MITHOBPHAVKII POCCIIII

degepansHOE rocyIapcTBeHHOe OI0KeTHOe
o0pazoBaTelbHOe YViIpeKIeHHE BRICIIET0 00pa3oBaHHA
« TynBCKHiT rocyIapCTBEHHBIIT YHIIBEPCHTET»

ITHCTHTYT TOPHOTO JIeJla H CTPOHTENLCTBA
Kademnpa «CTpoHTeNbCTBO, CTPOHTENIbHEIE MAaTePHAaIEl H KOHCTPYKITIID)

VTIBepKIeHO Ha 3aceJaHHH Ka(eIpsl
«CTpOHTENECTBO, CTPOHTENRHEIE MAaTEPHAIIEI H
KOHCTPVKIIHH»

« 18 » gAuBapg 2023 1., mpoToKod Ne 5

dder dlél
e

3aBe YOI KA

V4 %

METOJHUYECKHE YKA3ZAHHSA
[0 MPOBEJeHHI0 NPAKTHIECKHX (CEMHHAPCKHX) 3aHATHH
0 THCHHILTHHE (MOIY.JII0)
«MeToaBI pellleHHA KPAEBEIX 33139
MeXAHHKH 1e()oOpMHPYEMOro TBepIOro Teay»
T (Ctel) -
OCHOBHOH mpo(ecCHOHAILHOH 00pa30BaTEeIbHOH NPOrPaMMBI
BBICIIET0 00PA30BAHHA — MPOTPAMMEI MATHCTPATYPHI

A A. Tpemes

110 HaIlpaBIEHHIO IOATOTOBKH
08.04.01 CTpOHTENBCTEO

C HAaIpaBII€HHOCTEIO (MpodiuieM)
TeopHsl H NPOEKTHPOBAHHE 3TAHHH H COOPYKeHHH

dopmMa 00yIeHNA: O4HAA, 3a0THAS

ITneRTH(HKAIINOHHEIT HOMep 0Opa3zoBaTenbHOII IporpaMMmel: 080401-04-23

Tyma 2023 rox



Pa3pa0boTunK MeTOAHYECKHX yKa3aHHUH

Tennuxo B.I'., 1OIEHT, K.T.H. /b’M

(®UO, 10HKHOCTD, yueHas CTENeHb, yHEHOE 3BaHHUE) (noamnuce)




BBEOEHUE

Lenpro mpakTUYeCKUX 3aHATHH 110 AUCHUIUIMHE ABISETCS U3yUeHHE ajl-
TOPUTMOB PEUICHHS KPAeBhIX 3a/1a4 MEXaHUKHU Je(hOpMHUPYEMOTO Tea U YH-
CIICHHBIX METOJIOB, NCTIOIB3YEMBIX IPHU PEATH3AIHNA ITHX aJlTOPUTMOB.

N3ydeHne anropuTMoB AOJKHO CONPOBOXKIATHCS YCBOEHHEM OTBETOB
Ha CIIEAYIOIINE BOTPOCHI:

1. KakoBBI TeopeTHUECKHE OCHOBBI METO/a, Ha 0a3e KOTOPOIro MOCTPOeH
aNTOPUTM peleHus?

2. Kak o0ecrieunBaeTcsi CXOOUMOCTD YHCICHHON peali3aluy ajaropuT-
Mma?

3. Kak obGecrieurBaeTcss TOUHOCTh YMCIICHHOM PeaTu3aliuy ajaropurma?

4. Kak cBs3aH BBHIOOp alropuTMa ¢ BHJIOM pellaeMoi MaTeMaTH4ecKOi
3agaun’?

H3ydyeHne TeMaTHKH MPAKTUYECKUX 3aHATUH MPOBOAUTCS B opMe pasz-
bopa peutenuti KOHKPETHBIX 3ama4. [Ipu 3TOM CTyIEeHT MOJDKEH OBITH TOATO-
TOBJIEH TI0 TEMAaTHKE MPAKTUYECKOTO 3aHATH Ha 0aze MPOBEACHHOM camo-
CTOSITENIbHOUW paboTHI. st 3TOr0 UM TOTOBUTCS Marepuaj Jjs COOOUIeHHS
KaK MUHUMYM TI0 JIBYM T€MaM MPaKTUIESCKUX 3aHATHM.

Marepuaiibl cOOOIIEHUST HA TTPAKTHYECKOM 3aHITHH TPEICTABISIOTCS B
BUJIE MTPE3CHTAIINH, COIEPIKAIIE OTBETH HAa COPMYITHPOBAHHEIE BHIIIE BO-
MIPOCHI.

OdopmiteHre ipe3eHTaIuy K COOOIICHHIO JODKHO 00SCIIeUNBATh:

* yKa3aHWe Ha UCTOYHUK MPUBOIUMON MH(POPMAINK ¥ KOHKPETHOE TI0-
JIOKEHHE COOTBETCTBYIOIIETO MaTepraia B 3TOM HCTOUYHUKE B BHJIE ITYHKTOB
COJIepKaHMs U CTPAHUI], HA KOTOPBIX ATH MTyHKTHI CIEAYyeT HCKATh;

* KOMITaKTHYIO ()OpMYy ¢ MaKCHMaIbHON MH(POPMANMOHHON EMKOCTHIO,
YTO JOCTUTAETCS UCTIOIH30BAHUEM MILTIOCTPANNK U Oa3UCHBIX MaTeMaTHye-
CKHMX COOTHOIIICHHII;

* 00BEM COOOIIICHHS HE MOXKET MPEBHIIATh 5-7 crnaiiaoB ¢popmarta AS (B
nmaHAma(@THOM TOJIOKCHHHN);

* MPUMEHEHHE MaTepraoB JOKJIa/la B KaueCTBe KOHCIEKTa IS YIIIy0-
NEHHOTO M3yUYeHHsI TOTO MaTepuaia APyTUMHU CTyACHTaMH TPYIIIIBI;

* TIepefady MaTepHaJioB JIOKJIaa APYTUM CTYJeHTaM H MPEToAaBaTelio
B (hopmate PDF, obecrieunBaromyM HaBUTAIMIO IO MyHKTaM H MTOAMTyHKTaM
coJiep>KaHMs Ha OCHOBE CHCTEMBI 3aKIIaIOK.



KauecTBO MOATrOTOBICHHBIX COOOIICHHMIA, BBICTYIUICHHS C HUIMH Ha TPaK-
TUYECKOM 3aHATHH, @ TAK)KE aKTUBHOCTh YYaCTHUs CTYACHTA B TUCKYCCUU TI0
TeMaTHKe MPAKTUUCCKUX 3aHATHN OIIEHUBACTCsI OaIpHOM OTeHKO#H (10 12 Gas-
JIOB 3a CEMECTD).



3aHatne Ne 1

TEMA

1

METOZb! PELLEHWS
HEMWUHEMHBIX ANTEBPAUYECKMX,
TPAHCLIEHOEHTHBIX YPABHEHUM

W X CUCTEM

1.1. MeTop npocTon utepauum

Mpumep

Tpebyercst HAWNTH KOPEHb ypaBHEHUS
fix)= x —x-0,2 =0 (1.1)
Ha oTpeske [1;1,1].
IIpuBeném 3amaHHOE ypaBHEHUE K BHUIY, pa3pelIEHHOMY
OTHOCHUTEJBLHO apryMeHTa:

x = @(x) = ¥x+0,2. (1.2)

[IpoBepuM ycioBHE CXOOAUMOCTH:

1 ~4/5 x=1=0,173
"x) = =(x+0,2 = <1.(1.3
o) = 5 +0,2) {x:u:(mz (13)

B kadyecTBe HAYALHOTO 3HAYCHUST KOPHS MPUMEM JICBYIO
rpaHMIly OTpe3Ka (x; = 1) M B COOTBETCTBUHM C aJITOPUTMOM
MeTo/Ia

Xioy = o(x,) = 3x+0,2,i=1,2, ... (1.4)

MNOJIy4UuM:.

