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|. Heau 1 3a1a4M NPAKTHYECKUX 3AHATHI

[enbto n3ydeHus AUCUUIUIMHBI « DyHKIMOHAIBHBIN aHAIN3» ABIsAETCS (POpMHU-
pOBaHME MATEMAaTUYECKOW KYJIbTYypbl MaruCTPaHTOB, (hyHAaMEHTalbHAsl OArOTOBKA
MarucTpaHTOB B 00JlacT (YHKIMOHAJIBHOIO AaHAIN3a, BO3HUKILEIO B PE3YJIbTaTe
B3aMMOJEHCTBHS U MOCIEAYIOIEro 0000IIeHNs Ha OECKOHEYHOMEPHBIN ciyyail uaen
U METOJIOB MaTEMaTU4ECKOro aHalln3a, T€OMETPUM U JUHENHOMN anreOpsl. CoBpeMeH-
Has MaTeMaThKa HeMbIcauMa 0e3 PyHKIMOHANBHOTO aHanu3a. Men, KoHIenmun, Me-
TOJIbI, TEPMUHOJIOTHS, 0003HAUYEHUS U CTWIb (YHKIIMOHATBFHOTO aHaNIHM3a MPOHU3BI-
BAIOT BCE 00J1aCT MaTeMaTHKH, OOBEINHSAS €€ B €AMHOE LIENIOE.

3ajayaMu JUCIUIUIMHBI SBIISIOTCS:

— OCBOGHHE, U3yUYECHHE OCHOBHBIX MOHATHI, ONPEACTCHUN U YTBEPKICHUN (QyHKITU-
OHAJIBHOT'O aHaJIMN3a,
— TpuoOpeTeHHEe HABBIKOB PELICHUS U HWCCIEIOBAHHS JIMHEWHBIX WHTErPATbHBIX
ypaBHEHUI BTOPOTO pojia, APYrux 3a/1a4d PyHKIMOHAIBHOIO aHAIN3a,
— U3yYEHHE MPWIOKEHUH (YHKIMOHAIBHOTO aHaju3a B APYTUX MATeMaTHUYECKUX
TUCLUAIUIMHAX.

[enstMu 1 3a7a4aMy OPAKTHYECKUX 3aHATHHI MO (PYHKIIMOHAIBHOMY aHaIU3y
SBIISIOTCS PUOOPETEHNE HABBIKOB PEIIECHUS MPAKTUUECKUX 33a4 U 3aKpeIyIeHUue oc-
HOBHBIX ITOHSATHUH, ONPEIEICHUN U CBOMCTB 0OBEKTOB TEOPUH MPUOIMKEHUH.

e Ne Kou-
sansmst | P2 Tema BO 4a-
aesa COB
1 4.1 | JIuneliHple HOPMUPOBAHHBIE TPOCTPAHCTBA 2
2 4.2 | Hopma nmHeliHOTO (yHKITMOHAJIA 2
3,4 4.8 | O600meHHpIe PYHKITUN 4
5 5.1 | Hopma nuHeliHOTO omneparopa 2
6 5.2 | CunpHasi 1 paBHOMEpHAs CXOJIMMOCTH JIMHEHHBIX ONEPaTOPOB 2
7 5.3 | ConpsixeHHBIE M CaMOCOTIPSIKEHHBIE JINHEHHBIC OTIEPATOPHI 2
8 5.4 | OOpaTHbIil IMHEHHBIN OTIEPATOP 2
9 55 CnexTp, CEeKTpaAJIbHBIN PAIUyC U Pe30JIbBEHTA JIMHEITHOTO 5
orepaTopa
10 5.7 | CrexTp JMHEHHOTO BIIOJHE HEMPEPHIBHOTO OrlepaTopa 2
11 58 Teopus Pucca-1llayaepa nns nMHEWHBIX ypaBHEHHUM 2-TO poO- 2
na
CoOcTBEHHbIE 3HAYEHUSI U COOCTBEHHBIE BEKTOPHI BIOJHE
12 5.10 | HEempepBIBHOTO CaMOCONPsHKEHHOTO oniepaTopa. Teopema 2

I'uns6epra-1lImuara




1. MeToan4yeckue yka3aHusi K NPOBEACHUIO MPAKTUYECKUX 3aAHATHIM

3ansarTue 1
JInHeHbIe HOPMUPOBAHHbIE IIPOCTPAHCTBA

Ilnan 3aHATHA
1. IloBTOpEHNE TEOPETUYECKOTO MaTepraia
2. IlonpoOHOE pelieHre TUIOBOI 3a/1auun
3. CamocTosTeTbHOE pelIeHUE 3a1a9
4. TlomydeHre JOMAIIHETO 3adaHMs

Tunosas 3agauda

Sensiercst mn otoOpaxenne T (X) :‘X(O)‘+Hx"(t)uc[o g HOPMOi1 B HOpMHUPOBAH-

Hom npoctpanctee C?[0,1]?

Pemenue

IIpoBeprM BBINIOJHEHHE TPEX CBOMCTB HOpMBI. DYHKIMOHAI HEOTPULIATEINICH.
HccenenyeMm, Koraa OH paBeH HYJIO:
f(x)=0=x(0)=0u x"(t)=0.
OTUM yCIIOBUSIM YJOBJIETBOPSET HEHyIeBast GyHKUUSA X(t) =t, IO3TOMY IEPBOE yCIIO-
BH€ HE BBINIOJIHEHO U TaHHBIM (PYHKIIMOHAI HOPMOM HE siBisieTcs. sl MOJHOTHI IPO-
BEPUM OCTAJIBHBIE JIBa CBOMCTBA HOPMBI. OTHOPOTHOCTH HOPMBI

f (lx):‘AX(O)‘+H/1X"(t)HC[O,1] :MHX ‘+ o<t<1l M”X ‘
= |2](x(0)|+ max|x(t)) =[] f (x)

BBITIONTHEHA. HepaBeHCTBO TpeyroabHUKA
f(x+y)= ‘X(O)+ y(O)‘+ max |(x(t)+ y(t)"| = ‘X(O )+ y(O)‘+ max‘x"(t)+ y"(1))| <

s\x(o)\+\y(0) "(t)]+max|y"(®)] = £ () + f ()

+ max|Xx
0<t<1

TAKXKC BBIITOJIHCHO.

