} u @}, To ¢ noMoLb0 HepaBeHCTB BuAa

f(x@)< £(x")<Gu)
MOXXHO ornpenesiuTb MOMEHT OCTaHOBKM BbIYUCITUTENBHOW npoLeaypbl.

B 3aknoyeHne oTMeTUM, YTO BO3MOXEH BapunaHT BbIBOJA BblPa)eHUN
ana uenesbiX QYHKUMM M OrpaHUYeHUW napbl OBOWUCTBEHHbLIX 3ajad
NIMHENHOrO NpPOrpamMMmpoBaHMa M3 obLero onpeneneHns OTHOLUEHUSA
OBOWCTBEHHOCTU AN HENWHEMHbIX 3adady. Takke OTMeTuM, 4YTo B
npouecce PopMUPOBAHNSA HENMHENHBLIX OBOMCTBEHHbBIX 3a4ay CyLlecTByeT
bonbllas HeoOgHO3HAYHOCTb: UX BWO MOXHO BapbupoOBaTb, BKNKOYasi B
MHOXECTBO X YacCTb OrpaHuyeHnn g,(x)<0.

lll. 3amgaHue

[MocTpouTb 3agavy, OBOMCTBEHHYHO K peluaBllenca B npeablayLimx
nabopatopHbix  paboTtax. Pewntb €€, nonb3ydcb  CBOWCTBOM
ABOWCTBEHHOCTU U 3HaAA peLleHne NCXO4HOM 3agayn.

V. BbinonHeHue.
[Mpn pewweHnn ncnonb3oBatb Teopemy KyHa-Takkepa.

V. OchopmneHune oTyeTa.



B otyeTe p[omkHbl ObITb MNpeacTaBleHbl: UcxodHas 3ajada,

ABOWCTBEHHAA 3aga4a, pelweHne, aHanma nosiydeHHoro pesyrbrarta.

hown

VI. KOHTpOsbHbIe BONPOCHI.

B YeéM oTnnymne JBONCTBEHHOW 3agayu HEeNMMHENHoro
nporpamMMmnpoBaHnst — OT JIMHEWHOTO.

Kakoe npakTtunyeckoe 3HayeHne Teopembl KyHa-Takkepa.

UTo Takoe ceanoBasi TOYKa.

Y BCSAKOW NN 3a4a4dv BbINYKNOro nporpaMmMmMpoBaHus eCTb CeanoBas
TOYKa

Kak cBsizaHa [OBOWCTBEHHAd 3ajaya C [A0CTaTOYHbIM YCNOBUEM
aKCTpemyma.

VIl. Bubnuorpaduyeckmm cnmcok

2. KoHroxosckuin .B. MaTtemaTtuyeckme MeToabl nccriegoBaHma onepawmm
B 9akoHoMunke—CI16: Mutep, 2000. — 208 c.: un..



JIABOPATOPHASI PABOTA Ne4 KoonepaTtuBHble urpbl. OCHOBHblE
NOHATUSA 1 onpeaeneHus. MeToabl pelleHnst KoonepaTUBHbIX UMP

|. Hean padoThl.
[TpuoOpeTeHne HaBBIKOB PEIICHHS KOOTIEPATUBHBIX HT.

Il. TeopeTrnueckas cnpaBka.

JlocTaTo4HO YacTo Ha MPAKTUKE BO3HUKAIOT CUTYAL[MH, KOTJja BEIMTPHIII OJTHOTO
UTPOKA HE paBEH B TOYHOCTH MPOUTPHIITY Apyroro. Hampumep: 2 ¢pupmbl U3BIEKAIOT NPUOBLIH
U3 HECKOJIbKUX PHIHKOB, M €CJIM OJIHA (pupMa CBOMMHU JEMCTBUSAMU IIOMEIIAET APYroi MOJyUUTh
KaKOH-TO TOXO[I, TO 3TO BOBCE HE 03HAYAET, YTO OHA caMa 3TOT JOXOJ MOIY4YHUT. Takue Uurpsl
Ha3bIBAIOT TAK)KE€ HEAHTAarOHUCTUYECKUMU WJIM UTPAaMU C HEHYJIEBOH CyMMOH.

[TycTp urpoky A noctymnHo m crparteruii, Kotopsie 0003HaunM Kak A1, A, ..., Am.
CooTBeTcTBEHHO UTPOKY B mocTynmHo N ctpareruii, kotropele 0003HauuM kak Bi, Bz, ..., Bn.
Ecnu urpok A BeiGepet ctparteruto A, a B —ctparteruto Bj, To 3Ta napa crpareruii (Ai, Bj)
OIpeieNsieT BhIUTPBILI KaKI0r0 U3 UTPOKOB.

all a12 cee a'1n

a a ... a
A— 21 22 2n

aml am2 amn

Matpuua A onpezaesnseT BBIUTPHIII UTPpoKa A 171 KaX10M Hapbl cTpaTerui.

b, b, .. b,
b,, b, ... Dby,

B:
b, b b

Marpuua B onpenensier BeIMrphIi urpoka B npu Toif xe nape ctpateruii. B psge urp atu
MaTpHUILIbI 3aIIMCBIBAIOTCS B BUJIE OOIIEH MaTPUIIbL:

(ag.by)  (A.by) o (ay,by)
(@50, 051)  (B50,00) . (8gn,02)

m2 mn

(amlibml) (amZ’me) (amnibmn)

O4eBHIHO, YTO Bce OMMATPUYHBIE UTPHI MO’KHO pacCMaTpUBATh KaK YaCTHBIN CiTydaid
MaTpuuHbIX, rie bij=—aij. CooTBETCTBEHHO eciu XOTs ObI U1st 01HO# mapsl ctpareruii (Ai, Bj) ato
YCIIOBUE HE BBIMIOJHAETCS, TO UTPY MOKHO pacCMaTpUBATh TOJIBKO KaK OMMATPUYHYIO.
Oco0eHHOCTh OMMATPUYHBIX UTP — B OTJIMYME OT MAaTPUUHBIX, HET «HEMPUMHUPUMOTO
IIPOTUBOPEYUS» MEXY UTpokaMu. [103TOMy B IpUHIINAIIE BO3MOKHBI X COIVIACOBAHHBIE
JeHcTBU. B CBA3M C 3TUM UIPBI JENAT Ha KOOIIEPATUBHBIE, B KOTOPBIX UTPOKU MOTYT
JIOTOBAPUBATHCSI O COBMECTHBIX JIEUCTBUAX U OCYIECTBIIATh X, U HEKOOIIEPATUBHBIE — KOT' 1A
BO3MOYKHOCTB JOTOBapUBaThCA HE IIpeAyCcMOTpeHa. [l Hagala pacCMOTPUM HEKOOIIEPATUBHBIE
UTPBL.

Bropoii BaxxHOI 0COOEHHOCTBIO SBISAETCS TO, UTO JUIsl OMMAaTPUYHBIX UTP HET €IMHOTO
ITOHUMAaHUs TOTO, YTO UMEHHO CUUTATh «ONTUMAJIbHBIM pelIeHueEM». ECTh HECKOJIBKO pa3HbIX
IIOAXO/0B, KOTOPBIE MBI U PACCMOTPHM.



TpeTI)ﬂ OCOOEHHOCTD 3aKII0YacTCs B TOM, YTO HAJIMYHEC PCIICHHUSA B UUCTBIX CTPATCTUAX HE
OTpUIACT BO3MOKHOCTH PCIICHUSA U B CMCIIAHHBIX CTPATCTHUAX. HOBTOMy HEC BBIACIIACTCA
OTACJIBHBIM 3TAIIOM IIOUCK PCIICHUA B YHUCTBIX CTPATCTHUAX. Cpa3y HIIEM B CMCIIAaHHBIX, TO €CTh

B BUuze S A* = (pl,..., pm), SB* = (ql,...,qn ) UwrcThle cTpaTeruu TakuM o0pa3oM OyieM UCKATh

TOJILKO KaK YaCTHBIN cnyqaﬁ CMCHIaHHBbIX. Hape CTpaTel"I/Iﬁ 6y,Z[CT COOTBCTCTBOBATDL TAKIKC IIapa
BLIHFpBImGﬁ. Muz1 OTACJIbHO paCCMAaTpuBacM BBIUTPBIIIHA IICPBOTO U BTOPOI'0 UT'POKOB!