=31+0,2 = 1,0371, x;=3/1,0371 +0,2 = 1, 0435,
31,0435+0,2 = 1,0445, x5 =3/1,0445+0,2 = 1, 0447,
31,0447 +0,2 = 1,0448, x,=73/1,0448+0,2 = 1, 0448.

Takum 00pa3om, perieHneM sBisiercs 3HaueHue 1,0448.



1.2. Metop HuloToHa-PachcoHa

Mpymep Tpebyercst pemts ypaBHeHue (1.1) meToqom kacaremb-
HBIX Ha TOM K€ OTpE3Ke.
J11s 3TOr0 MPUBOIUM €r0 K BUAY:
X

}%,i =12, ...

Ureparnmonnsrii mporiecc (1.5) mMeet MecTo npu HeHyIe-
BBIX 3HAYCHUSX MPOU3BOIHBIX (PYHKIIUN YPABHEHHS B TOUKAX
BBIUMCIICHUS, & TAKXKe MPH YCA06UU, YTO B HAYAIIEHOW TOYKE
(GyHKIMST ypaBHEHHUS U e€ BTOpas MPOHM3BOAHAS MUMEIOT 00U-
HaKos8ble 3HAKU.

[IpoBepumM 3Ha4ueHMs (YHKOIUKM U €€ MPOM3BONHBIX HA
KOHIIaX 3a/IaHHOTO OTpe3Ka:

xp = 1=/1)=-0,2; f(1)=3; /(1) =20
x, = L1=£(1,1) = 031; f(1)=632; f"(1,1) = 26,6.
Takxum o0pa3oM, Hy»KHO NpuHATHL x; = 1,1 .

Anroput™m (1.5) mpumenutensHo K ypaBHenuto (1.1)
npuodpeTaeT BUL:

(1.5)

Xiv1 T X~

xffxl-fO,Z
Sxi—1
Brimonuss BBIYUCJICHUSA, IIOJTYUYUM!
X, = 1,05; x3 = 1,0448; x, = 1,048,

PesynbraT coBagaeT ¢ npeaplIyliuM, OJHAKO YHCIIO UTe-
pauuii MeHbIIIe.
3aHsaTne Ne 2

i=1,2, ... (1.6)

Xit1 T X

1.3. MpumMeHeHMe meToaa NPOCTOM UTepaLUn
K PEeLUEHMIO CUCTEM HENTMHENHbIX YpaBHEHUN

Mpyumep TpeOyeTcst HAUTH MOJIOKUTEIBHBIE KOPHA CHCTEMBI ypaB-
HEHHH, UCXOMS U3 TOTO, YTO rpa)HueCcKUM METOJOM OIpee-
JIeHBI IPUOMMKEHHBIE 3HaYeHud x; ~ 3,5, y, = 2,2:



filx,y) = 2x2—xy—5x+1 =0
5 (1.7)
fr(x,y) = x+1,3029logx -y~ = 0

[puBenéM cucteMy K CTaHIAAPTHOMY JUIS METOHA MpPO-
cTOH utepanuu hopme:
[ B B 1 1 0,5
5= 0)(xy) = |70+ 5) =]
! . (1.8)

0,5
ly = @,(x,¥) = (x+1,3029]ogx)
Jnst aHanmM3a CXOAMMOCTH METOJA BBIYMCIMM YaCTHBIC

IIPOU3BOAHBIC BBC)IéHHBIX BCIIOMOTI'aTCJIIbBHBIX (1)YHKHI/II7I B Ma-
JIOW OKPECTHOCTH pemeHwus ¢ paguycom 0,1:

0 0
max[% j = 0,53; (max[% J = 0,26;}
Ty 20,1y, £0.1 Yol £0,1y, 0.1
0 0
max[aih J = 0,42; max(% J =0.
Ty 20,1y, £0.1 Yy 20,1y, %01
Brruucisiem kputepuid CXOAMMOCTH TIpoIiecca:
2
zmaxa_“ﬂ =0,95<1
2 P . Ox;j
Zmax—(pi ,i=1,2=> i=1
- 0x; § 5
J=1 Z“maxi2 =0,26<1
- 0x;
j=



TakuM 00pa3oM, TociaemoBareIbHbIC TPHONKESHUS pe-
UICHUS HE BBIMIYT 32 MPEHENbl HA3HAYEHHOU MAIOol OKPECT-
HOCTH.

Beruucnenus ¢ yuérom (1.8) mpoBoaum o Gpopmyiie

D o i= L2 k=12, (19

PesynbraThl BEIYMCIIEHUH CBOIUM B TaOIUILy 1.

Tabnuua 1.1. Pe3ynbTaThl IPOCTHIX UTEPAIMI PELICHUS CUCTEMBI ypaBHeHHi (1.7)

" MONING 0 = B
1 3,5 2,2
2 3,4837 2,2589
3 3,4848 2,2605
4 3,4858 2,2608
5 3,4864 2,2611
6 3,4868 22613
7 3,4870 2,2614
8 3,4872 22615
9 3,4873 2,2616
10 3,4874 2,2616
11 3,4874 2,2616

Taxum 06pa3oM, yTOUHEHHBIM PEIIEHNUEM SBISIFOTCS 3HA-
genus 10-if ureparuu. Eciu orpaHUYUTHCS uembipvbms 3HA-
JamuMe TdpamMu, TO UTEPAIlid MOXXHO OBIIIO OBl IpeKpa-
TUTH Ha §-M 11are, MpuHAB 3Ha4eHus (3,487; 2,262).

[domaluHee 3agaHue
Pemuts cucremy ypaBHeHH

fix,y) = 2x2—xy—5x+1 =0
(1.10)

LHrx,y) = x+3logx—y2 =0

C HavaIbHEIM npuoIIKeHueM (3,7;2,7).
OOpaTuTh BHUMaHUE Ha 3HAYEHHUS KPUTEPHEB CXOAMMO-
CTH M CKOPOCTh CXOAMMOCTH TIPOLIECCa UTEPAITH.



3ansaTne Ne 3

1.4. PeLueHne cucteM HeNIMHENHbIX YpaBHEHUN
metoaoM HbloToHa

Mpumep Tpebyercsi yTOUHUTH pelIeHNEe CHCTEMBI IBYX HEJWHEH-
HBIX YPaBHEHUH NPU HATUYAW TPUOTMHKEHHOTO PEUISHHS CO
3Hayenusamu x; = 0,4, y, = 0,9:

fi(ny) = 4 +y +2xp—y=2 = 0
(1.11)
LHlx,y) = 2x2+3xy+y2—3 =0

ANTOpUTM METOJa BKIIOUAET UTEPALMHU MO PEIICHUIO CHU-
CTEMBI YPaBHEHUH BUJA:

2 (k)
ofi(x") k k
> o ) = i),

_ : (1.12)
j=1
i=12, k=12...
[IpumenutensHo k cucteme (1.11) cuctema (1.12) umeer
BUJI:
(8x(k) i 2y(k))Ax(k) 4 (2y(k) 428 _ I)Ay(k) _
02, (k)2 (k) (k) (k)
= —(4x + +2x - -2);
( y Yoy ) (113)

(4x(k) I 3y(k))Ax(k) 4 (3x(k) 4 2y(k))Ay(k) _
2 2
= —(2x(k) + 3x(k)y(k) +y(k) -3).