33)13‘11/1 A CAMOCTOATECIBbHOI'O PEIICHUA

1. SIBnsercss U oTOOpakeHUE f H H HOPMOM B HOPMHUPOBAHHOM ITPO-
crparctee C*[0,1]?
2. SIBngercs nu otoOpaxeHue f j ‘X ‘dt+_”x ‘dt HOPMOM B HOPMHPO-

BanHOM mpoctpanctee C'[0,1]?



JlomamiHee 3ajaHnue

1. SIBnsierca M oTOGpaXKEHHE f(X):‘X(l)—X(O)‘+HX'(t)Hc[O‘1} HOPMOH B HOPMHPO-
BaHHOM npocTpanctee C'[0,1]?

2. sIBsercs mm otoGpaxenne  f (X) =‘x(0)‘+‘x(l)‘+”x"” cjos] HOPMOTi B HOpMHpOBaH-
HoMm npoctpanctee C?[0,1]?

3ansTHe 2
HopMma jimHeiiHOTro (pyHKIMOHAIA

Ilian 3ansATHA
1. IloBTOpEHME TEOPETUUECKOTO MaTepraIIa
2. IlonpoGHOE pellieHre TUOBOM 3a/1auun
3. CaMocTOATEIHHOE PEIICHUE 3a/1a4
4. Ilony4yeHre TOMAaIIHETO 3a1aHUS

Tunosas 3agada

Beruuciaute HOpMy JMHEHHOro (yHkuuoHana f( Z ¢, > u ykazartb
k=1

9JICMCHT MJIM IMOCJICA0BATCIbHOCTD 3JICMCHTOB, HA KOTOPBIX OHA AOCTUTACTCS.

Pemenue
ITo onpenenenuto
supd <y =1

Ixl<t k=1 a1 2

If]= sup | f ()| =sup

IXl..<1 i<t
DTa OIleHKa SBJISETCS TOUYHOM M JOCTUTAETCs Ha SKCTpEeMallbHOM Tociie/IoBa-
teapHoCcTH X" =(L1,...,1,0,...). 31€Ch y X" BCE KOOpJIUHATHI, HAUMHAS C n+1-H,

RIS

k=1

paBHbI HyIt0. Umeem X" e co,‘ X" =1m

f (x“):znlz—lk —1(n —> ).

k=1
DKCTpeMaIbHOIO AJIEMEHTA HET.

3aga4M Ui CAMOCTOSITETLHOIO PeLIeHHUsT
1. Beramcmuts HOpMy IMHeHHoro dynkumonanma f(X)=x +2x%,:l, >0 u yka3sars

QJIEMCHT WJIH IMOCJICA0BATCIbHOCTD 3JICMCHTOB, HAa KOTOPBIX OHA NJOCTUTACTCH.

2. BoruucianTh HOpMy JIMHEHHOTO (PYHKIIMOHAIA
1

f(x)= j(tz—%Jx(t)dt:Ll[—l,lpu

M YKa3aTb 3JICMCHT HWJIU ITOCJICAO0BATCIIbHOCTD 3JICMCHTOB, HAa KOTOPLIX OHA AOCTUT A~
CTCA



JlomamiHee 3a1anue

1. BeraucuTh HOpMy nHHEHHOTO QyHKimonana f(X)= Z(Z—%j X, >0 nyka-
=

3aTh 3JIEMEHT WJIU MTOCJIEIOBATEIBHOCTD JIEMEHTOB, Ha KOTOPBIX OHA JOCTHTACTCH.
2. BoraucnanTh HOpMy JIMHEHHOTO (PYHKIIMOHAIA

f(x)= ZT x(t)dt—3jx(t)dt:C[—l,l]—>D

M YKa3aTb 3JICMCHT WM ITOCJICOIOBATCIBbHOCTL 3JICMCHTOB, Ha KOTOPBLIX OHAa JOCTHUIA-
CTCA

3aunsaTusa 3, 4
O0o0mennbIe GyHKUMH

Ilinan 3aHsATHSA
1. IToBTOpEHME TEOPETUUECKOTO MaTepralIa
2. IlonpoGHOE pellieHre TUOBOM 3a/1auun
3. CaMocTOsATENBHOE PELLICHUE 3a/1a4
4. Ilony4deHre JOMAIIHETO 3aJaHUs

Tunosas 3agada
1. Haiitu obuiee pelieHye ypaBHeHUs B 0000IeHHBIX QyHKIUAX X2y " =0,

Pemenue

[Tyctp y"=z. YpaBHeHHe X°z=0 WMeET JBa JUHCHHO HE3aBUCHUMBIX
pemenus: z,=6,z,=5'. 31ech o- nenbra-QyHkuus. JeWcTBUTENbHO, IS
POU3BOJIbHON OeckoHeUHO nuddepenupyemoii pUHUTHON QYHKIIMHA ¢

(2, 0y =(X*6,0) = (5,X*p) = Xp(x)| _ =0,
(2,,0) =(X*8",0) = (8", X’ ) = (5", () ) =—(Xp (X)) | , =
=-(Cp(x) | =—xp(x)+xX*p'(X)|  =0.

Takum obpazom, y"=c5+c,5'. OOmee pereHne oJJHOPOJTHOTO ypaB-
HeHHs Y"=0 eCThb Y, =C, +C,X+Cx°. Halimem yacTHOE peleHre HeoTHOPOTHOTO
ypaBHEHUsI y"=co+C,5'.. PaccMOTpuM perynsapHyio 0000IIEHHYIO (PYHKITUIO

f,(x) = x|x| . BerauciuMm ee TpeTb0 TPOU3BOAHYIO:

()™ @) = (X", @) =—X|x|, ™) =

= I X2@"(x)dx —T X’p"(x)dx = X2¢’"(X)‘io - 2_[ X "(X)dx — ngo"(x)‘: + ZT Xp"(X)dx =



=-2xp'(X)|, + zi @' (X)dx+2xp'(X)[ ~ ZTgo'(x)dx =

=2¢(X)[", ~2p(x)|; =40(0) = (45,9).
Urax, f,"(x)=(x|x)" =45. PaccMoTpuM perysispHyio 0000IeHHYIO (yHKIUIO

f,(x) =|x|. Tax:xe BEIYMCIMM €€ TPETHIO IPOU3BOIHYIO:
()" @) ={X" @) =X, ") =

= [ xp"(x)dx— T xp"(X)dx = xp" ()|’ — [ " (x)dx—xp"(X)]; +Tgo"(x)dx =

==, +9'(0]; =-20'(0)=-25,¢) =(25".9).
Hrak, f,"(x)= |x| "=25". Takum 00pa3oM, YaCTHOE pELlICHUE YPABHEHUS Y

=Co0+C0".
C Cy o
€CThb Y, = 115 +525 . OKoHUaTeNBHO 0011Iee PEIICHUE UCXOAHOTO YPAaBHEHUS MOKET

OBITh 3aMMCAHO B BUJIE:
2 1
Yy =C;+C,X+C X" +C0+C,0".