HA:ZZaijpiqji HB:ZZbij Piq; - (1)

i=1 j=1 i=1 j=1

4.1. PasHoeecue rno Hawy

Onpeoenenue. Toukoii paBHoBecHs 1o Houry HasbiBaeTcs mapa cTpareruii S A* u SE;k :
oOajaromye ciae1yroIuM CBOMCTBOM: €CJIM UTPOK OTCTYIIAET OT CBOEH PAaBHOBECHOH cTpaTerun
B CUTYyalluH, KOT1a IPYroi UTPOK IPUAECPKUBAECTCS CBOEH PABHOBECHOW CTPATETHH, TO 3TOT
UTPOK HE MOJIy4aeT HUKAKUX IPEUMYIIECTB, OTKJIOHSACH OT CBOEM PaBHOBECHOW CTPATErUH,
BBIUTPBIII YMEHBIIAETCS WU B JIy4lIEM CIIy4ae OCTAETCs TEM Ke.

Takoil KpuTepHii Ha3bIBaIOT €UIE KPUTEPUEM «UUCTOTO 3rousMa». Urpok, oTcTynas oT TOUKH
paBHOBECHS], TEPSIET B CBOEM BBIMIPhILIE. YTO MPU ITOM IPOUCXOAUT C BBIMUTPBHILIEM JPYrOro
UTPOKa, BOOOIIE HUKAK HE YUUThIBaeTCsl. OH MOXKET YMEHBIIUTHCS, OCTATHCS MPEKHUM HIIU
BOOOI1IE yBEIUYUTHCS. B 1aHHOM citydae 3TO HE UMEET 3HaYEeHMUSI.

Jliis moncka To4eK paBHOBECHsI CHavajla pacCMOTPUM HauboJee NpoCcToi BapuaHT — UTPHI, B
KOTOPBIX Y KaKJI0I0 UI'POKA TOJIBKO JABE CTPATETUU.

BumaTtpuyHbie Urpbl 2x2

a a bl bl
11 A . by,
A = y B =
Ay Ay b,, b,,
B 1aHHOM cilydae Mo0yI0 CMENIaHHYO CTPATETHI0 NTPOKA MOKHO OJHO3HAYHO 3aJ1aTh OJHUM
YHCIIOBBIM TOKasatesneM. Jlis nepporo urpoka sto 6yaer A:0< p <1.

COOTBETCTBEHHO BEpOSTHOCTH OyyT paBHsl P; = P, u P, =1— P . Kpaiinue 3HaueHus gagyt
Ham P =0=> A (uucras crparerus), P =1=> A, (uncras crparerns). Eciu xe

0 < p <1= cmemannas crparerus.

Amnanoruuno s Broporo urpoka 51o oyner B0 < g <1. 3xeck monyuaem BepostHOCTH

0, =0, u , =1—-q. llpu 3uauennsx =0 => B, (anucras crparerus), 0 =1=> B, (uncras
cTparterus), u 0< g< 1= cmemannas crparerus.

JIro6ast mapa cTpateruii urpoKoB 3a1aéTcs TAKUM 00pa3oM mapoii koopauHat Touku (P, ). Beé
MHO’KECTBO JIOITYCTUMBIX CTPAaTErnii COCTaBIsAET €AMHUYHBINA KBaapaT. Ero BepumHel — 4 mapbl
YHUCTBIX CTpaTeruil. BHyTpeHHUE TOUKM — Mapbl CMEIIAaHHBIX cTpaTeruii. PEGpam cooTBEeTCTBYET
CUTyalus, KOIr/1a y OJTHOTO U3 UTPOKOB YHCTAsl CTPATETHs, Y APYroro CMEIIaHHasl. . .



qA

(A2, B1) (A1, Ba)

(A2, B2) (A1, B2) =|0

Touku paBHOBecus OyzaeM uckaTh B Buje (P*, *). CpeqHuii BBIMTPHIII HTPOKOB MOKHO
BBIYUCIUTH 110 (popMyIiam:

H,(p,a)=ay,pq +a,p—q)+a,(1- p)a+a,@1-q)i-p) @)
Hg(p.a)=b1,0p + by, p(L—-q)+ b1~ p)a+by, (L~ p)L-q)
3anuiieM B MPUBEASHHBIX TEPMUHAX TpeOOBaHUE paBHOBecHs 1Mo Hamy.
Onpeodenenue. ByaeM roBOpUTh, YTO Mapa YUce (p*, q*), 0< q* <1 0< p* <1, onpenenser
PaBHOBECHYIO CTPATETHIO, €CITH ‘v’( P, q) noqunuénneix yenosusiM 0< p<1, 0<q<l1

OIIHOBpeMeHHO BBIITOJIHAKOTCA CJICIIYIOHII/IG paBeHCTBaI
Ha(p.a")<Ha(p".q") (3)
He(p" )< Ho(p". ") (4)

Hepagenctra (3)-(4) oueHb c1ab0 MPUTOAHBI )15 IOCTPOCHUS AITOPUTMA ITOMCKA PEIICHUS,
MOCKOJIBKY CIIMIIIKOM MHOTO HaJI0 CPAaBHUBATb.

Onmnako, eciu paccMoTpeTh popmysl (1), (2), MOKHO 3aMETUTh, YTO OHH 3aBUCAT OT P U (
«mmoutH nuHeHo». UMeetcs emé npoussenenue P . OTcro1a MOKHO BBIBECTH O0jiee MPOCThIe
YCIIOBHSL.

Teopema. TpeboBaHUS

Ha(p.q")<HA(p"a"), Hg(p" a)< Hg(p". "),

PaBHOCHUJIbHBI BBIITIOJIHCHUIO HCPABCHCTB:

{HA(,q*) Ha(p"0') -

HalLa')<H,(p".0")

{ He(p"0)< Ho(p"0") ©
o(p )< Hs (0" ")

OTH HEPaBEHCTBA MO3BOJIAIOT OCTPOUTD YK€ BIOJIHE PAOOTOCIIOCOOHBIH alrOpuTM MOUCKA
pelieHus, IOCKOJIbKY TpeOyeTCsl BCEro YeThlpe CpaBHEHUS.
AJITOPUTM NOMCKA PelIeHUs CpenHuil BBIMTPHIII UTPOKOB 11 2 3amuiieM B yA0OHOMH
dbopwme:
HA(P, 0) = 2y — a1, — 85 + 85 )P0 + (21, — 85 )P+ (5 — 2, Ja + 5, (7)
Hg (P, )= (b =By, =0y +by, )pa + (b, —by, )P+ (0, — by, )Ja +b,, (8)
Ecnu B HepaBeHcTBax (5)-(6) U3 mpaBoii 4acTH BHIYECTb JIEBYIO, TO MOyYSHHBIC PA3HOCTH
JIOJDKHBI OBITH OOJIBIIIE HYJIS.



H,(p,a)=H (1L q)=(ay, —ay, —ay +a,)pq + (a1, — 8y, )P +(ay —ay )q + 2y O603HAUNM

— (1 — 8y, — 8y + 89 0 + 8y, — 8y, — (B — 8 )] — 8y,

o =38y —ap,

C=ay—a,—ay +ay

C yuérom 3tux 0003HaUCHHUH MOTYyYUM

H,(p.q)-H,(La)=(p-1)(Ca-a)=0

H,(p,a)-H,(0,0)=p(Cq-a)=0

Ecnu aHanornyHelil BEIBOJ ojenars it H g » BBEIA 0003HAUCHNUS D =Dy, —by, —b, +by, ,
p= b22 - b21

TO MOTYYUM:

Hg(p,q)~Hg(p.)=(a-1)Dp- )20

Hg(p.a)-Hg(p.0)=a(Dp-5)=0

Takum oOpa3om, Ui TOro, YTOOBl B OMMATpUYHON UTpe Mapa CTpaTerui (p, q) onpenensia

paBHOBECHE HEOOXOAUMO U JOCTATOYHO, YTOOBI OJTHOBPEMEHHO BBIMOIHSIIUCH CIEIYIOLIHE
HEPaBEHCTBA:

(p-1)Cq-a)=0

p(Cq—a)>0

(q-1)Dp-)=0, 9)
q(Dp-)=0

0<p<1

0<qg<1

C=a;—-a,-ay+ay
[ne |@ =8 —&;

D=b,; —b, =0, +b,,

p= b22 - b21

BBIBO,H: cClin C nu D HEC paBHBI HYJIFO, TO JICTKO BUACTH, UYTO TOYKH PABHOBECUA
onpenenaroTes GopMyamu:
p=§, qz% D= by, —by, . q= Ay —ay
by —b, =0y +0y, a;—ap —8y tay