Pacnonaras npubiamxeHuem = 0,4; y(l) =0,
MOJyYMM CUCTEMY ypaBHEHUS Ui OINpenesieHus J00aBOK K
9TUM 3HA4YCHUS, a BMECTE C HUMU — U CIEAYIOIIee PUOIIIKe-
HUE pelICHUS:

LD xl-(k)+Ax,-(k)ai =1,2 (1.14)

1



Pe3ynbraTsl BEIYHCIIEHUH IPEICTAaBUM B BHIIE TAOIHITHI:

Table 1.1 Peanuzauus metona HproTOHA JUIsl CHCTEMBI HEJTMHEHHBIX YPaBHCHUIH

(k) (k) (k) (k) (k) (k) (k) (k) (k) (k)
k| x X aip |4 |49 | 4 b b, Ax Ax)

0.4 0.9 5.0 1.6 43 3.0 -0.73 -0.79 0.11404  [0.099877

0.5140410.99988 |6.1121(2.0278|5.0558|3.5419{0.084785 |0.070169 |-0.013865 |-0.019579

0.5001710.99986 {6.0011 {2.0001|5.0003|3.5002 | 7.4009¢-4 |3.6001e-4 |-1.6997¢-4 |1.13996¢-4

0.5 1.00000 (6.0 2.0 5.0 35 0 0 0 0

0| B W[N] =

0.5 1.0

Kak crmenyer u3 npuBeneHHbIX AaHHBIX (Tabmuma 1.1.),
IIPOLIECC UTEPALUI CXOIUTCS.

[OomaluHee 3agaHue
[IpoBepuTh KpUTEPHIT CXOIUMOCTH Mpollecca UTepanui

M*Lsn*<0,5. (1.15)
B Beipaxennu (1.15) ncnons3oBaHbl 0003HAYEHUS:
M2 (——’) ;
max 2oy | |
j=1 / X1
5 (1.16)
LZmaxa—J;i ;o d=2fixps n=2;
ox;

]x]

10



TEMA

2

METO[b! PELLEHWA MHOFOMEPHbIX
JMHEMHBIX 3ADAY MEXAHUKM

3anatue Ne 4

2.1. Metop ceTok
Ans pewieHus ypaBHeHVIVI B YaCTHbIX NPOU3BOAHbIX
TpeOyeTtcst pemnTh ypaBHeHUE (M3THO TITUTHI):

Mpumep
Zxxxx+22xxyy+zyyyy - &
z=20,z,, = Onmpux = +0,5a; 2.1
= +0,5a.

z=10,z,=0mpux
11 KOHEYHO-pa3HOCTHOM anmpOKCHUMAalUu MpPOU3BOI-

HBIX UCTIOJIB3YIOTCA CICAYIOIINE COOTHOUICHMA:

(@) LGl Ei L

~ X = Xp oty
0x¢ 5 b, '

2z; [+zl-71L]..

2

2 2
ax.. hxk

2
[8 z _Ziv1y—
Zi+2[_4Zi+1L/‘+6Zi,j_4Zi71,1'+Zi72,_i (2.2)

4
[Q_Z. _
4 4
ox i h'x,
4
0z _ 1 5
2] T 2 G T Eie o 220,
0x;0x; i h™x,h"x,
=2z T4z -2z =2z 5tz etz o)

JI1s COCTABICHHS yPaBHEHHIA, OMPENESIONNX UCKPET-
HbIE 3HAYCHHS MCKOMO# (DYHKIIMH TOACTABIIACM BHIPAKEHHUS
(2.2) B (2.1) m BBOTUM 0003HAYCHHS:

h 4

X a a

= =1,h == = g—. 2.3
hoobheT g BT 8 (2.3)

11



12

Cucremy paspemaronyx ypaBHEHUI chopMupyeM, BOC-
MOJIb30BABIINCH CIEAYIOLIEH CXeMO:

0 g & g g

o

7 7
5k Y Ly s 5

" / 2 &
5 o >—'—-£
5 4 J v P
7 7

0 g g § -0
y

Puc. 2.1. Cerounas o61acTh 3a1a4u a X d

Cucrema ypaBHEHUH 17151 pELLIEHUS 3a/1auu:

— . S
20-16-16 8 000 0 0 0 Z; B
821 4 -160100 0 0 B
8 4 21 -16000 1 0 0|3 B
2 -8 -8 221000 1 0% B
0 1 0 00100 00| _[0] 5y
00 0 11100 00[|z 0
0 0 0 00010 00z 0
0.0 1 0000-100_ 0
0.0 0 10000 10| 0
00 0 00000 01][7° |0
Z10]

CootHomeHus (2.4) OMHUCHIBAIOT:



* coOctBeHHO auddepeHmanb-HOe ypaBHEHHE — CTPOKU
NeNe 1-4;
* KpaeBble yCJIOBUA IIpU X = a/2 — ctpoku NoNe 5-7;
* KpaeBble yciIoBUA pu y = a/2 — ctpoku NeNe 8-10.
3aHsTHe Ne 5

2.2. Metop pa3peneHus nepemMeHHbIX (metoa Pypbe)

Mpumep TpeOyetcs pemnTh ypaBHeHUE (KoneOaHus Oanku)

utt+ auxxxx = 0;

ul,_g = S u,| _ = 8(); 25)
= 0.

u‘ 0= 0,u,,
I

x=0
x =1

Pemenne niem B Buze
u(x,t) = X(x)T(¢) (2.6)
[HoncranoBka BelpaxeHus (2.6) B ypaBHeHue (2.5) 1 yuét
JTMHEHHON HE3aBUCHMOCTU (YHKIMH OT MPOCTPAHCTBEHHOM
KOOp/IMHATHI U BPEMEHH IMO3BOJISIET C(HOPMHPOBATH CUCTEMY
JIBYX YpaBHEHUH B OOBIKHOBEHHBIX TPONU3BOIHBIX:

X

2
Xxxx—(%) X=0maX = X(x) (A= const=7?), (2.7)
T,+\'T=0mmaT = T(1) (2.8)

Pemenue ypaBuennii (2.7)-(2.8) mpencrapisiercs U3BECT-
HBIMH BBIPAKCHHUSIMHU:

= Clsin(A/Zx) + Czcos(fx) + Qsinh(ﬁx) + C4cosh(
a a a

T(t) = D,cos(At) +D,sin(r).

13



B 3TuX BBIpaKeHHSAX MOCTOSHHBIE MHTerpuposanus C;
OIIPE/IeNIAIOTCA U3 TPAaHUYHBIX YCIOBUsS, a MOCTOsSHHBIE D; —
13 Ha4YaJbHBIX.

YuuteiBas NEPUOANYHOCTL NPEACTABICHHBIX peHICHI/Iﬁ
gepes mapaMeTp 7 (YUCIIo MOTyBOJIH U3ru0a), OKOHYATEbHOE
peleHne npuMeT GopMy OECKOHEUHOTo psijia:

o0

u(x, 1) =y (D" cos(L"1) +D§n)sin(7»(")t))sin(n—@) ‘

l
n=1
3aHatue Ne 6
2.3. Metoabl MMHUMM3ALMKN HEBA3KU
2.3.1. MeTog konnokaumu
Mpymep Onpenenuts METONOM KOJDIOKAIMi TporuoBl  w(x,))

JKECTKO 3aKpEIUIEHHOW M0 KOHTYpy KBaJpaTHOH 2a x 2a
TUTHTHI C IMIMHAPUIECKOHN HKECTKOCThIO D U TONIIMHOM /1, 3a-
TPy’KCHHON PaBHOMEPHO PACHPEIECIICHHON HAarpy3Koil HHTEH-
CHUBHOCTH ¢ = const.