2. Haiitu oO1iiee penieHue ypaBHeHuUsI B 00001eHHBIX GyHKIUIX Y"—9y =30 (X) :

Pemenune

OnnoponHoe ypaBHenue Y"—9y =0 umeer oOiiee perienue y, =ce® +c,e >
YacTtHOE perieHue MCXOIHOTO ypaBHEHHUs OyaeM WCKaTh B BHAE Y, =Y,0, TAc 6 -
bynkuus XeBucaiga, To ectb O(x) =1 npu x>0 u 6(x)=0 npu x<0. M3BecTHO, 4TO
6'=6.1logcraBuM y, B ypaBHEHHUE:

Y. =¥,0.Y," =Y,'0+y,0'=Yy,'0+Y,5.
[Ipeanonoxum, uro y, 6eckoneuno nuddepennupyemas dpynkuus u y,(0)=0. Torga
ompenesnieHa o0OoOmeHHas ¢yHkius y,6. I[lokaxkemM, YTO OHa paBHA HYJIIO:
(¥,0,0) =(3, Y,¢) = ¥,(0)p(0) = 0. anee

Y, =V1'0,Y," =Y "0+Y,"6,(y,"=9y,)0+y, "6 =35
OkonuarenbHo  moTpedyem, utoObl Y, "—9y, =0,y,'(0)=3. Torma vy,'6=35:
(¥,"0,0)=(3,Y,'9)=Y,"(0)p(0) =3¢p(0) =(35,p) U y, =Y, ABIIECTCI YACTHBIM PELICHUEM
HCXOJHOTO ypaBHeHMs. OcTaeTcs HaWTH y, U3 3aaauu Komm
Y, =9y, =0,¥,(0)=0,y,'(0) =3.

[ToncraBiisisi HauadbHBIE YCIOBUS B 00I11I€€ PEIICHUE OJHOPOIHOTO YpaBHEHUS, TOJTY-
YUM CHUCTEMY

c,+¢, =0,
3c, -3¢, =3.

Otcronma ¢, =-c,=1/2. Wtak, 9acTHOE pelieHue HEOJHOPOIHOTO YpaBHEHHUS OyIeT
1
UMETh BUTY, = E(e3X —e™)0(x) = sh3xd(x). Hakoner, 3amuiem oOIee pemeHnue neXo-

HOT'O YPaBHEHHS:



y =c.e¥ +c,e” +shxd(x).
3ajgaun U1 CaMOCTOSITEILHOTO PeleHust

1. Haiitu obliee peleHye ypaBHeHUs B 00001eHHBIX QyHKIuAX X°y'=0.

2. Haiitu obmiee pemienne ypaBHEHUS B 0000eHHBIX GyHKIHSIX Y "+4Y =30 (X)

3. Haiitu oO1iee perienrue ypaBHeHHUS B 00001IeHHBIX (yHKIUAX Xy "' =0.

4. Haiiti obImee pernenne ypaBHEHHs B 0000MeHHBIX QYHKIMAX Y "+ Y'~2Yy =35(X).

I[OMaHIHee 3aJaHue

1. Haiitu obliee pelieHre ypaBHeHUs B 0000IeHHbIX pyHKIuAx X°y"=0.
2. Haiitu oO1iiee penieHne ypaBHEeHUsI B 0000IIEHHBIX GyHKIUIX Y"—Y'-2y =20 (X)
3. HaiiTu ob1ee penieHye ypaBHeHHs B 0000meHHbIX GyHKmax X*y'=0.
4, Haiitu ob1iee pelieHre ypaBHEHUS B 0000IIEHHBIX PyHKIUAX Y "5y '+6y =0 (X)

3anarTue 5
Hopma JauHeiiHOro oneparopa

Ilnan 3anaTHA
1. IToBTOpEHME TEOPETUUECKOTO MaTepraia
2. IlonpoGHOE pelieHre TUIOBOM 3a/1aun
3. CaMocTosITeNIbHOE pPEIICHUE 3a/1a4
4. Ilony4yeHue TOMaITHEro 3a1aHus

Tunosas 3aga4a

Brrancnuts HOpMy JTMHEHHOTO OIlepaTropa
t).
AX(t) = 2x(t)—3x(§j .C[0,1]->C[01]

M YKa3aTb 3JICMCHT HWJIK IOCJICHOBATCIIBHOCTD 3JICMCHTOB, Ha KOTOPBLIX OHa JOCTUTA-
CTCsl.

Pemenue

N3 onpenenennss HOPMBI JMHEMHOTO OIEpaTopa
|A]| = sup |AX| = sup [2x(t)—3x(t/2)| < sup (2[x(t)|+3[x(t/2))) < 2+3=5.
[x(t)<1

X <t [x(t)<1
[TycTh x(t) mpou3BoOJIbHAS HENMpepbIBHAA PYHKIMSA, I KOTOpor x(I/4)=-1, x(I/2)=1,
X(t)|<1. Jlns mee |x|, =1 m AX(1/2)=2x(y/2)—3x(1/4)=5. Takum obpasom, |A|=5, a

BCC OITMCAaHHBIC (bYHKLII/II/I SABJIIAIOTCA OKCTPEMAJIbHBIMMU.



3anaqn AJIA CAMOCTOATEC/IBHOI'O PCIICHUSA

3 21
1. Beruucnuth HOpMy JmHelHOrO omepatopa Ax=[-2 0 2 |x:13 > u yxasars
-1 -3 0
3JIEMEHT WM TOCIEA0BATEIHHOCTh JIEMEHTOB, HA KOTOPBIX OHA JTOCTUTAaeTCsl.
. 1,3 1 .
2. BeruncnuTh HOpMY JTUHEHHOTO omneparopa AX = Exl,zxz,..., 1—% T b P

M yKa3aTb 3JICMCHT WJIM IIOCJIICHOBATCIILHOCTD 3JICMCHTOB, Ha KOTOPbLIX OHa AOCTHUTA-
CTCA.