Taxkum 06pa30M, PaBHOBECUC KaKAOI'0 UT'POKaA OIMPEACIIACTCS SJIEMCHTAMU MaTPUIbI €TI0
NPOTHBHUKA. 3aMETHM, YTO TAaKOTO TPEOOBAHHUS MBI HE BBOJUJIM, HO B UTOT'€ TOJIYYHIOCH, UTO
paBHOBECHUC UT'POKOB ONIPEACIIACTCA HE KCIITAaHUEM MAKCUMU3HUPOBATH CBOI BBIMT'PbILI, 4 B
NEPBYIO OYepe/ib )KeJTaHUEM YAePKaTh 0] KOHTPOJIEM BBIMTPHIII MPOTHBHHKA.
Ecau moMeHSTE DJIEMEHTEI B A , 9TO HUKAK HC CKaXXCTCs Ha paBHOBeCHOﬁ CTPATCIrUr UTPOKaA A ,
HO 3aCTaBHUT NOMEHATH CTPATErnIo Urpoka B .
Taxkum 06pa3OM XO0TA 6I/IManI/ILIHLIe HUI'Ppbl HA3BIBAKOTCA HCAHTAIrOHUCTUYCCKUMU, TAK KaK Yy HAC
HET aHTArOHW3MOB MHTEPECOB, HO MbI OOHAPYKUBAEM aHTATOHHM3M ITOBEICHUS.
KpOMe TOro 3aMC€THUM, 4TO HOIIO6HBIC 3aJaun O6HaﬂaIOT CBOWCTBOM ((YCTOﬁqHBOCTH
OTHOCHTEJIBHO MaJIbIX U3MEHEHU». TO eCTh, €ciIu cierka U3MEHSTh T€ HJIH HHbIE IIHU(PBI B
MaTpule, TO KapTHUHKA paCIIOJIOKCHUA TOYCK PABHOBECHUA 6yﬂeT CMCIIATHCS HEC 3HAYUTECIIBHO.
[Tpu cocTaBIeHHH MATPHUI[ HTPBI MBI 4aCTO MCIIOJIB3YEeM JOCTATOYHO YCIOBHBIE UDPHI,
BbIpaXXaromue, HAIIpUMEp, CTCIICHL JOBOJBCTBA UJIKM HEAOBOJILCTBA HT'POKOB B TOU WJIA WHOU
curyanuu. Ho 61aronaps onmiMcaHHOMy CBOMCTBY PELIEHUE MBI TIOJTy9aeM JOCTATOYHO TOYHOE.




4.2. OnmumanbHocmsb no lNapemo

Kpurepuii [1apeto npuHuunuansHo otaugaercs ot kpurepus Hama. Ecinu tam KaKaplil UTPOK,
JefCcTByYS caM 1o cebe, 100MBajICsi MaKCUMAJIbHO BBITOJTHOTO JJIsl ce0s MCXo/a, TO 3[€Ch UTPOKH,
JICMCTBYSI COBMECTHO, CTApPAIOTCSA HANTH pelIeHrne, MAKCUMAJIbHO YCTPaUBAOIee UX 000UX.

B nanHOM pa3znene Mbl IO IPEKHEMY pPacCMATPUBAEM CUTYALIMIO, KOT1a IEPETOBOPHI
HEBO3MOJKHBI, T.€. €CJIM UTPOK IIPUMEHSAET CMELIAHHYIO0 CTPATETUI0, TO 3TO JEHUCTBUTEIBHO
KaXJIbII pa3 X0/ HEOKUJAHHBIHN I IPOTUBHUKA.

OTnnuue cutyauy ONTUMaIbHOCTH 110 [lapeTo BOT B UéM: eciiy B CUTyallMi paBHOBECHSI 110
Hbhury HU ofuH U3 UTPOKOB ACUCTBYS B OJIMHOUKY HE MOT YBEIMUYUThH CBOM COOCTBEHHBII
BBIMTPBILI, TO B CUTyallul ONTUMaJIbHOM 110 [1apeTro urpoku neicTBysl COBMECTHO HE MOTYT
YBEJIIMYUTH BBIUTPBIII XOTS OBbI OTHOTO M3 HUX 0€3 TOro, 4TOOBI BBIUTPHIII JPYrOro He
yMeHbIuiICs. [IpuMeHUTENBbHO K OUMATPUYHOM Urpe 2X2 CUTYAIIHIO (p*, q*) Ha30BEM

onTuMaibHOM 1o [Tapero, eciti U3 TOro, 4To VISt HEKOTOPOW TOUKH (P, (). OTHOBPEMEHHO
BBIIIOJIHAOTCS YCIIOBHS HA(p*, q*)s HA(p,q) uH B(p*, q*)s H B(p,q) CIENyeT, 4TO
(p.a)=(p"q").

JU1s HaXOKACHUS pelIeHus UCIIoNIb3yeTcs KoopanHaTHas wiockocts VOW, e V =H
W =H;. To ecTb 110 KOOPAMHATHBIM OCSIM OTKJIAIbIBAIOTCS BBIUTPBILIH [IEPBOIO U BTOPOTO
UTPOKA COOTBETCTBEHHO.

OueBuHO, YTO JH00Ast Mapa cTpaTeruii UTPOKOB (S A SB) OJIHO3HAYHO IIPOEKTUPYTCS B

HEKOTOPYIO TOUKY I1ockocTH ¢ koopauHatamu (V,W). CooTBeTcTBHE HE ABIISETCS B3aUMHO
OJIHO3HAYHbIM, TO €CTh NPOU3BOJIbHON Touke (V,W) 3TOl III0CKOCTH MOKET COOTBETCTBOBATD

OJIHA Tapa CTpaTerui (S A O ), HECKOJIBKO Tap — Wi BOOOIIEe HE COOTBETCTBOBATh HU OJTHOM U3

JOIYCTUMBIX I1ap CTPATETUH.

Ternepb cIpOEKTUPYEM Ha IIOCKOCTh BCE MHOKECTBO JOMYCTUMBIX cTpaTeruil. Ecim
paccMaTpuBaTh UTPBI PA3MEPHOCTH 2X2, TO IPOEKTUPYETCS paHEe paCCMOTPEHHBIN €JMHUYHBIN
kBazpar. Jlyig urp 6osbIiel pa3MepHOCTH 3TO 0oJiee CII0KHOE MHOXKECTBO. B nrore noimyuaem
Ha MJIOCKOCTH HEKOTOPYIO CBA3aHHYIO T€OMETPUUECKYI0 GUrypy. XapakTepHo, 4yTo s
HEKOOIIepaTUBHBIX UI'P 3Ta GUTYypa BOBCE HE 00513aTENBHO SBISETCS BBITYKIOM.

Ha stoii ¢purype BoigensemM noepxHocts [lapeTo Tak, Kak 3TO OMKMCaHO B EPBOIi I1aBe.
Ecnu ona conepxut 6osiee ueM 0JIHy TOUKY, TO OKOHUATEJIbHOE pelIeHHE TPUHIMAEM,
HanpHuMep, METOIOM UI€aIbHOU TOUKH.

B urore nonydaem Touky ¢ koopauHatamu (V*,W*). Ha nocnennem starne Ham TpedyeTcs

HaWTHU Napy CTpaTeru (S,:, S; , IPOEKIIMEN KOTOPBIX U SABJIAETCS Ta TOUKa. Pemenne Moxer
OBbITh €JUHCTBEHHBIM HJIM HE €IMHCTBEHHBIM.

I11. 3ananue.
[TonyunThs MHAMBUIYAILHOE 3aJlaHWE B BUJE JIBYX MaTpull (OMMaTpUYHAs
urpa). Haiitu pemenns no Hamry u no [Tapero.

V. Boinosinenue.

Haiitu Toukmu paBHOBecus no Houmry, cOOTBETCTBYIOIIME MM ONTUMAJIBHBIE
CTpaTeTMH W BBIMIPHIIIK UIpoKoB. Haiitm onrtumansHOe pemenue mo Ilapero,
TaK)K€ — CTPATETMyU U BBIUTPHIIN UTPOKOB. CpaBHUTH pe3yJIbTarT.