Jng nanpHEHHX BBHIKIAJOK YIOOHO BBECTH Oe3pa3mep-

X Y w
HBIE KOOPOMHATBL & = =, M = <,z = P
a a

VYpaBHeHHE POruOOB NPUOOPETAET NPH STOM BU:

4 4 4 4
0z, 02,02 4@ 2.9)
o 0gon” On
Kpaesble ycnoBus 3agauu
oz
Zl o T A =0,
E=tl 5t .
. (2.10)
z| _ & =0
n= +1 an " -4

ITporu6 Oynem ucKaTh B BHIEC NMPOU3BENEHUS PELICHUH
OJHOMEPHBIX 3a/1a4 1 KOPPEKTHPYIOIIeH QpyHKINU:

2= (-8 (=D (ag+ 4,8 + am’® + a e )2.11)

14



[IpencraBneHHOe pelIeHHE YNOBICTBOPSET T'PAHMYHBIM
ycnousM (2.10). ITpu 3Tom nonpaBodHas GyHKIMS 00IanaeTt
CUMMETpUEl MO0 KOOpAMHATaM, YTO COOTBETCTBYET CHMMeE-
TpuU nporuda 3aJaHHOH TUIUTHL.

IToncranoBka pemenwus (2.11) B ypaBuenwue (2.9) no3Bo-
aseT ¢(hOPMUPOBATH COOTHOLICHHE:

(24a0+ai (—48+3608%) ) (1—n°)°+
+ (24a14-az( —48+43608%) ) v’ (1 — ") * +
+2(ag( —4+nE%) +-a, (2—248°+30E") ) x
X (—4+1207) +2(a) (—4+128%) + 2.12)
+as(2— 24874 30"} ) (2— 247 +30n") +
+ (24a0+a: (—484-3600%) ) (1 —E9)*+
+ (24a0+ a2 (—48+3600") ) (1 &) *=ga'/ (Dh).
Hanwuue B mpaBoii wactu ypaBHenus (2.12) mapamerpa
HATrPYy3KH § TOAYEPKUBAET TOT (AKT, YTO MPEIOKEHHOE BhI-
paXXeHHUE PEIICHUs HE MOXET JaTh TOYHOE 3HAUCHHE MPaBOM
yacTu ypaBHeHHs (2.9).
YUToOBl YMEHBIIUTH 3TO pa3iudue (HEBSI3KY) MOTpedyem
COBIIaJIeHNs TPaBHIX dacTeil ypaBHenus (2.9) u (2.12) B Ta-

KOM KOJIMYECTBE TOYKE, YTOOBI MOYKHO OBIJIO ONPEAEIUTH KO-
3¢ durmenTs! a; GyHKIUU KOPPEKTUPOBKH.

7
_Awe_
Z 77
T/ Z
. A
|7 AN
f %
//f//' G Z

Puc. 2.2. Beibop Todek KOJIOKaIuit

15



3anatue Ne 7

Mpumep

16

Hcnonp3yss OCEByI0 CHMMETPHIO OTHOCHTEIFHO IBYX
oceil, BEIOEpEeM B Ka4eCTBE TAKUX TOUEK OTMEYEHHBIC Ha Puc.
2.2. Touku «0», «1» 1 «2». X KoopAHUHATHI UMEIOT 3HAUYEHUS

0 (0;0)
1| = | (0,5;0) |- (2.13)
2 (0,5;0,5)

[Moacrassis mo-ouepenu B JieBylo 4yacTh (2.12) xoopnu-
Hatel (2.13), ¢ yuétom TpeOOBaHMs HYIEBOW HEBI3KU COp-
MHUpPYEM CUCTEMY TPEX YpaBHEHUS:

B0ap— 128a; +Bas=gqa'/ (Dh);
45,5a0+ 31,375a, — 15,2602 = ga*/ (Dh);
29a4+ 62,5a: 4 20,84a: = ga'/ (Dh),

Eé pemenne u onpezenser pemeHne 3a1aqu:
g 4 0,2192 4
a;| = 9—4 0,0548| = Wyax = 0,21922—}13. (2.14)
a, 0,0631
MomalHee 3anaHne
BBIYMCANTD MOTPENIHOCTD MONTYYEHHOTO 3HAUCHUS IPO-

ruba B IEHTpE TUIHTHI B CPABHEHUU C TOYHBIM PEIICHUEM 3a-
JayHu.

2.3.2. Metog by6HoBa-l'anépkuHa

TpeOyeTcs pemnTs 3a1a4y 0 KPy4eHUH TPU3MaTHIECKOTO
CTEPKHsI NPSAMOYTOIBHOTO CEYEHUS, IIPEACTABICHHYIO ypaB-
HeHHeM T (YHKIIMH HAPSHKEHUN M KPaeBbIMH yCIIOBHSIMH:

o’y 0
LY = oy =0, (2.15)
2 2 r
ox~ Oy
B coorBercTBUM C TCOpHGﬁ METOOda Hpeajiara€rcsa uc-
II0JIb30BAaTh (bYHKI.IPIIO—HpOI/BBeL[eHI/IC u3 TpéX COMHOXKHTC-
neﬁ, TNEPBBIC IBA U3 KOTOPBIX AAIOT PCHICHUCM O,Z[HOMCpHOf;I



3a/laun, W TPETHH SBISAETCS KOPPEKTUpPYIOIed (yHKIUHA B
BUJIE PsZia C TIO apryMEHTaM C MOJIEKALUME ONPENEICHUIO
ko3 puIMeHTaMu o, :

2 2,2 2 2

_ 2

=(a —x )b =y )Na, - o, _x +to,_3y +..).
IMapameTpsl a, b ONpenensoT pasMepsl MOMEPEIHOTO Ce-

YEHUs, KOTOPOE MPEICTABICHO HA PUCYHKE:

)

S|
o3

ia |a
Puc. 2.3. [TapameTps! ceuenus 6pyca

Hanomuum, 4To mpeanaraemMoe pelieHue IODKHO YIOB-
JETBOPATh 6ceM TPaHWYHBIM ycioBHAM. lIpoBepka 3TOro
CBOMCTBa Uil BHIOpaHHOH (YHKUUH pa3ioKeHUs MOATBEp-
KJIAeT ero HaJIu4He.

Ha nepsom mare noacraBum penieHne B (opMme, HCIIOINb-
3YIOIIEH TONBKO OAMH KOA(PPHUIMEHT KOPPEKTUPYIoIei dyH-
KLUH:

2 2.,,2 2
| = (@ =x")(b"=y)a,. (2.16)
[ToncraBus (2.16) B ypaBHeHwue (2.15), momyduM HEBAZKY
¢, = —20,(a"—x")=2a,(b"—y) +2. (2.17)

Koaddunuent o onpenenum u3 ycioBus OpTOroHaJIbHO-
CTH 0a3MCHBIX (YHKITUH (PTO MepBbIe aBE (PYHKIIMH-COMHO-
KUTEIH B BHIPAKECHUH ;) U QYHKIIUU HEBA3KH Q1:

BrinonHeHne npeAnMcaHHbIX Onepaluii 1aéT ypaBHEHUE
JUIst onpez{eneﬂm o :

16 43
+ _
45 b( b)

b= 0=>a, = i(a2+b2).(2.18)

17
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a’ —x") (b =y ) (20, (a’ = x7) = 2a,(b° —y7) + 2)dxdy

Takum 00pa3om, pelieHue 3a1a4u 0 KpyYeHUH pU3Maru-
YECKOTO CTEP>KHS MPAMOYTOIBHOTO PEIIeHHUs B IEPBOM IpH-
ommkenuu o merony byOHoBa-I"anépkrnHa nMeeT BUA:

2 2 2 2
_S(@ =x)(b -y7)
R

(2.19)

[OomaluHee 3agaHue

Hcnonp3yst BBIpaKEHHE TEPBOTO MPUOIIDKEHUS pele-
HUS 33J]add O CBOOOAHOM PaBHOMEPHOM KpPY4YEHHH IpHU3Ma-
THYECKOTO cTepkHSI B hopme (2.19), OIEHUTH MOTPEITHOCTH
BBIYMCIICHUEM KPYTSAIIET0 MOMEHTa Ha TOPIaX CTEPXKHS KBa-
JIPaTHOTO CCUCHMUSI.