I[OMaHIHee 3aJaHue

1 -1 1

1. Boraucauts HOpMY JMHelHOTO omeparopa Ax=|2 -3 0 |x:I3 -1} u yxasats
0 4 -2

3JIEMEHT WJIM TIOCIIEI0BATENFHOCTh 2IEMEHTOB, HAa KOTOPBIX OHA JOCTHTAeTCs.

2. BeI4uCIINTE HOPMY JTMHEHHOTO omepatopa AX(t)= (t — %j X(t):L[01] > L[01] u

YKa3aTb 3JICMCHT WJIM IMOCICAOBATCIBbHOCTDL 3JICMCHTOB, HAa KOTOPBIX OHA AOCTUIACT-
Ci.

3ausaiTue 6
CuiibHasi 1 paBHOMEPHAs CXOAUMOCTH JIMHEHHBIX 0MePaTopoB

Ilnan 3aHATHA
1. IToBTOpEHHE TEOPETHUECKOTO MaTepraa
2. IlonpoGHOE pelieHne TUIOBOM 3a/1auu
3. CaMOCTOSTEILHOE peIICHUE 3a/1a9
4. TlonydeHne JOMAIIHETO 3adaHus

Tunosas 3agaua

JIns mocnenoBaTeNnbHOCTH JTMHENHBIX HEMPEPBIBHBIX ONIEPATOPOB
V4
X(t)=x|t+=1:C|0,27)—>C| 0,2
Ax(t)=x(t+ Z|:c[027) > C[0.27)

yKa3aTh TPEACIBbHBIA OIepaTop M XapaKTep CXOJAMMOCTH K HeMmy (paBHOMEpHas,
CUJIbHAS).

Pemenune

Tak xak 7z/n—0, TO MpPEAETbHBIM OMEPATOPOM MOMKET OBITh TOJIBKO €IHMHHY-
HBIW OmepaTop, sl KOTOporo Ex(t) = x(t). Mccnenyem CUIbHYIO M1 PABHOMEPHYIO CXO-

9



numocth. Jlns moboro n |A -E||=2 n paBHOMepHOIl cxomumocTu HeT. [leficTBu-

TEILHO, OllEHKa CBEpXy odeBHAHA. OIEHKa CHU3Y JOCTHraeTcsl Ha JIF000M HelpephiB-
HOM 27 -nepuoanyecKkoit GyHKImu X(t), M KOTopo# |x(t)| <1, x(0)=1, a x(z/n)=-1.

CunbHas CXOAMMOCTb €CTh, TaK Kak [JIsi J000M HempephiBHON 27 -
nepuoandecKor PyHKIuu X(t)

|AX() - Ex@®)],. =[xt +7/n)—x(®)], <@(z/n,x); —0(n— ).
3ajgaun U1 CaMOCTOSITEILHOTO PeleHust

1. ]_IJ'IH IIOCJIIEA0BATCIBbHOCTH JIMHECHHBIX HCIIPCPBIBHBIX OIICPATOPOB
A]X - (0,0,..., Xn+1yxn+2,...): I2 9 |2

yKa3aTh TPEACIbHBIA OMepaTop MW XapakKTep CXOAMMOCTA K HeMy (paBHOMEpHas,
CUJIbHA).
2. JIy1st mocaen0BaTeIbHOCTH JIMHEHHBIX HETPEPBIBHBIX OIEPAaTOPOB

AX(t)= x(nn—:tj:C[OJ]aC[O,lj

yKa3aTh TPEACIBbHBIA OIepaTop W XapakTep CXOJAMMOCTH K HeMmy (paBHOMEpHas,
CUJIbHA).

JlomamiHee 3a1anue

1. I[JISI II0CJICI0BATCILHOCTH JIMHENHBIX HCIIPCPBIBHBIX OIICPATOPOB
A2k
A = Z( ) ( ) X > X

yKa3aTh TpelelbHbI OIepaTop M XapaKTep CXOAMMOCTU K HeMy (paBHOMEpHas,
cunpHast). 3neck X — Ganaxoo mpoctpanctso, AcL(X).

2. J1;1st mocnenoBaTeIbHOCTH JIMTHEHHBIX HETIPEPBIBHBIX OTIEPATOPOB
AX(t)=x(t"-t™):C[0,1] > C[0.1]

yKa3aTh TpPEACNIbHBIA OIepaTop U XapakTep CXOAMMOCTH K HeMmy (paBHOMEpHas,

CUJIbHAs).

3anatue 7
ConpsizkeHHbIE H CAMOCONPSI’KEHHbIE JIMHEHbIE ONEePaTOPbI

Ilsan 3ansaTus
1. IToBTOpEHME TEOPETUUECKOTO MaTepHrasa
2. IlonpobHOE pelieHre TUMOBOM 3a1aun
3. CaMocTosiTeNIbHOE pPEIIeHUE 3a/1a4
4. Ilony4yeHure TOMAIIIHETO 3a/IaHUs

Tunosas 3agaua

10



t
Jnst MuHEHHOro omeparopa AX(t):ItX(S)dS: L, [0,1] — L, [0,1] HAlTH ero
0
COTIPSIKEHHBIH ONEPaTop U MPOBEPUTH €T0 CAMOCOINPSKEHHOCTb.

Pemenne
3anuieM ckaspHoe HpousBesieHue B mpoctpanctse L,[0,1]

1t
(AX(), y(®) = [ ([ tx(s) y(yds)t
00

B nmoBTOpHOM HMHTETpase cleaeM NepeCTaHOBKY ITEPEMEHHBIX HHTErpupoBanus. 11o-
Jy4YUM

1 1
(AX@, (1) = [ (] ty®d)x(s)ds= (x(s), A'Y(5))

1
rae A'y(s) :J.ty(t)dt - CONPsDKEHHBIN oneparop. OnepaTtop A HE COBIANAET C A' U MO-

9TOMY HC ABJIICTCA CaMOCOIIPAKCHHBIM.

33[[21‘11/1 AJIA CAMOCTOATECIBHOIO PCIICHUSA

t

1. Jins maneitnoro omeparopa Ax(t)= I x(z)dz:L,[0,1]— L,[0,1] maiitu ero compsi-
0

’KEHHBIN OIIEPATOp U IMIPOBEPUTH €T0 CAMOCOIPSKEHHOCT.