V. OdopMmieHue oTyera.



B otueTe n0mKHBI OBITH MPEACTABIIEHBI: TOCTAHOBKA 337a4u, X0/l pEIICHNUs,
rpaduueckue wWTOCTpaluu s o0oux ciaydyaeB. [lomydeHHbIE pe3ynbTaThl.
O0s13aTeNIbHO — BBIBO/IBI, CACIIAHHBIC MTOCIIE CPABHEHUS PEILICHUH.

V1. KoHTpOJIbHBII BONPOCHI.
1. Tlouemy st OUMATPUUHBIX UTP HE TIPOBOAUTCS OTNIEIBHO MOUCK PEIICHUS B
YUCTBIX CTPATETHUSX.
Yewm ornnuarorcsa kpurepuu Hama u [apeto.
UYro Takoe yrpo3sa.
CKOJIbKO MOXKET OBITh TOUEK, ABJISIFOIIMXCS penieHreM 1o [Tapero.
CKOJIBKO MOXKET OBITh CTpaTervii, COOTBETCBYIOUIMX ONTHUMAIbHOMY
pewenuto no Ilapero.

b w

VIl. bubaunorpaduyeckuii cnucox

1. Bopo6réB C.A. Mogenu 1 METO/Ibl UCCIIEIOBAaHUS Onepaluii: yued. mocobdue /
Tyna: Tynl'V. 2007, —148 c.

2. Bopo6nés C.A.Teopust urp u uccienoBanue onepamnuii: yue6. mocobue / Tymna:
Tynl'y. 2012, -103 c.



JIABOPATOPHAS PABOTA Ne5 [padpuyeckoe pelleHue UrpoBbix
3apad. CtabunbHocTb cornawenus. CunbHoe paBHoOBeCKE

|. Hean padoThl.
[IpuoOpeTeHne HABBIKOB PEIICHHWS WIPOBBIX 3adad  TpadUueCKUMHU
METOJIaMH.

Il. TeopeTruueckas cnpaBka.

[TprunHa, M0 KOTOPOH B HEKOOIIEPATUBHBIX UTPaX MOIY4atOTCs HEBBIIYKJIbIE IIPOECKIIMU 00IaCTH
JOITyCTUMBIX CTPATEruid, 3aKJIIOYAIOTCS B TOM, YTO IIPU CMEIIAHHBIX CTPATETUSAX UTPOKH
cilydaiiHbIM 00pa3oM BBIOMPAIOT KaXAblil cBOIO cTpareruto. [loatoMmy peanusyrorces Bce
BO3MO>KHBIE [1apbl aKTUBHBIX CTPATETUH, B T.4. U T€, KOTOPHIE HE BBITOJAHBI HU OJHOMY U3
UT'POKOB.

B citygae koonepaTuBHBIX UT'P 3TOTO HE MPOUCXOAUT. IrpoKkHy 110 B3aMMHON JOTOBOPEHHOCTH
B HA3HAYCHHOE BPEMsI PEAJIM3YIOT COTIaCOBAHHBIE Maphl cTpareruii. He BBIrogHbIE MM MapHI
HUKOI'ZIa HE PEaIN3yIOTCA.

Habop 4acToT

B koomepaTuBHBIX HTPax BMECTO OTACIBHBIX CTPATEIUH UTPOKOB HAXOUTCS COTJIACOBAHHBIN
Habop yacToT. [lycts urpoxy A noctymHo m crpareruit Ai, Az, ..., Am. Urpoky B —n
crparerui, Bi, B, ..., Bn.

Ha6opom yactot Ha3zpiBaeM matpuiy R = {rij} pasmMepoM MXN, MOKa3bIBAIOIYIO, KaK

Y4acTO MCIOJIb3YyeTCs KaXkaas mapa crpareruid (Ai, Bj). OdeBumHO, 4TO CyMMa BCEX YacTOT paBHA
eIHUIIE, U JIF00ast U3 ITUX YaCTOT HEOTPHIIATEIIbHA.

m n
Vi=L..mj=L..n r;20 Y>> =1
i=1 j=1
ITo mpexxHeMy MCTIONB3yeM MpoeKIuio Ha miockocTs VOW. Ho Teneps MbI momydaeM Ha
IUIOCKOCTH BBITYKJIYIO JIMHEIHYI0 000JI0UKY, HATSHYTYIO KaK Ha BEKTOpa Oa3nuca Ha MPOEKIHH
BCEX BO3MOXKHBIX I1ap YHCTHIX CTPATETHil, T.€. Ha TOYKH C KOOPANHATAMU
(aij , bij) i=1...,m, j=1...,n— BeKTOpa IBYMEPHOIO MPOCTPAHCTBA.
Takum 00pa3oM MPOEKIHS BCET/Ia SBISETCS BBITYKJIBIM MHOTOYTOJBHUKOM. HekoTopsie u3
TOYEK (aij : bij
Crenyronuii 3Tam — BBIIETIUTH MOBEPXHOCTH [TapeTo. OueBHIHO, UTO OHA COCTOUT U3 OJHOTO
VUM HECKOJIbKHX OTPE3KOB, COCUHSIONINX BEPIIMHbI (aij b ) Kaxxnoii Takoii BepurHe

MOTYT OKa3aTbCd BHYTPCHHUMH TOYKAMH 3TOIr0O MHOT'OYTOJIbHUKA.

COOTBETCTBYET «BBIPOKIACHHBIN» HA0Op 4acTOT, B KOTOPOM YacTOTa IaHHOM Mapkl CTpaTeruil
I; =1, a Bce ocranbHbIe 4acTOTh! paBHbI 0.

Ecnu oTpe3ok coeaunseT aBe BepiiuHbl, cooTBeTcTBY0MME (Ai, Bj) 1 (Ak, Bi), TO M Oy et

COOTBETCTBOBATh MaTpulia, B KOTOpOfI OTJIMYHEI OT HYJIA TOJIBKO JBa 3JICMCHTA — rij n rkl . Hx

CyMMa paBHa 1, CJICO0BATCIIbHO BECH OTPE30K MOYKHO OIMUCATh KakK r.j = Hu rk| =l-«a )

1
0<a<l.

[ToBepxHOCTB [TapeTo COCTOUT M3 OAHOTO MM HECKOJIBKUX TAKUX OTPE3KOB. X Bce Hamo
ONpEeIeTUTh. 3aMETHM, YTO HEKOTOPbIE TOUKU MOBepXHOCTU [lapeTo MOoryT npuHaaiexarb cpaszy
HECKOJIBKMM OTpE3KaM, T.€. OHa MOKET OBITh peaTn30BaHa HE OJHUM, @ HECKOJIBKUMH Pa3HBIMU
Habopamu yacToT. OueBUIHO, YTO MIPUHATOE PEIICHNUE JOKHO OBITh JIEMEHTOM JTaHHOTO
MHO>KECTBA.

Kpowme Toro, 11st KaXKJI0TO TaKOTO OTpe3Ka HEOOXOAUMO BeIpa3uTh koopauHatel V u W uepes
napameTp a.



V(oz):aij ca+a,-1-a) W(oc)zbij ca+b, -(1-a)

D70 npezAcTaBieHue NOTpeOyeTcs HaM B AalibHEHIIEM I MOMCKAa OKOHYATEeNIbHOTO PEelIeHHUs,
IIPUHA]IEKAIIETO IEPETOBOPHOMY MHOKECTBY.

NMeperoBopHOE MHOXeECTBO

Ha cnenyromem starne HaM HaJ0 BBIICHUTb, BCE JIM TOYKH OBEPXHOCTH [lapeTo MOryT OBITH
KaHAMJIaTaMU Ha OKOHYaTeJIbHOE perieHne. OKa3blBaeTCs, YTO HE BCE U HE BCET/Ia.