TouHoe peleHre NPEACTaBICHO BhIPpaKEHUEM:

M, = 2,250a" GO,

rae G — MOIynb caBuTa, a ' — yron 3aKpy4HBaHUs HA €lIU-
HUITY JJIMHBI BOJIOKOH CTCPIKHS, MapalJICJIbHBIX OCU CTCPIKHA
(9acTo 3TOT yroJl Ha3bIBAIOT KPYTKOiN).



TEMA

3

METO[ KOHEYHbIX 3NEMEHTOB

3aHsTue Ne 8

3.3. NMopbop hyHKLMI NepeMeLLeHU KOHEYHOTO 3fIeMeHTa

3.3.1. ®yHKUMM hopMbl Ans anemeHTa hepmbl

lNonepeyHoe ceyeHne

\X

MNpoponbHasa ocb

Puc. 3.1. CrepxHEBON 37IEMEHT KOHCTPYKITHH
[I0J1 IEMUCTBUEM OCEBOM HAarpy3Ku

TTonepevHoe ceueHue
}—x> /»/OCCBSJI KECTKOCTHL EA
() U
—>—> > > P

|
|

| L
I

Puc. 3.2. [TapameTpsl, XapakTepusyronye
oanoocHnoe HIC

uy, fi Uy, fo s, fyo |ugs foo |Uss S5

O O
1 2 3 4 5
u
us
uy u3 ugf U X

;=0

Puc. 3.3. AnmpokcumManiys OCeBbIX MepeMeIIeHun
npu ogaoocHoM HJIC (f; — oceBas cuna)

19
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1 (e) 2
t=L¢ |

X=x-x

Ne |1
J

0

Puc. 3.4. Oynukin GopMeI 1715 CTEPKHS epMBl

Homepa y3moB nuckperusauuu otaeiabHoro K9 (¢ ume-
HeM «e») Ha Puc. 3.4. apnsrorcs rokansnoivu. Taxxe T0Kab-
HOW SIBIAETCS KOOpAWHATa X, KoTopas uaMmensiercs ot 0 1o
1=1°

KD obmamaer nBymst JTIOKaIbHBIME Y3JIOBBIMU CTENEHIMH
CBOOO/IBI uf, ug Onucanue crepxaeBoro KO ocHoBbIBaeTcs
Ha 3aMEHE TOYHBIX 3HAYE€HUI NEpEeMEUICHUH CEYEeHHH cTep-
JKHSI UX allpOKCUMAIUEH:

* e
u (x)=u (x). 3.1)
Pesynbrar Takoil anmpokcumanuu Ay ancam6ms KO mo-
ka3zaH Ha Puc. 3.3. B ciydae xycouHO-unetiHol anmpoKCUMa-

e
UM JIOKATTBHOTO MepeMeIeHus ¢ (X) Mbl MOXET BOCIIONB30-
BaThLCS UHMEPNOIAYUOHHOU HOPMYITON

e
U

u’(x) = Nj(x) - ul +Ny(x)-uy = { Ni(x) N5(x))

e
Uy

. (3.2)
OyHKIHNU N‘f (x), N;(x) Ha3bpIBaOTCS QyHKUUSAMH (op-
MblL. M3 nansbix Puc. 3.4. BUIHO, YTO U3 MOXKHO TPEICTaBUTh
B Oe3pazMepHOM BHIe (HOpMyIaMHu
X X
Ni=1-==1-& N ===¢§ (33

e

L L°



Kpome ¢ynkumii ¢popmsr (3.3), KOTOpbIE CBS3aHBI C OT-
nenbHbIM KO3, uMeroTcs Takke GyHKIUH, KOTOPBIE CBSI3aHbI C
OTIENBHBIM Y3JIOM JAUCKPETH3AINH. DTH 6a3ucHble QyHKINH
OTIpEJICTICHbI COOTHOILICHUEM:

1
Nf < nyieMeHT el

Ni(x) = 3.4)

N
;<= DIEMEHT €2

0 < npyrue KO

I'padmueckas nnTepnperanus 6asMcHOW (GYHKIMM AaHA
Ha PUCYHKE HIXKE.

(©, O
1 2 3 4 5
u
N N;
V:}?Y{WHG}Z JIUHUS)
3 X

Puc. 3.5. basucHas Qynkius y3na 3

3aHatue Ne 9

3.3.2. ®yHKUMM hopMbI ANA NeMeHTa pambl

banounbiii OmHOMEPHBIN 3JEMEHT CTPOUTEIBHOU MeXa-
HUKH XapaKTepU3yeTCsl IBYMsI y3JIaMHU U YETHIPbMS CTEIICHS-
MU CBOOOJIBI.
P'(x+u,y+v) 0,

el Vi

X, U
10 {:’l\ 22
‘ X —>
L ~P(x,)

Puc. 3.6. [IByxy3noBoii miockuit KD 6anku
C YETBIPbMSI CTETICHSIMH CBOOOIbI

Y3noBele mepeMenieHust AeGpOpPMUPOBAHHOTO OATIOYHOTO
KD MoxHO onucarh BEKTOPOM

21
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e T

@yHKINA MONEepPEUHBIX NepeMelleHnit v(x) Kak BHYTpH
JNIEMEHTa TaK W MEXIy JJIeMEHTaMH [O0JDKHA OBITh Hempe-
PBIBHOH, a TaK)K€ UMETh HEIIPEPHIBHYIO IPOU3BOIHYIO — YIOI
MOBOPOTA MonepedHoro cedenus 0(x) = dv(x)/dx.

IIpocrefimyM BapHaHTOM aNIpPOKCUMAIMH MONEPEYHBIX
NepeMelIeHni 1 yIIIoB ToBOpoTa BHyTpU KO MOXKHO cunTaTh
KyOW4ecKue MOJTMHOMBI, KOTOPHIE TOHKHBI OIMCHIBATh CIIEAY-
FOIII1i€ CBOMCTBA:

V= 1T Ni(©)

NeA&)
£=-1 £=1

Puc. 3.7. KyOuueckue olMHOMY B Ka4eCTBe
¢yHKImiA hopMeI B mIockoM Gamoynom KO

Wntepnonsuonnas ¢popmyaa, OCHOBaHHAs Ha STHX TO-
JIJMHOMAax UMECT BHU:
Vi
0
e 1
v\ = ( Ny Ngy Nyy Noy ) : (3.6)
V2
0,
OtH GYHKIUU yI0OHO ONPENEHTh depe3 0e3pasMepHyo

KOOpAHAaTy, CHAMMETPUIHYIO OTHOCUTEIBHO Y3JIOB 1 u 2 ko-
HCYHOT'O 3JICMCHTA!



3anaTue Ne 10

[Mpumep

_ 2x
e
L

Ornpenenenue 3THX cbyHKuHﬁ MIPOM3BOIUTCA Ha 0a3ze

CBOMCTB IOJIMHOMA TpeTLeﬁ CTCIICHU
3

V= Y al, (3.8)
i=0
M CBOMCTB (DYHKIMI MOTIEPEYHOr0 TIepeMEIIeHUs U yIiia Io-
BOpoTa B y3nax auckperusauuu KO, mpencraBieHHBIX Ha
Puc. 3.7.

g ,-1<E<1. 3.7)

Ny = 5= ),
Ny = 32018 (1+2),
(3.9)
NGy = 5(1+6)(2-8),

Ny = 5 L°(1+8)’(1-8).