2. Jlna maneiinoro oneparopa AX(t)= (Xz, Xs, ) ', >, HaiiTi ero conpspKeHHBINH

OTepaTop U MPOBEPUTH €r0 CaMOCONPSIKEHHOCTb.

Jlomamnee 3aganue

1
1. inst muneitsoro omepatopa Ax(t)= I(Zt —3s)x(s)ds:L,[0,1] > L, 0,1] maiitu ero
0

COTIPSKEHHBII OTIepaTop U MPOBEPUTH €r0 CaMOCOIPSKEHHOCTb.
2. Jlns maneiiroro omepatopa AX(t)=(0,%,X,,...):l, =1, HaiiTn ero conmpsvxeHHbIit

orepaTop U MPOBEPUTH €r0 CAaMOCOTPSIKEHHOCTb.

3ansarTue 8
OOpaTHbIii JIMHEHHBIH OllepaTop

Ilnan 3aHATHA
1. IToBTOpEHKE TEOPETUUECKOTO MaTepHaia
2. IlonpoOHOE peleHne TUIOBOM 3a1auu
3. CaMOCTOSATEILHOE pEIICHUE 3a1aY
4. TMoxy4yeHne JOMAITHETO 3a/IaHUs

Tunosas 3agaua
11



Jloxasath, uto nuHeiiHbIil onepaTop AX(t )+ 2_[ s)ds:C[0,1]>C[0,1]
HEIIPEPhIBHO 0OpaTHM M HAWTU 0OpaTHEIA omepatop A,

Pemenue
Oneparop A - HEMPEPBIBHBIN, KaK CyMMa €IMHUYHOTO U BIIOJHE HENPEPHIBHO-
ro onepatopos. [Iokaxem, 4TO OH B3aUMHO OJ:[H03HaqHHI7I. Paccmotpum ypaBHEHUE

Ax(t +2j s)ds =0.

[Tpoaud depeniupyem ero, noxyuuM 3agaaqy Komm

X'(t)+2x(t) =0,x(0)=0.
Ona numeet CANHCTBCHHOC HYJICBOC PCHICHUC. Ecan Mul ITIOKa’>XEM, 4TO €TI0 00J1acTh
3HaueHui coBmnagaet ¢ C [0,1], TO 3TO OYyJIET 03HAYaTh, YTO CYIIECTBYET OOpATHBIN

oneparop A™:C[0,1] »C[0,1] u no Teopeme banaxa oH HenpepbiBeH. Bee 3To Oyzer

03Ha4aTh, YTO ONEPATOP A - HEMPEPHIBHO OOpaTUM.
PaccmoTpum ypaBHeHne

+2j s)ds=y(t),

rae y(t) BHayasie OyJeM cuuTath HempepbiBHO auddepenunpyemoit pynkuueit. ud-
depeHuupys ero, nojayuuM 3agauy Kommu:
{x'(t)+ 2x(t) = y'(t),
x(0) = y(0).
OOr1iee pelieHre OAHOPOJIHOTO ypaBHEHHS UMEET BUI X, (t) =ce™ . YacTHoe perieHue

HEOJTHOPOJIHOTO YpaBHEHUs OyJIeM MCKAaTh METOJOM BapHaIliy IIPOU3BOIBHON MOCTO-
SHHOM  Xx(t) =c(t)e™. IlomcraBisis ero B ypaBHEHHE, MOIy4YuM c'(t)e™ =y'(t),

t
c'(t)=e”y'(t) u c(t) = I e”y'(s)ds. IaTerpupys 1mo 4actsam, moaydum
0

ct) = ezsy(s)‘zJ —~ ZJ.eZSy(s)ds =e?y(t) - y(0) - ZIeZSy(s)ds.

OTMmeTuM, 4TO B TOM 3anucu y(t) mMpou3BojIbHas HenpepbiBHAA QyHkiusa. OoOiee
pEIICHUE HEOJHOPOAHOTO YPABHEHHUS 3AMUIIEM B BUJIE

t
X(t) = c(t)e ™ +y(t) - y(0)e ™ —2[ e *'y(s)ds.
0
M3 HayajapbHOTO YCJIOBUA ITOJIYyYUM, YTO

ATY(0) = x(t) = y(t) 2] €™ "y(s)ds

- WCKOMBIN 0OpaTHBIN onepaTop, ONpeeICHHBINA Ha BceM mpocTpancTtBe C [O,l}.

3anaqn AJIA CAMOCTOATECIBHOI'O PCIICHUSA
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1. JlokazaTh, 4TO JUHEWHBINA ONIEpaTOoOp

t
AX(t)=x(t)-4[sx(s)ds:C[0,1]>C[0,1]

0

HEIIPEPHIBHO 0OpaTHM M HAWTU 0OpaTHEIi omepatop A,
2. Jlokasatb, 4TO TUHEHHBIN OrlepaTop

1
AX(t)=x(t)+3[x(s)ds:C[0,1]>C[0,1]
t
HEeTpephIBHO 00paTUM M HAWTH OOpaTHBINA OIepaTop Al

JlomamiHee 3a1anue

1. JlokazaTh, 4TO JUHEUHBINA ONIEpaTOP
t
AX(t)=x(t)+ ZI(ZS ~1)x(s)ds:C[0,1]—>C[0,1]
0

HETnpepbIBHO 00paTHM M HaiTH 00paTHBI onepaTop A,
2. Jloka3atp, 4TO JIMHEHHBIN omepaTop

1
AX(t)=x(t)+4[sx(s)ds:C[0,1] > C[0,1]
t
HEIpepLIBHO 0OpaTHM M HAWTU 0OpaTHEIi onepatop A,

3anaTusa 9
CrnexkTp, CieKTPaJbHbIA PaanyC U Pe30JbBEHTA JUHEHHOT0 oepaTropa

Ilnan 3anaTHa
1. IToBTOpEHME TEOPETUUSCKOTO MaTepHraa
2. IlonpoOHOE pelieHne TUIOBOM 3a1auu
3. CamocTosTeTLHOE peIeHUE 3a1a9
4. Ilony4yeHune TOMAIIHETO 3a/IaHUs

Tunosas 3axaua
Haiitu cniextp o (A), ciextpanbhsiii paguyc r(A) u pesomeenty R, (A) ma-
HeiiHoro omeparopa AX(t)=x'(t):C[0,1]>C[0,1] ¢ obnacTeio ompenencHHs
D(A)={xeC[0,1]x(0)=0}.
Pemenne
Haiinem caauana coOCTBEHHBIE 3HaUEHU U3 3a1auu KoIm:
X'(t)—Ax(t) =0,x(0) =0.