BBoautcs mousTre Touku Status quo (Ha prcyHKe 0603HaUaeTcs Kak Sq). DTo ToYKa ¢
KoopauHatamu ¢ kKoopauaaramu (V*,W*), 00bIMHO COOTBETCTBYIOIIMMHU TOYKE PABHOBECHS TIO
Hbamy. T.e. Te BBIMUTPBININ, KOTOPBIE KXl U3 UTPOKOB MOXKET rapaHTUPOBATh ceOe Mpu
HE3aBUCUMBIX JIeUCTBUIX. OUEBUIHO, UTO KXl U3 UTPOKOB MOMAET a COBMECTHBIE ICUCTBUS
JIUIIL B TOM ClTy4ae, KOraa 3TO IPUHECET €My BBIUTPHIIIT OOIBIIHMA, Y€M ITPH CAaMOCTOSATEIbHBIX

nefcTBHAX. DTO ycIoBHs 11 iepBoro urpoka V >V, a ais Broporo W >W . BeibepeM Ty
yacTh noBepxHoctu [lapero, KoTopast yA0BIETBOPSET NaHHBIM YCIOBUSAM. ITO MOXKET OBITh BCA
noBepxHocTh [Tapero unu kakast To e€ yactb. B nmocnennem cinyuyae BMecto 0 <o <1 Oyzer

M3MEHEHNUE apaMeTpa o B KaKnX TO Apyrux, Menbinx npegenax C < o < d . Haxomuwm ux u3
yenosnit V(a)>V*;, W(a)>W *,

Ecnu B noBepxHocTh [1apeTo BXOAST yaCTH HECKOIBKUX OTPE3KOB, TO AJIs KaXKA0I0 U3 HUX
Ipe/ielibl YyCTaHaBIUBAKOTCA 110 OTAEIBbHOCTH.

U, HakoHeIl, BO3MOKEH BBIPOXKICHHBIN CITydaid, Koraa Touka Status quo siexxuT Ha
noBepxHocTu [lapeTo — Torga neperoBOpHOE MHOKECTBO BBIPOKIAETCS 10 OJTHOM 3TOW TOUKHU. B
ATOM Clly4ae BO3MOXHBI HAOOP YacTOT /JIsi COBMECTHOTO IPUMEHEHUS TOJIbKO OJuH. Takas
CUTYyallus He JIy4llle, HO i HE XYXE TOH, KOTOPYIO UTPOKU MOTYT 00€eCleunTh cede, NeHCTBYS 1Mo
OTIENIbHOCTH, 03 00IIei MPOrpaMMBl.

B npunnumne pemenue Ha 5ToM OKOH4YeHO. OT MaTeMaTUKU O0JIbIlle HUYEro He 3aBUCHUT.
Wrpoku HauMHAIOT «TOProBaThCs» U B UTOI'€ OCTAHABIIMBAIOTCSI HA KAKOW TO U3 TOYEK
BBIJICJICHHOTO MHOKECTBA.

PeweHune apburtpa

PaccmoTpuM cuTyanmio, KOrja UTPOKH HE MOTYT OCTAHOBUTHCS Ha KAKOM TO OJTHOM
pEeLIeHNH, T.K. 00a XOTAT «CHpPaBEATUBOCTHY. J{JIs1 3TON 1eNu NMPpUTIalaT TPEThe JUIO —
«apOuTpay, KOTOPHII JOKEH OBITh COBEPIIEHHO HE3aBUCHMBIM. ApOUTp PUHUMAET
CIpaBeAIMBOE U OECIPUCTPACTHOE PELICHHE, KOTOPOE JOHKHO yCTpauBaTh 000UX UTPOKOB.
371ech MBI ITOMBITAEMCS] BBECTH MATEMAaTHUYECKOE OTPEIEIIEHNE «CIIPaBEATUBOCTH
IPUMEHHUTEIBHO K MaTeMaTHYeckoi Mojienu Teopuu urp. K apouTpy 10KHBI OBITH
IpeIbSABIICHBI CIEAYIOINE TpPeOOBaHUS:

1. ApOutpaxxHoe peleHue J0HKHO ObITh 3JIEMEHTOM EPErOBOPHOTO MHOXKECTBA.

2. ApOutpaxkHas cxema JO0JDKHA ObITh HE3aBUCHMOM OT UMEH WM 0003HAUEHHUIH UTPOKOB.

3.  Ecnu aBe urpbl 61U3KU MeXly COOOM B KAKOM-TO CMBICIIE, TO U apOUTpaXKHbIE PELICHUs
JIOJIKHEI OBITH OJIM3KH.

4. ApOutpakHoe pelieHHe JOJKHO OTpaXkaTh JeHCTBEHHOCTh YIPO3 UI'POKOB.

B Teopuu nrp nogobHele TpeboBaHusi NbiTaloTcs hopmManu3oBaTth B BUAE MaTemMaTUHecKnx
akcmom. OfHyY U3 Taknx cMCTeM akcmMoM npeanoxun k. Haw.

ITycts urpoky A nocrymHo m crpareruit A1, A2, ..., Am. Urpoxy B — n ctparerui, By, Bo, ...,
Bn.

Uepes S Mbl Byaem obBo3HavaTb BbINyknyld 0BOMOYKY Touek (a

ij,bij), S - neperosopHoe
MHOXeCTBO, (V*,W*)- Touka Status quo, (\/O,WO) — pelueHne apbutpa.

Akcunoma 1. (OnmumansHocme o [Mapemo). Touka (\/O,WO) AOJKHA ObITb 3NIEMEHTOM
NeperoBOPHOrO MHOXECTBA, TO ECTb

1. (\/O,WO eS)



2. Vo=V, wWo>w’

3. B S HET TOYKHU (V,W), OTJIMYHOM OT TOYKHU (\/O,WO), takoit, uto V >V°, W >W?°

Akcunowma 2. (Cummempus). lNycTb urpa obnagaet cnenytoOWwmmm CBOMCTBaMMU:

1. V' =W";

2. ecmtouka (V,W €S), To u Touxa (W,V €8).

Tornma 10KHO BBIOJIHATHCS yciioBue V o -wW?,

To ecnn Urpokn HaxoAsaTCA B COBEPLUEHHO OAMHAKOBOM CUTyauun, TO KU apbuTpakHoe
peLLeHne A0MKHO AaBaTb UM OAMHAKOBLIE BbIUIPbILLIN.

Cnepgytowne aBe akCMOMbl MEHEe OYEBUAHbI, Kak npeablgyLime.

Akcuoma 3. (MHeapuaHmHocmb oOmHOCUMENbHO JlUHelHo20 rpeobpasosaHus). [ycTb
NMEKTCA OBE Mrpbl OAMHAKOBOM Pa3MEPHOCTU M C MMATEXHbIMW MaTpULaMW, CBS3AHHBIMMU
COOTHOLLEHMAMMU

aij=a; +f bij=ab;+p, i=L..m j=Ll..n
Torpa apbuTpaxHble pelleHns ansa HUX Takke OOSMKHbI ObiTb CBSA3aHbl COOTHOLLIEHMSMM
—0 —0
_ 0 _ 0

V =aV '+ W =a W +5,

Akcnowma 4. (Hezasucumocmeb HecesidaHHbIX anbmepHamusg). Ecnu k nrpe no6aBuTb HOBblE
X04bl AN UrpokoB ¢ [06aBNEHNEM HOBbIX 31IEMEHTOB NMATEXHbLIX MaTpUL, Takum 06pas3om, 4YTo
Touka status quo He meHsleTcsl, To NMMB0o apObUTpPaXKHOE peLLEHME TaKkKe HE MeHsIeTCsl, MMBOo OHO
coBnagaeT ¢ ogHOW U3 fobaBnEeHHbIX COEMNoK.

k. Haw nokasan, 4To cylecTByeT eauHCTBEHHasa apbutpaxHasa cxema, yaoBneTBopstoLwas
3TUM YeTbIPEM akcmomaM. ApBuTpaxkHOe peLleHne LOMKHO BbIHOCUTCS U3 yCroBUS

maxf(\/ -V XW -W )