3.3.3. CoctaBneHue cucteMbl ypaBHeHun MKJ
ANA NSIOCKOW CTePXXHEBOW PacYETHOM CXeMbI

Tpebyercss HalTH 3HaUE€HHE KPUTHYECKOW Y3JOBOHM Ha-
TPy3KH AJI paMbl, IPEJCTABICHHON Ha PUCYHKE.

¥
-
[—
™

e

ET=const

Puc. 3.8. ITnockas pama ¢ y3710BOi Harpy3Koi

Ha nepBom 11are cocTaBiIsrOTCa MaTpulibl xkEcTkocTH KO
pacu€THON CXEeMBbl, B KAYECTBE KOTOPBIX BBHICTYMAIOT YYACTKU
C IIOMCYCHHbBIMH KOHIICBBIMU CCUCHUSIMMU.

23
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Taknx ydacTKOB JBa TUTA: CKaThId cuioit F (B-D) u He-
cxareie (OCTaIbHbIE).

[ToTepst yCTOWYMBOCTH Cocamo20 y4acTKa OMHCHIBACTCS
0a3ucHBIMU (PYHKUIMSIMH THIIA TIPEICTaBIeHHBIX Ha Puc. 3.7.
OpHako cieayeT yaecTb ToT (hakT, popma moTepu yCTOHIHNBO-
CTH He sBisieTcsl oqHo3HaYHOH. [loaToMy KyOndeckuil momu-
HOM 3aMeHseTCsl Ha Ooiiee 00IIyI0 HHTEPIONMSAIHOHHYO Gop-
MYIy € UCIIOJIb30BAHHEM TPUTOHOMETPUUECKUX (DYHKIIUI:

Yy

e 0
vi=(1xcos™ sin®™ )¢ !¢, (3.10)

I

0,

JInst BBIYMCIIEHUS] MAaTPHIBI KECTKOCTH OTAenbHoro KD
HCTOJb3YyeTCs opMmylia

K, = [b/(x)-E-bx)dV,
V[
B KOTOpOW Marpuia b onpeznenseT GpyHKIIMOHATBHYIO 3aBUCH-
MOCTh AedopmManuii oT nepemenneHuii, a £ — marpuma xéct-
KOCTH OECKOHEYHO MaJIoTo dyieMeHTa d V.
Hanpumep, npu u3rude crepkHS B MIOCKOCTH, MaTpuiia
E, 3amana oqHuM 3riemMeHToM EJ.

K = —= T ™. (3.11)

L1y Ll
204 2 21\4" 2

st cxxaToro yyactka MaTpuLa *KECTKOCTH IIPEICTaBIeHA
BBIPAKCHHUEM, [IOJTY4YEHHBIM U3 PabOTHI CxKUMaromuX cuil F:



N

)

d
A= [

dv
ds

i)

(3.12)

C yuérom Beipakenus (3.10) marpuua (3.12) mmist npsiMo-
JIMHEHHOTIO y4acTKa, 3arpy’KEHHOIO €AMHCTBEHHON CIKUMAK0-

el cuitoil F, mpruoOpeTraeT BHUT

2
T

8/

(_
2
2

T

8/

5-

pe)

T

i

T

1o

2

2

(l_n_
2716

i

G

b

2

)

2
T

8/

(-

) (-1

2

2
T

8/

(l

) (-4 -

B cBsi3u ¢ Tem, uTO yuacTok A-B B y3ie A onupaercs Ha
HmapHup, TpedyeTcs NoIyduTh Marpulsl K;, A; 1 1711 Takoro
crepxHs. OyHKIUN HOPMBI TSI TAKOTO CTEPKHSI OTMUPAIOTCA
Ha TIpeNcTaBlIeHne Bua (Ha9alo KOOpAWHAT B JKECTKOM Or0-

:<1xcosn—lx>

E

Vi
0,

Vs

2
T

)
Ul

)

(3.13)

(3.14)

CoOTBETCTBYIOIINE MATPHULIBI TPUOOPETAIOT BHIPAKEHHUS:

~

1
Z2
1

2

[\

OOl?—]
N~

OOlF}
~

OOlF]
N~ [}

OOlFl
~

0|, oo |3,

25
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B BBIpaxkeHU:AX, NOTY4eHHBIX A1 MaTtpul K;, A; nonoxu-
TEIBHBIMH NIPUHSTHI TIOBOPOTEI 10 YACOB0U cmpeike U TIOCTY-
naresbHbIE IEPEMEIIECHN, HAIIPABICHHBIE 6/1€60.

e El=fonst

Puc. 3.9. Pacuérnrie cxeMbl:
a — 3amanHas, 6 — MKD

3anuiieM MaTpulbl HaOpaBIAOMUX KOocuHycoB KO
MPEACTABICHHON 3a1a4u:

- 000
000 -
Oy _p = (0005 Op_c = 0002
019 001
] § (3.15)
100 100
010 1o o1l
0" o 00  MF T o000
0 00| 1000

Hanee ¢opmupyercss Marpuma >KECTKOCTH pPacuE€THON
CXEMBI

24,1761
£y ——’——————l 6,0881 6

| 6,0881 11,27771 21
1127771 21 8l

K =

Marpuia paboThl BHEITHUX CHJI JJIST PACUETHOW CXEMBI
BBIYHCIIACTCS 110 hopMyIIe:



. 1—%37 0.1169 0
A=aq A o = F . (3.16
B-GTB-DTE-GC 0,1169 0,18347 0 (3-16)

0 0o 0

OnpenenuTens yCTOMIUBOCTH pHoOOpeTaeT BUA:

|K—A| = - 74,4639%]- F+ 898,3375('12—;)2 = 0.(3.17)
/ /
MuHUMaIbHBIH KOPEHb 3TOr0 KBaJPATHOTO ypPaBHEHHS
HAMEET 3HAYECHUE
EJ
P
s cpaBHeHHS TIPUBENEM YHCIOBOM MHOXHUTEND pellle-
HUE 33/1a4¥ METOZIoM mepeMernieHuit — 15,1. A ucmonb3oa-
HUE B KauecTBe PyHKIUHU (POPMBI IOJIMHOMA TPEThEH CTENCHH
(3.8) mpuBomUT K 3HaUeHHIO KO3(pPrnmenTa 15,41.

F

min

= 15,14 (3.18)

DomaluHee 3agaHue
[MonyunTts MaTpuily pabOTHl BHELIHUX CHJI, 33JaHHBIX JIU-
HEIHBIM H3MEHEHHEM I10 BBICOTE CTepKHS B-D (QyHKIMeH

F = ql(l 7216) [1] , TIe ¢ — CWJIa TSDKECTH yJacTKa CTEPKHS

€IUHUYHOM JIUHEI.