OHa uMeeT eIMHCTBEHHOE HYJIEBOE pElIEHUE, T0O3TOMY COOCTBEHHBIX 3HAUEHHI HET.
JI1st npou3BOJIbHON HeNpephIBHOW QPyHKIMU Y(t) paccMoTpum 3aaady Komm:

x'(£) = Ax(t) = y (1), x(0) = 0.
PerreHue oJHOPOJHOTO ypaBHEHHS UMEET BUI X, (t) =ce™ . HacTHOe pelieHne HeoTHO-
POJIHOTO ypaBHEHHS HIEM B BHe X(t) =c(t)e™. [ToxcTaBiss ero B ypaBHEHHUE, OJY-

13



t
guM c'(t)e” = y(t). Orcroma c(t) :J.e“sy(s)ds. OO1ee pernieHre HEOTHOPOIHOTO YpaB-
0

HCHHA NMCCT BH /]

t
x(t) = ce™ + _[ e’ y(s)ds.
0

At—-As

t
W3 HaganpHOTO yCia0BUs ¢ =0, moaToMy (A—AE)7y(t) =x(t) = je y(s)ds. Jlist mro6o-
0

ro Aell oOpaTHBIN onepaTop CyIIECTBYET Ha BceM mpocTpancTBe C [0,1] U 10 T€O-

peMme banaxa on HenpepsiBeH. Takum oOpazom, O'(A) =0, r(A) =0 u pe3oJIbBEHTa

R, (A)=(A-1E) y(t) = j ey (s)ds.

33[[21‘11/1 AJIA CAMOCTOATECIBHOI'O PCIICHUSA

1. Haiitu cniektp o(A), cuexrpanbHslii paguyc I(A) u pesonbenty R, (A) numeii-
Horo omeparopa AXx(t) :tx(t):C[O,ﬂ —>C[0,l].
(

2. Haiitu criextp o(A), crektpanbHbii paguyc r(A) u pesonssenty R, (A) muneii-

t
HOI'O oIepaTropa Ax(t) :IX(r)dr :C [O,l] —C [0,1].
0

HOMaHIHee 3aJJaHue

1. Haiitu cniektp o(A), cnektpanbHslii paguyc I(A) u pesonbenty R, (A) numeii-
Horo omepatopa  Ax(t)= X'(t):C[O,l] —>C[O,l] Cc 00nacTblo  ONpejeleHHus
D(A)={xeC[0,1]|x(0)=x(1)}.

2. Haiitu criektp o(A), crektpanbHbii paguyc r(A) u pesonssenty R, (A) muneii-
HOro onepatopa AX(t)= e“x(t) : C[O, 27[] — C[O, 27[].

3auaTue 10
CrexTp JUHEHHOr0 BIOJIHE HENPEPHIBHOIO ONlepaTopa

Il1an 3anaTus
1. IToBTOpEHME TEOPETUUECKOTO MaTeprala
2. ITonpobOHOE perieHre TUIIOBOM 3a1auu
3. CaMocTosITeNIbHOE pPEIIeHUE 3a/1a4
4. Ilony4yeHue TOMAIIIHETO 3a/IaHUs

Tunosas 3agaua
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HaiiTn criekTp BHoJIHE HENPEPBIBHOIO JIMHEHHOro omepatopa A: X — X, rae
t

X =C[0,1], Ax(t):'([(t—s)x(s)ds.
Pemienue

PaccmoTpum 3amady Ha COOCTBEHHBIC 3HAUCHUS
t

Ax(t):j(t—s)x(s)ds = X(1) .
0
PaccmorpuM  cHavana ciaydaiik A=0. JuddepeHuupys ypaBHEHHE, MOIYYHM
t

IX(S)dS =0. Onate auddepeHuupys, noayduMm x(t)=0. 3HauuT, A =0 HE ABIAETCS
0

COOCTBEHHBIM 3HAa4YCHUCM, a ABJIICTCA TOYKOH HCIIPCPBIBHOI'O CIICKTpPA. HYCTL TCIICPDb

A#0. Torga u3 3agaun Ha coOcTBeHHbIE 3HaueHUs x(0)=0. IIpoauddepenuupyem
t

YpaBHEHHUEC, ITOJTyUUM IX(S)dS =Ax'(t). Orcrona takxe x'(0)=0. Eme pa3 nuddepen-
0
UpYys ToceaHee ypaBHeHue, monyduM  X(t) = Ax"(t) . 3amaua Ko

X(t) = Ax"(t), x(0)=0, x'(0)=0
UMEeT €AUHCTBEHHOE HyseBoe penieHue. [loaToMy cOOCTBEHHBIX 3HAYEHUH HET.
EanHCTBEHHOM TOYKOM crieKTpa (HEMPEPhIBHOIO CHEKTpa) sBisieTcst A =0.

33[[21‘11/1 AJIA CAMOCTOATECIBHOIO PCIICHUSA

1. HaiiTu cmexTp BIOJIHE HEMPEPBIBHOTO JHHEHHOro omeparopa A: X — X, rme
1

X =C[01], Ax(t)=[(2t+s)x(s)ds.
0
2. HaiiTu cnexTp BHoJiHE HENMpPEpBIBHOTO JHHEHHOTO omeparopa A: X — X, rae

X =C[0,7], Ax(t)=]§K(t,s)x(s)ds, K(t,s)zgw.

Jlomamnee 3aganue

1. HaiitTu cmexkTp BIOJIHE HENPEpPBIBHOrO JUHEHHOro omeparopa A: X — X, rue
t

X =C[0,1], Ax(t)=](1-ts)x(s)ds.
0

2. HailT cnekTp BIOJHE HEMPEphIBHOTO JWHEHHOTO omepatopa A: X — X, rae

X =C[0,7], Ax(t):IK(t,s)x(s)ds, K(t,s):gw.