(V.W)es

TO eCTb pelueHune apbuTpa (\/O,WO),u,omKHo YOOBMNETBOPATL YCIOBMIO

VOV WO W)= v -V Jw -w")
JUTSL BCEX TOYCK (V W ) , IPUHAJUICKAIINX TIEPETOBOPHOMY MHOXKECTBY.
I/ICHOHB3yeM 9TOT KpHTepHﬁ. IL]'IH 9TOr'0 MbI JOJLKHBI PACCMOTPECTL IMEPETOBOPHOC MHOKECTBO.
OHO COCTOUT U3 OTPE3KOB, Ka)KI[BIﬁ N3 KOTOPBIX OAHO3HAYHO 3aaH Ha60pOM YacCTOT C AByMs
OTJIMYHBIMHU OT HYJIA 3JICMCHTAMHU, 3aJaHHBIMU [IAPaAMETPOM a U IIPpEACIIaMU €Iro U3MCHCHU A
c<a<d.
Ka)KI[LH\/’I OTPEC30K, BXOI[HH_[I/Iﬁ B IEPEroBOPHOC MHOKECTBO, Tpe6yeTC51 paccMOTpPETh IO
otnensHOCTH. [lozcTaBnsiem B kputepuit Beipakerns koopauHat V u W gepe3 napamerp a
ycnosuii V (a ), W (a), a BMECTO 00J1aCTH MaKCHMHU3AIIUHU — [TPE/ICNIbl H3MEHEHHSI ATOTO

napamerpa C < <d
max (V () -V * W () -W "),

c<a<d

re V()= & a+ay - 1-a) W(a)= by - +by (1-a).
[Tomyyaem GyHKIHIO C OTHUM HEM3BECTHBIM @ U HaX0uM €€ MakcuMyM. O4eBHIHO, YTO OH
HaxXoauTCA 0o BHYTpPU OTPE3Ka — U TOrJa pCUICHUEM 6YI[CT Ha6op HaCTOT U3 Mapbl OTIIMIYHBIX
OT HYJIA 3JICMCHTOB. JInbo Ha rpaHuIieC OTPE3Ka — B 3TOM CJIydac BO3SMOKHO PCHICHUEC B BU/IC
Mapbl YUCTBIX CTPATCT Hil.
JUIst KasKJI0TO OTpe3Ka IIeperoBOPHOr0 MHOXKECTBA HAMIEHO PELIeHHE, HA3BIBAEMOE «JIOKAIbHBIM
ONITUMYMOMY. TCHCpB, €CJIM TaKUX OTPC3KOB ObLIO OOJIBIIIE OIHOTO, MBI CPABHUBACM
MOJIYUYCHHOC IS KaXXJ0ro U3 HUX 3HAYCHHUEC KPUTCPUA U HAXOAUM «r100aIbHBIA OIITUMYM», T.C.
OKOHYAaTCJIIbHOC PCIICHUC.
Takum 06pa30M OKOHYAaTCJIbHOC PCHICHUEC COCTOUT HC IPOCTO U3 Ha60pa BLII/Il"pBII_Heﬁ (\/ 0 ,WO ),

HO TaK)Xe€ COJIEP’KUT ONTUMaIbHBIA Habop yacToT. Kak mpaBuiio, Touka perieHus apourpa Ha
riockoctd VOW 00GBIYHO TOJIBKO OJTHA, HO € MOJKET COOTBETCTBOBATh HE OJIUH, & HECKOJIBKO
pa3IMYHbIX HAOOPOB YaCTOT.



I11. 3aganmue.
[Tonyunts MHAMBHUIYyATBHOE 3aJlaHUE B BUJIE ABYX MaTpull (OMmaTpuyHas
urpa).

V. Beinosinenue.
Haiitn meperoBopHOe€ MHOXECTBO, pelIeHHne apOUTpa M COOTBETCTBYIOIINN
eMy Habop 4acToT.

V. Odopmiienue oTuera.
B otuere momkHBI OBITH MPENCTaBICHBI: 3aJaHHE, CIOCO0 €ro pelIeHusd,
rpaduyeckast WIITIOCTPAIIUS.

V1. KoHTpOJIbHBI BONPOCHI.

6. KaxoBa akcmoMaTuka apOuTpaxa.

7. UTo Takoe NEpPeroBOPHOE MHOMKECTBO, KaKHW€ 3HAYEHUS OHO MOXKET
PUHUMATB.

8. Kak Ha mpakTuke UCTIOIb30BaTh MPUHIIUT CHMMETPHUH.

9. CkonbKO y 3a/1a4dl MOKET OBITh pelIeHuil apouTpa.

10.CkoapKo y 337241 MOKET OBITh ONTUMAIBHBIX HAOOPOB YaCTOT.

VII. bubauorpaduyeckunii cnucok

1. Bopo6réB C.A. Mogenu 1 METOIbl HCCIICIOBAHMS oneparuii: yaeb. mocooue /
Tyna: Tyal'V. 2007, —148 c.

2. Bopo6nes C.A.Teopus urp u uccieoBanue onepaiuii: yuaed. nocooue / Tyna:
Tynl'y. 2012, -103 c.



JIABOPATOPHASI PABOTA Ne6  COBMECTMMble  CMELUAHHbIE
ctpaternn. CtabunbHOCTb Ha ocHoBe Yyrpo3. Lenexun. Urpbl B
Xapaktepucrtmndeckon popme. Agpo

|. Hean padoThl.
[IpuoOpeTeHne HaBBIKOB PEIICHUS UTPOBBIX 3a7a4 B XapPaKTEPUCTHUCCKOU

dopme.

Il. Teopernueckasi cpaBka.

Kak Obu10 moka3aHo B 4eTBEPTOI 1aOOPATOPHOI paboTe, CTpaTeTuu, COOTBETCTBYIOIINE
TOUYKaM paBHOBecHs 110 Hoiiry, onpenenstoTes mo «4y>KuM» MaTpUIlaM U peliarT BOIPOC
MAaKCUMAaJIbHOI'O OrpaHWYCHUS BBIMI'PbIIIA ITPOTHBHUKA. OHHaKO Y KQXXO0T0 UT'pOKa €CTh U
«CBOW» MaTpUIbL. YTO €ciIu HalWTH CTpaTeruu UrpoKoB 1o HuUM? OKa3bIBaeTCs, 3T0 OyayT
CTPATCrumn, Jar0mne MakKCUMaJlbHO BO3MOKHBIC BBIMTPBIIIN UT'POKaM. HOquy 7K€ MBI UX HC
HAIIUTH, KOTJla UCKalli TOYKU paBHOBecus? Ha camoM gene aTu cTpareruu He 00J1a1aioT
CBOMCTBOM yCTOWYMBOCTH. T.€. €CIIM UTPOK HUCIIOIb3YET CBOIO «BBIMIPHIIIHYIO» CTPATETHIO, TO
MPOTUBHUK MOXKET OTKJIOHUTHCS OT CBOCH U MOMYYUTh JAOMOTHUTENbHBIN BBIUTPHIIL. A UTPOK
IIOJIyYUT MEHBIINHI BBIMTPBILIL.

Tem He MeHee X0UeTcsl KaKiMM TO 00pa30M MaKCUMU3UPOBATH CBOU BBHIMTPHIIIH. [Ipu 3TOM MBI
MIOMHUM, YTO UTpa HEKOONIEpAaTHBHAS, T.€. IOTOBAPUBATHCS UTPOKAM HeNb3sl. UTO ke JenaTh.
[Ipennaraercs cneayrOmui MOIX0/: KaX bl U3 UTPOKOB UMEET HE OJHY, a JIBE CTPATErHH.

[lepBas mapa cTpaTeruii — CTpaTeruu yrpo3 (S prOp ) OHU MO3BOJISIOT UTPOKAM MaKCUMAIIbHO

OTPaHUYMBATH BBIUTPHILI CONEPHHUKA BETMUYNHAMU (H;, H ;) [TpuMeHsI0TCS, KaK 3TO SICHO U3
Ha3BaHUS, JUIs HaKa3aHHs MPOTUBHHKA 32 TO, YTO OH HE XOUET COOII0AaTh 0000 THYIO BBITOLLY.
Bropas napa — MakCHUMUHHBIE CTpaTETUU (82, Sg) — KaK pa3 Taky U MO3BOJISIET UTPOKaM

IIOJIy4aTh TOT CaMbI MAaKCHUMAaJIbHBINA BBIUTPBHIII (H/g, H g )

Crpateruu yrpo3 cOOTBETCTBYIOT TOUKaM paBHOBecus 110 Hanry u HaxoasaTes Mo «qyKum»
MaTpuliaM. MakCUMUHHBIE — HaXOATCS 0 COOCTBEHHBIM MaTpHIlaM UTPOKOB. PaccMoTpum
crocoObl HaXOKICHUS ATUX cTpaTeruil B oomem Buje. [lycts umeeM urpy pasmepHocTd mxn.
Kak u B cimyuae ¢ MaTpUUHBIMHM UTPAMHU, IPEBAPUTEIBHO MTPEOOpa3yeM MaTPUILIBI TAKUM
00pa3oM, YTOOBI OHU HE COJIEPKATIN HU OJJHOI'O OTPULIATENIEHOTO AJIEMEHTA.

Ilepen Hamu deThIpe 3aaa4n. byem pemars UX n0CIe0BaTENbHO.