27



3aHatue Ne 11

TEMA

4

METObI BO3MYLLEHMIA
B MEXAHVKE

4.1. Bo3myLueHusi o napametpy

Mpumep 1

28

PaccMoTpuM cHadasa peleHue anreOpandeckoro ypas-
HCHU

u = 1+8u3, 4.1

IJIe € — MaJIOE YUCIIO, OTIIMYHOE OT HYJISI. 3aMETUM, YTO TPH
HYJICBOM 3HAYCHUU € NMEEM pelieHue u = 1.
[peAnonoxuM, 9T0 BO3MOXKHO MPECTABICHUE PEIICHHSI
ypaBHeHus (4.1) B popme psana
n

u=1+y e, . (4.2)
i=1
Ucnonr3oBanue pemrenns (4.2) a ypaBHennu (4.1) mo3Bo-
nsieT copMUpOBaTh YpaBHEHUE BUIA

2 3 2
e(u;—1)+e (uy—3uy) +e (us—3uy,—3uj)+... = 0(4.3)
JluneliHass HE3aBUCUMOCTb CTENEHEH € MOPOXKAAET IO-
CJIEZ0BATEIbHOCTD YPABHEHUH AJIS OIPEAEICHUS U;:
u;—1 =0;
uy—3u; = 0;
5 . 4.4)

[locnenoBarensHOE pemieHue ypaBHeHHH cucTeMbl (4.4)
Ma€T cremyloliee NpUOMIKEHWe IS PENICHUS ypaBHEHUS
(4.1):

u=1+e+3e>+128+ ... (4.5)

IorpeurHocTs pemienns (4.5) onpeaenseTcs YIEHOM ¢ et



Mpuvep 2 Paccmorpum nuddepennmnansHoe ypaBHEHNE

d’u 2.du
;;2-+u=8(17u )E' (4.6)
IIpu € = 0 3T0 ypaBHEHUE CBOOUTCS K BUILY

2
uyy=o, (4.7)

dt

of1iee pemeHne KOTOporo U3BECTHO B popme

u=a-cos(t+¢), a, ¢ = const. (4.8)

B cooTtBeTcTBUM ¢ HIel BO3MYILEHHUE IO MApaMeTpy pe-
nieHue ypaBHeHus (4.6) Oynem uckatb B BUIE

u(t, €) = ug(t) +eu (£) + € uy(6)+ ... (4.9)

[loncraHoBKa Takol aNMPOKCUMALUM B UCXOIHOE ypaB-
HEHUE ¢ y4E€TOM JIMHEWHON HE3aBUCUMOCTH CTEIEHEU mapa-
MeTpa MO3BOJISIET MOIYYUTh MOCIE0BATEIBHOCTD U epeH-
[IUATbHBIX YPAaBHEHUH JJISI ONIPE/ICIICHHS U;.

B wacTtHOCTH, Ul ompeneneHus u, UMEeM ypaBHEHHE
(4.7) m cooTBeTcTBYIONIEE pemieHue (4.8).

s onpenenenus #; IMeeM ypaBHEHHE

2
du, _ 2 2 .
? tu, = —{l-a[cos(t+ )]} -a-sin(t+@). (4.10)
Ero yacTHBIM pelieHueM sBisieTcs QyHKIUS
3
u, = -4 _84atcos(t+(p)f3l2a3sin[3(t+(p)]. 4.11)

1o n3BeCTHBIM U U Uy OoNpenenseTcs npasas yacTb AUQ-
(hepeHMaIbHOrO YpaBHEHUS IS Uy U T.1.

4.2. Bo3myLleHus no KoopauHare

PaccmoTpum 3amady, B KOTOpOil He3aBUCHUMAs MEpeMeH-
Hasl, CTPEMSCh K HEKOTOPOMY IpeJieTy, KOTOPBIil MOXHO cle-
JaTh HYNéM WA 6eCKOHeYHOCMbl0, Ta€T BO3MOXKHOCTD TOTY-
YHUTh PEIIEHHE UCXOTHOTO TU(QepeHInaNbHOIO ypaBHEHNUS.

29



Torma MOXXKHO TIOIIBITATHCS HANTH OTKIIOHEHHUS 3TOTO Inpe-
ACJIBbHOI'O PCHICHUS B OKPECTHOCTU npez[em,Hoﬁ 3HA4YCHUA ap-

TYMCHTA.
Mpumep 3 PaccmorpuMm penieHue ypaBHEHUs
dy d
=L+ = 0. (4.12)
dx dx

3aMeTuM, YTO 3TO YpaBHEHHE HMEET 0Co0VI0 MOUKY
x = 0, 9T0 MO3BOMNSAETCS UCKATh pelieHre B (hopMe CTETeH-
HOTO psiia o x B popme

y = z amx”er; a,,, L — HEN3BECTHBI. (4.13)

m=0
OnpeneneHnue HEW3BECTHBIX IOCTOSHHBIX — PELICHHS
(4.13) mponsBoauM Ha 6a3e CHCTEMbI YpaBHEHHH, MOIyUEH-
HOW TIOCTIe TTO/ICTaHOBKH pemierns (4.13) B mcxomHoe ypaBHe-
HHE U TIPUBEIEHNS ON00HBIX C BBIAEICHUEM CTETIEHEH X, KO-
TOpBIE SABJSFOTCS TMHEWMHO HE3aBHCHUMBIMH.
Pesynbrar aTHX onepauuii mpeacrasisiercs B popme

Hzao = 0;
2
+ — .
(W+m+2)a, , ,+a, =0; m=012;

Ecnu nonoxuts, 4to ay# 0, TO MIMEIOT MECTO CIIELYIO-
[IM€ 3HAYCHMS UCKOMBIX BEJIMUYHH:

=20
a, = 0;
(4.15)
_ ______fl_’_”______ =0.1.2
am+2_7 2, m_ 9 ) 5 e
(wtm+2)

[onyyeHHBIE COOTHOILICHUS IMO3BOJISAIOT BBIYHCIUTH KO-
3 HUIUEHTHI pa3IoKEHUS pelIeHus B popme

30



ayye1 =0, m=1,2,3,...

n 4
ar, = (—1) n—; n = 1,2, 3,... (4.16)
120’
k=1

Ilpu a, = 1 nomydeHHOe pelleHUE ONpesenseT (yH-
kuuto beccens HyneBoro nopsjka.

CXO}II/IMOCTB IMMOJIYUYCHHOIO psAda OnpeacasacTCa TEM, 4TO
OTHOUICHHE BYX WICHOB psiAa (IOCIEAYIOIEro K MpeabLay-
meMy) o0IalaeT CIeIyrOIuM CBOHCTBOM:

2
lim { X } =0. (4.17)

2
n—> 0 (21’1)
HomaliHee 3agaHue

ITocTpouTts pemeHue ypaBHEHUS i—g +y = ;1c IUTSE O0OJTh-

X X.
Yka3zaHmue: pelieHue ucKats B popMe psiia

0
_ —m
my = % a,x .

m=1

31



TEMA

S

METO[b! PELIEHNA HENMHENHBIX 3AIAY MEXAHUKU
LE®OPMUPYEMOIO TBEPOOIO TENA

5.1. MeTtoabl nocnepoBaTenbHbIX NPUONKEHNIA

3aHaTue Ne 12

5.1.1. Metop HbloToHa-KaHTOopoBMYa

Mpymep Tpebyercss HaliTH peleHre HeTHMHEHHOTO MU depeHIu-
aNbHOTO YPaBHEHHUSI
(3—y)§Y+4 = 0,x [0, 1],7(0) = 0. (5.1)
X

Urto0bI c(hopMUpPOBATh ATOPUTM PEIICHUS 33a4ll METO-
nom Herotona-KantopoBuua

F'(y,) Ay, +F(y,) =0,

Yn+1 = n + Ayn
HE00XO0IMMO TTOCTPOUTH nuddepeHmran Operre
AF(y) = F'(y)- Ay nna omepatopa auddepeHIHaIbHOTO
ypaBHeHHA (5.1)

F(y) = (3—y)§£+4. (5.3)

(5.2)

OTy onepanuio ciexyeT BBIIOIHATh, UCIOIb3Ys OIpe/e-
neHue npousBonHOW Dpelre B mpupanieHUsX (QyHKIHOHANA
oreparopa:

AF = F(y+&y) = F), F(») = (3-0) % +4;

Fo+ap) = 3- a8y B8

AF = 3-)A' -Ay-y' —Ay- A
OrpaHnunBasch MaJIbIMU NOpsAKa Ay , oTydaeMm

AF(y) = B-»)A" —Ay-y'. (5:5)
Takum oOpa3zom, cuctema (5.2) mpruodpeTaeT BUL
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G-y)A, =y, Ay, ~3-y,)y, +4 =0,

Vope1(¥) = 2, () + Ay, (x); n=0,1,2,...