3ansaTusa 11
Teopusi Pucca-Illaynepa niist JiMHeHbIX YpaBHEeHUIl 2-T10 poaa
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Ilnan 3anaTHa
1. IToBTOpEHKE TEOPETUUECKOTO MaTepralia
2. Ilonpo6HOE pelieHre TUIOBOM 3a/1auu
3. CaMocTosITeNIbHOE pelieHre 3a1a4
4. Ilony4yeHure TOMAIIIHETO 3a/IaHUs

TunoBas 3agaua

B poctpanctee C[0,7 | naHO HHTErpaibHOE ypaBHEHHE
x(t)+ﬂ.|'sin(2t+s)x(s)ds =y(t).
0

1) [Ipu kakux A ypaBHEHHE UMEET €AMHCTBEHHOE pelIeHue i Jito00i (hyHK-
oy Y eC[O,ﬂ]?

2) [Ipu xakux A u Yy ypaBHEHUE UMEET OECKOHEYHO MHOTO PEIIeHUN?

3) Ilpu kakux A U Y ypaBHEHHE HE UMEET pelieHus?

Pemienue
Bocnonszyemcs Teopueit Pucca — [llayaepa. 3anuiiem 4 ypaBHeHuUs, paccMar-
pHBas HEOJHOPOJHBIEC U OJTHOPOJAHBIC YPABHEHUSI, CaM OIIEPATOP U €r0 CONPSIKEHHBIN
B JICBOM YaCTH, IPUYEM ITPHU MEPEXOJIC K CONMPSHKEHHOMY B HHTETPAJIbHOM OIIEPaTOpe
y AJlpa MEHSAIOTCS apTyYMEHTHI:

1) x(t)+/1i£sin(2t+s)x(s)ds: y(t),
2) x(t)+ﬂ,zsin(2t+s)x(s)ds:O,
3) x(t)+/113in(t+2$)x(s)ds:y(t),

4) x(t)+lifsin(t+ 2s)x(s)ds =0.

Teopus yTBep>KIaeT, YTO Pa3MEPHOCTH PEIICHUN OJHOPOJIHBIX YPaBHEHUI KOHEUHBI
U coBMajalT. Eciu 3TH pa3MepHOCTH paBHBI HYJIIO, TO YpaBHEHHUE 1) MMeeT eauH-
CTBEHHOE pelieHue s JIIo0ou mpaBoit yactu. Eciu 3T pasmepHOCTH OO0JIbIIe HYJIS
U MpaBas 4acTh 1) He OpTOrOHANIbHA penieHusaM 4), To ypaBHeHue 1) He UMeeT perie-
Hui. Ecnu 511 pa3zmMepHOCTH O0JbINe HYJIS U MpaBas 4acTh 1) opTOroHaIbHA PElIeHH-
saMm 4), To ypaBHeHHE 1) nmeer OeckoHeuyHO MHOTO perieHuit. OO0mee pereHue 1)
€CTh CyMMa YacTHOTO petieHus 1) u o01iero pemenus 2).
PemnMm ypaBHeHnue 4):

x(t)+/’t(sint£cos 2sx(s)ds +costJ;sin 25x(s)ds) =0.

Ero pemenne Oyaem uckarb B Busie x(t) =asint+bcost. IloacraBiss ero B ypaBHEHUE,
IIOJIyYUM
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asint+bcost +/1(asintj'cos 2ssin sds +bcostjsin 2scossds) =0.
0 0

Breraucioum HHTCI'PpaJIbl

T

% 2
+coss|]) =—=,
O 3

J'cos 2ssin sds :lj‘(sin 35—sins)ds = = (- 20538
0 20 2 3

T

—coss|g):%.

Isin 2scos sds =%J(Sin 3s+sins)ds =%(— Cos 35
0 0

0

[Toxcrasmisiem UX B ypaBHEHHE, TIOJIyYaeM a(l—é/l)sin t+b(Q+ ﬂ/1) cost=0. Orcrona
3 3
21 - E ' lz - Z )

Ecom 1+ 5+~ TO YPaBHEeHHE 1) uMeeT eIMHCTBEHHOE PEIICHHUE IS 000
IIPaBOM YaCTH.

3

Eciu 4 =g u |sinsy(s)ds#0, To ypaBHenue 1) He UMeeT pemeHHii.
0
3 T
Ecimu 4 =5 " Isin sy(s)ds =0, To ypaBHenue 1) nmeer 6ECKOHEUHO MHOTO pe-
0
LICHUU.

VA
Ecmm A= e J. cossy(s)ds #0, To ypaBHeHue 1) He HMeeT pemieHHii.
0

VA
Ecnu /Iz—z U j cossy(s)ds:O, TO ypaBHeHUE 1) MMeeT OECKOHEYHO MHOTO
0

pELIEHUN.

33)13‘{1/1 AV CAMOCTOATECIbHOI'O PEINCHUA

1. B npoctpanctee C[0,7 | 1aHO HHTETpabHOE ypaBHEHHE
x(t)+/1jsin(2t+33)x(s)ds =y(t).
0

1) Ilpu xakux A ypaBHEHHE MMEET €IMHCTBEHHOE PEIIeHUE s II000H PyHK-

117051 yeC[O,ﬂ]?

2) Ilpu xakux A u Yy ypaBHEHUE UMEET OECKOHEYHO MHOTO PEIIeHU?
3) Ilpu kakux A U Y ypaBHEHHE HE UMEET pelieHus?

2. B mpoctpanctee C| 0,7 | naHo HHTETpabHOE YpaBHEHHE
X(t)+A[sin(3t+4s)x(s)ds = y(t).
0

1) Ilpu xakux A ypaBHEHHE UMEET €IMHCTBEHHOE pellIeHue NS 000N (PyHK-
IUU yeC[O,ﬂ]?

2) IIpu xakux A u Y ypaBHEHHE UMEET OECKOHEYHO MHOTO PEIICHUI?

17



3) IIpu kakux A ¥ Y ypaBHEHHE HE UMEET pelIeHus?

JlomamiHee 3a1anue

1. B mpoctpanctee C I:O,ﬂ'} JAHO MHTErPAIbHOE YPaBHEHUE
x(t)+1jsin(2t—33)x(s)ds =y(t).
0

1) [Ipu kakux A ypaBHEHHE UMEET €AMHCTBEHHOE pelIeHue i Jito00i (QyHK-
oy Y eC[O,ﬂ]?

2) IIpu kakux A u Yy ypaBHEHHE UMEET OECKOHEYHO MHOTO pELICHUI?