1. ITouck MmakcUMHHHOM cTpaTeruu urpoka A. TpeOyercs HallTu cTpaTeruro

S? = (pl, S S pm) Takum 06pazoM, uto6sl V = H |, — max . ITycte urpok B npumensier
YHUCTYIO CTPATEeTuio cTpaTeruto Bj. B aTom ciydae Beiurpsii A gokeH ObITh O0JIbLIE WM PABEH
V=H).

ITomyyaem cucrteMy HEpPABEHCTB

;P +a,p, +tay P, 2V j=1..,n

Baeném HOBBIE TIepemennble X; = P; /V  j=1...,n. Pa3nenuB Bce HEPABEHCTBA CHCTEMBI HA
HEOTPULIATENFHYIO BEIUYHHY V, OIYyYUM

8 X, +a,%, +..+ax, 21 j=1..,n (1)

[TockonbKy BCE ANIEMEHTHI MaTPHUIIB A HEOTPHUIIATENbHBI, V TOKE HEOTPUIATENbHA.

BeposiTHOCTH HEeoTpuLaTeNlbHbI IO onpeaeneHuto. Takum 06pa3oM BBeEHHBIE IEPEMEHHBIE

JOJIKHBI YIOBJICTBOPATH YCIIOBHIO
x. 20 j=L..,n @)



U3 p,+ P, +...+ p, =1 crexyer, uto X, +X, +...+ X, :}\// .V =H} — max . Takum
00pa3oM Mosy4aeM LEeIeByo (QyHKIHIO
L:x1+x2+...+xm:}\// — min (3)
MpI1 nonyuuinu 3agady JuHerRHoro nporpaMmmupoBanus (1), (2), (3). Pemus e€, nomyuum
V = }/L . Haiiném ctpareruro 82 :(pl, [T pm), p; =x;xV j=1...,n. Hf\ =V.

2. Touck crpateruu yrpos urpoka A. TpeGyercs HaiiTu crpareruto S, = (pl, [ JN pm)
TakuM 06pazoM, uto6bl W = HJ — min . ITycts urpok B mpuMeHsIeT YiCTyI0 CTpaTeruio

ctpareruto Bj. B aToMm cityuae npourpsin B He nomken Obith Menbie, vem W = H .
ITomyyaem cucrteMy HEpPAaBEHCTB
b p, +0,;p, +.. by P, <W  j=1..,n
BBeném HOBBIC IIEpeMEHHBIC X; = P; /\N j=1,....,n. Pa3nenuB Bce HEPAaBEHCTBA CHUCTEMBI Ha

HEoTpHUIaTeNbHy0 BennuuHy W, momyunm
by, X, +b,;%, +...+b,x, <1 j=L..,n (4)
HOCKOHLKy BCC JJICMCHTBI MATPUIbI B HCOTpULATCIIbHEIL, W Toxe HCOTpULATCJIIbHA.
BeposiTHOCcTH HEOTpULIaTENbHBI IO ONpeesieHnt0. TakuM o0pa3oM BBEIEHHBIE IEPEMEHHbIE
AOJIXKHBI YIOBJICTBOPATH YCIIOBUIO

X; 20 j=L..,n (5)
Uz p, +p, +...+ p,, =1 cuenyer, 410 X, + X, +...+ X, :%V W= Hg —>min . Takum

00pa3oM Mmory4aeM 1eaeByro (QyHKIHIO
L:x1+x2+...+xm:%v—>max (6)
MBbI mosy4riIH 3a7a4y JuHeWHoro nporpammupoBanus (4), (5), (6). Pemus e€, momydum
W :}I/_ . Haiiném crpatermo S =(p,, Pyrees Py ) p; =X, xW j=L..n.H;=W.

Kak Buaym, noiaydeHHble 3a7jaui IMHEHHOTO IPOrpaMMHUPOBAHUS COBEPILIEHHO HE3aBUCHMBI.
Tenepp HaAEM CTpaTEruu BTOPOr0 UTPOKaA.

3. ITouck MakCUMUHHOM cTpaTeruu urpoka B. Tpebyercs HaliTh cTpaTeruto
SJ = (ql, (o F qn) TakuM 06pazom, uto6sr W = H) — max . ITycTs urpok A IpUMEHSIET YUCTYIO

cTpareruto crpateruto Ai. B aTom ciydae Beurpsiin B nomken ObITh O0blie UM paBeH
W = Hg.
[Tonydaem cuctemMy HEpaBEHCTB
b,q, +b,,0, +...+b,q, =W i=1...,m
BBeném HoBble mepemennsie Y, =(, /W i =1,...,n. Pa3genus Bce HepaBEHCTBA CUCTEMBI Ha
HeoTpHUIaTeNnbHy0 BennuuHy W, momyunm
b,y, +b,y, +...+b,y, =1 i=1...,m @)
HOCKOJ’IBKy BCEC DJIICMCHTBI ManI/IIII)I B HCOTpI/II_IaTeJ'II)HI)I, W TOXKE HeOTpI/IHaTeJ'II)Ha.
BeposTHOCTH HEOTpHUIIaTENBHBI TIO ONpeeNieHnto. TakuM 00pa3oM BBeIEHHBIE TIEPEMEHHbBIE
JOJIPKHBI YJIOBJ'ICTBOPSITB yC.]'IOBI/IIO
y, 20 i=1...m (8)

U3 g, +0q, +..+0q, =1 ciexyer, 4t0 Yy, +Y, +...+ Y, =}\/N . W =H — max . Takum

00pa3oM MosrydaeM 1eaeByto (QyHKIHIO
F:yl+y2+...+yn:%v — min 9)



MBeI noyuniu 3agady JuHerHoro mporpammuposanust (7), (8), (9). Pemus e€, momydum
w =% . Haiiném ctpareruto SJ =(q1,q2,...,qn), q;=y;xW j=l..n. Ho =W .

[Tocnenuss 3anayva (7), (8), (9) cummerpuuHo-1BOMCTBEHHA 3aa4e (4), (5), (6). CoctaBum
3aJauy TIOUCKa CTPATEeTuH YIpo3 BTOporo urpoka. OHa OyJeT CHMMETpUYHO-IBOIICTBEHHA
3a/1a4ye MOMCKa MaKCUMUHHOM cTpaTteruu nepsoro urpoka (1), (2), (3).

I11. 3aganmue.
[TonyunTh MHANBUAYATBLHOE 3aJaHUE B BHJE IBYX MaTpull (OMMmaTpudHas
urpa).

V. Beinosinenue.

ChopmynmupoBaTh 3amaud IMOWCKA CTPATETUH yTIPo3 W MaKCUMHUHHBIX
CTpaTeruii B BHJI€ 3ajlauaM JIMHEWHOrO0 MpOTrpaMMHUpPOBaHUA. PemuTh ux ¢
MOMOIIBI0  JIFOOOTO  JIOCTYITHOTO IIporpaMMHOro obecnedenus. Ilomyuutsb
CTpPaTEeTUM UTPOKOB U UX BHIMTPHIIIA. CPaBHUTH PE3YIbTATHI.

V. OdopmieHue oTuera.

B oryere noKHBI OBITH MPEACTABIEHBI: 3aJaHUE, XOJ pEIICHHS,
pe3yabTaThl. OO0s3aTENBHO — CpPaBHEHUE pE3YyJIbTATOB NPUMEHEHHUS pPa3HbIX
CTpaTEruil.

V1. KoHTpOJIbHBI BONPOCHI.

11.byzaet 1u yCTOWYMBOM TOUKA, COOTBETCTBYIOL[AS MAKCUMUHHOM CTPATErHH.

12.byaeT mu yCTOWYUBOM TOYKA, COOTBETCTBYIOIIAS CTPATETUH yTPO3.

13.MOXeT U BBIUTPHII, TOTYyUYEHHBIH MPH MOMOIIX CTPATETHH yTpo3, OBITH
OOJIBIIIE BBIMTPHIIIA IPU MAKCUMUHHOM CTPaTETUu.

14.Mo>keT Ju BBIUTPBIII, TOJYYCHHBIA MPU MOMOIIN CTPATETUU YTpo3, OBITh
MEHBIIIE BHIUTPHIIIA TPU MAKCUMUHHOM CTPATETHH.

15.Mo3KeT 71 BBIUTPHIII, TOJYYSHHBIH MPU MOMOIIU CTPATETUU yrpo3, OBITh
PaBEH BBIUTPHINITY NP MAKCUMUHHOM CTPATETHUH.