IlepBoe ypaBHeHHe (5.6) B KauecTBe HEH3BECTHOIO CO-
AepkuT QyHKIMI0 Ay, M €€ mepBylo NpousBoAHylo. Takoe
JTUHelHoe MuddepeHIuaIbHOe YpaBHEHUE ¢ TIEPEMEHHBIMU
KOA(pPUIHEHTaMHU TI03BOJISIET CBOE HAWTH pELICHUE CPaBHH-
TENBHBIME MPOCTO. UTO U onpeaenser 3PPeKTUBHOCTh METO-
na Herorona-Kanroposuya.

B xauectBe HauanvHo2o TPUONIKEHUS IS peaTn3allii
anroputMa (5.6) cienyer NPHUHATH, BO BHUMaHUE TPAHUYHOE
ycioBue B (5.1), 4TO MO3BONSIET MPEATIONOXHUTH

Yo(x) = 0,Ay5(0) = 0= y,'(x) = 0. 6.7
Torna nns Beamcnenus Ay," W3 NEpBOro ypaBHEHHs
(5.6) umeem

(5.6)

3Ay,’+4 =0, (5.9
4TO ¢ y4€ToM ycnoBuii (5.7) naér pemenne 1 Ay,(x) :
4
Ayo(x) = 3 5.9

Ucnone3ys Bropoe ypaBHeHue (5.60), umeeM 3HaYeHUE
MCKOMOM ()YHKLIMH B TIEPBOM NPHOINKECHIH:

Y1(x) = yo(x) + Ayy(x) = 0+(—§x) = —gx . (5.10)

Pemenue (5.10) onpeaensercst 3Ha4eHHE TIPOU3BOIHON B
IIEPBOM HpI/I6.HI/I)KeHI/II/I Kak

»'(x) = fg, (5.11)

U MBI MOXKET CTPOMTh YPaBHEHHUE JUls onpeneneHus Ay,'(x),
UCTIOJB3Ysl anroput™ (5.6):

oy 3o (3450 (5) 04 -
+- +-Ay, +(3+=x][—=|+4 = 0. :
(3 ¥ Ay, 3Ay1 3 3\ 3 4=0 (5.12)

Pemenue 5T0r0 ypaBHEHHs OTHOCUTENBHO Ay, HO3BOJISA-
€T OTpeAeNUTh, 4YTO
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8 2 8 2
Rech _43_x+ - 4
+= +=
3 ¥ 3 3
Jna cripaBku: ToyHOe perieHue ypaBHeHHS (5.1) nmeer

BUJT

Ay, = (5.13)

y =3-./9+8x. (5.14)

OmnpeneneHne HEOOXOMMMOCTH TPOMOJDKEHUS pean3a-
1uu anroputMa (5.6) OCHOBaHO Ha CPaBHEHHU JIBYX MOCIIENO-
BaTeNbHBIX MPUONMIKEHWA pemeHus. i1 paccMOTPEeHHOTO
npuMepa, pelieHHus B MPUONMIKEHUH ), OKa3bIBAETCS Majio
OTJIMYAIOLIUMCS OT V3.

[DomaluHee 3agaHue

[TocTpouth TpeTbe NMPUOIMKEHUE DPEILICHUS ypaBHEHHS
(5.1) u onpenenuTs pasHuiy y; —y, Ha orpeske [0,1] ¢ ma-
rom 0,25.

5.2. MeToab! NnpoaomkeHUs No napameTpy
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Mpumep

5.2.1. MeToq npoAosmKeHUA No napameTpy

Tpebyercs pemuth HenuHEHHOE IuQQepeHTnaIbHoe
ypaBHEHHE

3 —y)g-)l:+4 =0,xe[0,1],»(0) =0 (5.15)

METOJIOM TIPOJOJDKEHHS 110 TTapaMeTpy.

B kadecTBe mapameTpa BEIOEpEM WICH ypaBHEHUS B BUIIE
MOCTOSIHHON «4», 0003HaYMB €€ B AaJbHEHIINX BBIKIAIKAX
Kak f.

Jnist peanuzan MeToAa HAa3HAUYUM MIar MO HapameTrpy
h = 2. Torma anroput™m MeToaa I ypaBHeHus (5.15) Mox-
HO 3aIrcarh B cleayromei popme:

GB-y)A/ =y/'Ay; = =h,i = 0,1,2, ... (5.16)



[Ipoucxoxnenune ypasaenus (5.16) onpenensercs oomeit
(hopmoii MeTona MPONOIDKEHHS 110 TTapaMeTpy, TPUMEHEHHON
K oneparopHoMy ypaBHeHuIo F'(y, h) = 0,y(hy) = y,.

Ora ¢opma ompenensier HesiBHylo ¢GyHkuuio y(h) wus3
UG hepeHITnaIbHOTO ypaBHEHUS

F\'(H,y)Ay + F,'(H, y)AH = 0, y(H,) = y,.
Ilo nanHBIM pUMEpa
FJ(H,y)Ay = F(y +Ay, H)-F(y, H) =

- {[3 — (v A +H}— (G-nPrn] =

= G-NA'-Ay-y'
F,(H,y)AH = [(3 —y)i—g-i—H-i—AH}—[@ —y)f—ii-)l:+[—[:| -

= AH = h.
Ortcrona u cienyet ¢popma ypaBHeHus (5.16).
HaganpHbIl 1miar pemieHus NPOBOAUT IJIs YPaBHEHMS
(5.16), npunsB i = 0:

(B =yp)Avy' =yy'Avy = —h. (5.17)
HpI/IHI/IMaSI HavdaJIbHBIC 3HAYCHUA IMapaMCTpPOB U Iar co
3HAYCHUSIMHU

Yo = 0,4y =0,H, =0, (5.18)

MOJTy4aeM CJIeIyIOIINe Pe3yIbTaThI:

AV = 2= Ay, = —%x;

Y1 = vo+ Ay = o+(7§x) _ %x; (5.19)

3armmmem ypaBHeHue (5.16) mst i = 1:
G-yDAy,"=y,"Ay; = —h. (5.20)
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C yuérom 3HadeHn# (5.19) noxyunm auddepeHnmanrsHoe
ypaBHeHue Ui Ay

(3 +§x)Ay1'+§Ay1 = -2. (5.21)
Ero pemienue naér cnenyronie pe3yabTaThl:
2x 2 2x
Ayy = - =0 =ntly = -3x-—;
3+ 3% 3+ 3 (522

Hy=H +h=2+2 =4,

Tak Kak pelieHue y, COOTBETCTBYET 3HAUEHHIO IapaMe-
Tpa «4», KOTOpOe OomNpeneNnseT BUJ UCXOAHOTO TudQepeHLu-
anpHOTO ypaBHeHus (5.15), BelpaskeHHE ),, IPUBEJCHHOE B
(5.22), sBnsercsa npuOIMKEHHBIM pEeILICHHUEM 3a1auu.

HNomawHee 3agaHue
Beimonuute pemenue ypaBHeHus (5.15), u3MeHUB miar
1o mapameTpy Ha 3HaueHue 1. CpaBHHUTH MOJTYYEHHOE pelle-
Hue ¢ pemenneM (5.22) B Toukax orpeska [0,1] ¢ marom 0,25.
BEITIOTHUTE Takoe K€ CpaBHEHHUE C PEIIeHNEM, TTOTyIeH-
HBIM U1 ypaBHeHus (5.15) metonom Herorona-KanTopoBruda
B TaKHUX e Toukax orpeska [0,1].
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