3) IIpu kakux A U Y ypaBHEHHE HE UMEET pelIeHUs?
2. B npoctpanctee C [0,7[] JAHO MHTErPAIbHOE YPaBHEHUE

x(t)+ﬂzsin(t—23)x(s)ds =y(t).

1) Ipu kakux A ypaBHCHHE UMEET €AUHCTBCHHOE PEIICHHE IS JII000H (PyHK-
uuu Yy eC[O,ﬂ]?

2) [Ipu xakux A u Y ypaBHEHUE UMEET OECKOHEYHO MHOTO PEIIeHUN?

3) [Ipu kakux A U Y ypaBHEHHE HE UMEET pelIcHuUs?

3ansaTue 12
CoOcTBeHHbIE 3HAYEHUS] U COOCTBEHHbIC BEKTOPbI BIIOJIHE HENIPEPbIBHOI0 CaMO-
conpsizkeHHOro oneparopa. Teopema I'mab06epra-llImuara

Ilnan 3anaTHa
1. [ToBTOpEHKE TEOPETUUECKOTO MaTepHaia
2. IlonpoOHOE pelieHne TUIOBOM 3a1auu
3. CaMocTosITeTbHOE PEIICHUE 3a/1a4
4. Ilony4yeHune TOMAIIHETO 3a/IaHUs

Tunosas 3agaua

[Tons3ysace Teopemoit ['mnbOepra-llImMunra, ucciemnoBaTh W PENIUTh HHTE-
rpaibHOe ypasHenne 2-ro poxa (E+AA)x=y B rumsbeproBom mpoctpanctee X

te X =L, [0,7], AX(t)=[K(t;s)x(s)ds, K(t,s):gw, yeX.

Pemenune
WNuTerpanbHblii  onepatop A C CUMMETPUYHBIM M HENPEPBIBHBIM SApOM (Psifl

CXOJIUTCSI PAaBHOMEPHO) CaMOCOIPSKEHHBIA W BIIOJIHE HempepbiBHBIN. Haiinem ero
COOCTBEHHBIE BEKTOPHI M COOCTBEHHBIE 3HAYeHUS. PaccMOTpuM 00pa3bl CHHYCOB:
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Asinnt :IK(t,S)sin nsds :J.ismklt<$ks sinnsds :]’-ismklt(ﬁ sinnsds =
0 k=1 0 k=1

nntt . T
— | sin® nsds =—— sinnt.

=> sinkt _[sm kssin nsds =
n° 5 2n

2
a Kk

Takum o0Opa3om, cucTeMa CUHYCOB SIBIISIETCSI CHCTEMOI COOCTBEHHBIX BEKTOPOB, Op-
TOrOHAJIBHOU. M3BECTHO, UTO B ITPOCTPAHCTBE L,[0, 7] OHA ABIIETCA U MOJHOM.

Paccmotpum ypaBHeHuUE (E +/1A)X =Y. Oyskuuu x(t), y(t) pasinokuM B psiabl

@ypbe MO CUCTEME CUHYCOB
X(t) = ixk sinkt, y(t)= Zm: y, sinkt ,
rae koapdunueHTs Oypne BBI‘-IKI;CJI}IIOTCH 1o (1)0;)11\4ynaM
X, = E]E x(t)sinktdt, vy, = ET y(t)sinktdt .
T9 T9

IToncrasum o1i pasnokennus B ypasuenue (E+AA)x=y. Ilonp3ysck Tem, cuctema

CHUHYCOB ABJIAICTCA CO6CTB€HHOﬁ HOJIyLII/IM

(E+AA)X Zxk(l+ )smkt Zyksmkt

HpI/IXO,Z[HM K OCCKOHEUHOH CHCTEeME JIMHEHHBIX ypaBHeHI/II/I

A
Xk(l-f‘y) = yk y k :1,2,...

Ecmn 1+2ﬂ—é¢ 0 s Bcex k, TO

_l_
2k?
MMO9TOMY YPaBHCHHUEC HMCCT CIMHCTBCHHOC PCIICHNC

X(t)=> —— Yi smkt.
k11+—2
2k

A
Ecmn 1+— 0, y,#0, To ycinoBue X, -0=y, HE BBIIOJIHUMO U YpaBHCHUE HE
2n?

. 7A
uMeeT pemeHnii. Ecim 1+F =0 m y, =0, 1O ycioBue X,-0=0 BBIIOJIHEHO I JIIO-
n

00ro Xx,, MOATOMY ypaBHEHUE UMEET OECKOHEUHO MHOTO PEIIeHUN

xt)= 3

k1¢nl

sm kt+csinnt,

_l’_ -
2k2
rae cell - MpOM3BOJIBHOE.

3anaqn AJIA CAMOCTOATECIBHOIO PCIICHUSA
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1. ITonw3ysace Teopemoit ['mibbepra-llIMuara, nccaeqoBaTh U PEUIUTh UHTETPATBHOE
ypaBHEHHE 2-TO pojaa (E +/1A)X =Yy B TUIb0epTOBOM IMpocTpaHcTBe X , Tae

X =L,[0,7], Ax(t):IK(t,s)x(s), K(t,s):gmsﬁt(w, yeX.

2. Tlonb3ysce Teopemoit ['mnbbepra-IlIMunara, uccaeaoBaTh U PEUINTh HHTETPATLHOE
ypaBHEHHE 2-TO pojaa (E +/1A)X =Yy B TUILOEPTOBOM IMpocTpaHcTBe X , Tae

X =L,[0,7], Ax(t)ziK(t,s)x(s), K(t,s)= ;E::ll)) ;?Sjj

JlomamiHee 3a1anue

1. TTonw3ysch Teopemoii ['mnbbepTa-1lIMuara, uccneaoBaTh U PEUIUTh UHTETPATBHOE
ypaBHEHHE 2-TO pojaa (E +/1A)X =Yy B TUILOEPTOBOM IMpocTpaHcTBe X , TJIe

X = L,[0,7], Ax(t)z];K(t,s)x(s), K(t,s)=3 SN 1y oy

2. Tlons3ysce Teopemoii ['mnbbepra-llIMuara, BiccneaoBaTh U PEIINTh HHTETPATHEHOE
ypasHenue 2-ro poma (E+AA)x=y B rumsbeproBom mpoctpaHctee X, Tne

K (Ls)x(s), K(ts)=| Y Lstss<t

X=L[07] Ax(t)= - s(t+1), 0<s<t<l,

Oty
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