VIl. bubauorpaduyeckuii cnucok

1. Bopo6rér C.A. Mogenu 1 METO/Ibl UCCIIEIOBAHUSI OTepaluii: yued. mocobue /
Tyna: Tynl'V. 2007, —148 c.

2. BopoonéB C.A.Teopust Urp v ucciieoBaHue onepanuii: yued. nocodue / Tyna:
Tynal'y.2012,-103 c.



JIABOPATOPHAS] PABOTA Ne7 [MpUMEHeHMe MeTO40B TEOPUN UTP K
pelweHnto 3agady, He OTHocAwmxcsa K Teopumn wurp. Urpbl ¢
npupoaon

|. Hean padoThl.
[IpuoOpeTeHne HABBHIKOB pEIICHUS 3a/ad NPHHITHS PEIICHUNA HUTPOBBIMU
METO/IaMH.

Il. Teopernueckasi cipaBka.
Pasgen vrpbl ¢ npupoaon TpaguumMoHHO BCTaBNSAETCA MPU U3YYEHUN Kypca «Teopus
Urp» HECMOTPS Ha TO, YTO 30€eCb He BbINOSTHAETCA OCHOBHOE NpearnoroXeHne Teopum —
0 Pa3yMHOCTU N JanbHOBUAHOCTWU NPOTUBHUKA. TeM He MeHee, Kak Mbl YBUONM,
NPUMEHSAEMbIE METOAbI O4EHb MOXO0XN HA TPAAULMOHHBIE CXEMbl TEOPUN UFP, @ NHOTAA
BOOOLLE HEOTNNYMMBI. [103TOMY Mbl U U3y4aeM OaHHbIN pa3aen. IMetoTcs y Hero u
CBOW OCOBEHHOCTMW.

Myctb Mpupoga MOXeET HaxoauTbCA B OOHOM M3 n cocTosiHui j=1,...,n. B KakoM cCOCTOSiIHMM OHa
HaxoauTcsa cendac [1 HEM3BECTHO. B Hawem pacnopsikeHnn nmeeTcs m BO3MOXHbIX AeNCTBun i=1,...,m.
Ecnu MNpupoga HaxoguTcsl B COCTOSIHUK |, @ Mbl BblOMpaeM OencTBME i, TO Mbl MOMy4YaeM BbIUMPLILW aij.

Takum 06pa3oM Mbl UMEeM NNaTéxHy MaTpuLly CTaHOAaPTHOTO AN MaTpuYHON Urpbl Bruaa A =1a..

J Jmxn *
TpebyeTcsa onpegenutb, Kakoe e AencTBme Ham BbibpaTb. [1peanaraeTcs HECKOMbKO KpUTEPUEB TaKOro
BblIGOpa, paccyYUTaHHbIX HA PasHbIX SI4eNn.

7.1. MakcuMUuHHbIU Kpumepuu

ToT KpI/ITepVII7I nosegeHnAa paccymMtaH Ha OO0CTAaTO4YHO NEecCUMMUCTUYHOIoO 4erioBeKka, eMy

npeanaraeTcd Bbl6|/|paTb cBOEé ,El,eIZCTBI/Ie n3 ycnosus max min a TO eCTb OH ,El,eI7ICTByeT Tak,
i=1,..,m j=l,..,n

yToGbl B Hauxygwem Ana ceba cnydae nonyuutb  MakcumyM.  30ecb npupoaa
paccMaTpuBaeTCs KakK KpanHe 3roHamepeHHbIn CybbekT, Bceraa npvHUMAaLWMA Hauxygllee
ANs Hac COCTosHME.

ij

7.2. Kpumepuii MUHUMaKCHO20 COXasleHusl

|_|yCTb Rj = MaX aij, TO €eCTb RJ- 9TO MAakKCUMyM TOro, YTO MOXET NONYy4YUTb UFPOK MpKU j-M
i=1,..,m

coctosHum Mpupoabl. Mepeiném ot BenuunH aj K BenuumHam I; = R; —3;;, KOTOpble MOXHO

ij’
TPaKTOBaTb Kak “coxaneHue”, To eCTb Heonosny4YeHHas Bbirofa OT TOro, YTo Mpu j-M COCTOSIHUK
Mpupoabl Urpok caenan HenpasBunbHbIA xod. Torga B KavyecTBe KpuTepust aAns BblGopa xoga

npepgnaraeTcA CJ'IGLI,yIOLLl,VIVI min max rij, TO eCTb MWUHUMUN3NPYETCA MaKCumalribHoe
i=1,..,m j=1..,n

“coxaneHue”.
7.3. Kpumepuii neccumusma-onmumu3sma 'ypsuuya

Mycte m;=min a; u M;=maxa;, 70 ecTb M; U M COOTBETCTBEHHO SABNAOTCA
= ]

..... n j=1..,n
MUHAMYMOM W MaKCMMyMOM TOrO, YTO Mbl MOXEM Mony4nTb npu Bblibope xoga Homep .
CBsxKeM C KaKObIM XOOOM BENUYUHY g, =o-M; +(1—0¢)-Mi n 6yaem BbibMpaTb CBOM X04 U3

ycnosus X g, . KoadbdpmupmeHT 0 < <1 HasbiBaeTcsA nokasarenem neccvmmuama murpoka. MNpu
i=1

=1,..,m

a=1 Mbl nonyvyaem KpanHe MeCCMMUCTUYHOrO YenoBeka, W 3TOT KpUTepuin coBragaer cC



Kputepnem mMakCUMMUHa. I'IpM a=0 — KpaVIHFlFI cteneHb ontummnama. OT npunpoadbl BCcerga KOET
CcaMoro ny4ywero n3 BO3MOXXHbIX BapnaHTOB pa3BUTUA COObITUIA.

7.4. lMpuHyun Hedocmamo4YHO20 OCHOBaHUsl

OT10T NpuHUMN cpopmynupoBan ewé A. BepHynnn. OH 3aknioyaeTcs B TOM, YTO BCe n
BO3MOXHbIX COCTOSIHMA [Mpupodbl  cuynTaloTCs  pPaBHOBEPOATHbIMW.  [lencTBue  urpoka

18
BbI6VIpa|'0TCFI M3 ycnoeua max —Zaij . Pa3ymeeTCﬂ, €CJIN N3BECTHbI Kakne TO BEPOATHOCTHbIE
i=1,..,m -
o =

OLEHKW, TO UX HaZ0 UCMNONb30BaThb.
OcTtaéTcs 3agaya - Kak npaBuUnNbHO BblGpaTb Kputepum
BblGOpa.

111. 3aganmue.
[Tonyunts UHIMBUAYyaTbHOE 3aJaHUE B BUJE MaTpullpl. Pemmuth 3agauy
BCEMU MEPEYUCIICHHBIMU CIIOCOOAMHU.

V. Bolnosinenmue.

Ucnonb3yst dyHKOUO CWL, HOCTpOUTH crekTporpamMmy ¢yskiuu. Ilpu
OMOIIH (GYHKIUH WNOISe TOJyYUTh CUTHAJ C IIYMOM M IIPOM3BECTH €r0 OYMCTKY
OT IIIyMa.

V. OdopmieHue oTuera.
B otuere mOIKHBI OBITH MPEACTABICHBI: 3aJlaHUE, CIIOCOOBI €ro pEIICHHE,
CpaBHEHHE PE3yJIbTaTOB, MOJYyUYECHHBIX Pa3HBIMU CIIOCOOAMH.

V1. KoHTpOJIbHBI BONPOCHI.

16.YT0 Takoe MPUHIIUT HETOCTATOYHOTO OCHOBAHUSI.

17.B kakux ciyvasx kpurepuid ['ypBrIia ONTUMUCTHYEH.

18.KakoBO OCHOBHOE MIPEIITOJIOKEHNE TEOPUH HUT.

19.Tlouemy wurpsl ¢ TPUPOAONW OTHOCAT K TEOPUU WIP, €CIU OCHOBHOE
IPENOJIOKEHNE JI1 HUX HE BBIMOIHSIETCS.

20.KakoB cMbICII MUHUMAaKCHOTO COXaJICHUSI.

VII. bubauorpaduyeckunii cnucok

3. Bopo6séB C.A. Moaenu u METOBI UCCIISIOBAHMS OTleparuii: yaed. mocooue
/ Tyna: Tynl'Y. 2007, —148 c.

4. Bopo6wsés C.A.Teopus urp u UcciegaoBaHue onepanui: yueo. mocooue /
Tyna: Tynl'V. 2012, -103 c.



