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|. BBegenue

Hacrosmue meTonuueckue ykazaHus NpeIHAa3HAYEHBI Uil OKa3aHMsl TIOMOLIU
CTYAEHTY B €ro paboTe 10 U3y4YE€HHIO COBPEMEHHBIX METOJOB pacuyeTa CTPOUTENbHBIX
KOHCTPYKIHH.

C aToil 1eNpl0 CTYAEHTY MpeaaraloTcst o0Iue U TeMaTUYeCKue MeToanye-
CKHE€ yKa3aHUus, KOTOpble OyAyT HAMpaBIATh €0 JEATENbHOCTh 10 MPUOOPETECHUIO
3HAHWM, YMEHUI 1 HAaBBIKOB B PEUICHUM TUIIOBBIX 3a]a4 I10 U3y4acMOU TUCLIMILIAHE.

PaboTta Haj BBIJAHHBIM HHIWBHUIYaJbHBIM 33aJaHHEM BEIETCS B BUIEC CaMo-
CTOATEIBLHON pabOThHI MPU KOHCYJIBTAaTUBHOM MOMOIIM MpernoaaBarens. Pesyapratom
ATON paboThl SBIAETCS YCBOCHHE ANTOPUTMOB PEIICHUS THUIIOBBIX 33a4 METOAOM
KOHEYHBIX DJIEMEHTOB, a TaKXke S3bIKa OMUCAHUSI PACUETHBIX CXEM U 0003HauYCHU,
UCIIONIb3YEMBIX TMPU (POPMYIUPOBKE MATEMATHUECKUX 3a/ay, KOTOpbIE SIBISIOTCS
CJIEACTBUEM NPUMEHEHHUS METOIA KOHEYHBIX JJIEMEHTOB.

BaxxHo moguepkHyThb, UTO MpUOOpETaeMble B XO/€ NMPAKTUUECKUX 3aHATHM
3HaHUW, YMEHUHN U HABBIKOB SBIIAIOTCA OCHOBOM U1l IPUHATHUSA PELICHUN IIPU IIPOCK-
TUPOBAHUM 3[AHUN U COOPYKEHUM B KypCOBOM M JUIIJIOMHOM IIPOEKTUPOBaHUU. B
YaCTHOCTH, YMEHHUE MPABUIBHO U OBICTPO CTPOUTH AMIOPHI YCUIIMM rapaHTUPYET J0-
CTOBEpPHYIO MCXOJHYIO MH(OpPMALMIO AJIs ONPEJCIICHUs] CEYCHUM HECYIIMX 3JIEMEH-
TOB KOHCTPYKLHM.

1. O0uue MeToau4YecKre yKazaHus

OcHOBHO# 00beM MaTepHAJIOB, HEOOXOAUMBIX JJI YCIEIIHOTO BBITOIHEHUS
3a1aHUM HA MPAKTUYECKUX 3aHATUAX IO COBPEMEHHBIM METOJAaM CTPOUTENBHBIX KOH-
CTPYKLHH, CKOHIIEHTPUPOBAH B KOHCHEKTe Jekuuil. [loaTomy pekoMmenmyercs yka-
3aHHBIA MaTepHal UMETh C COOOM M MOJIb30BATHCS 3TUMH MaTepuanamu JJIsl BBIIOJI-
HEHHS CBOEr0 MHANBUAYAIBHOTO 33/IaHMUS.

[IocKOJIBKY TeMaTuKa MPAKTUYECKUX 3aHATHM COOTBETCTBYET TEMAaTHKE IJaB,
pa3iesioB M MOAPA3ACiIOB YKAa3aHHOTO KOHCIEKTA JIEKLHUHW, PEKOMEHIYETCS Iepen
Ka)XIbIM HOBBIM 3aHSTHUEM ITO3HAKOMHUTHCS C MAaTEpUAIAMU KOHCIIEKTA JIEKIUU U CO-
OTBETCTBYIOLIEN TEMOM B HACTOSIMX YKA3AHUSX.

Hcxonnbie nannbie 171 GOpMUPOBAHUS UHIIUBUAYATHHOM PACUETHON CXEMBI
ABJISIETCA CXE€Ma, HA KOTOPOM IPUBEICHBI BHYTPEHHHUE W BHEILIHUE CBS3M, a TAKXKE
BU/Ibl HArpy3Ku O€3 yKka3zaHus 4YMCIOBBIX 3HaueHuil. Kpome Toro, Ha cxeme aaHa Ko-
OpAMHATHAs CeTKa IJI00aJbHOW CUCTEMBI KOOPJAUHAT C LIAroM a Mo KaxaoMy KOop-
JTMHATHOMY HaIIPaBJICHUIO B TNIOCKOCTH U300pakeHus (puc. 1).
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Puc. 1. Cxemvl 014 hopmuposanus pacuemmuvix cxem uHOUBUOYATbHBIX 3A0AHULL

CTyleHT I0JKEH 3HaTh OOIIENPUHATHIE 0003HAYEHUS BHEIIHUX U BHYTPEHHUX
CBSI3€H, KOTOPBIC N3YYAIUCh B Kypcax TUCIUIUIHH « TeopeTnyeckas MeXaHUKay,
«CTtpoutenpHas MexaHuka». Kpome Toro, He06X0AMMO MO3HAKOMUTHCS C HEKOTO-
PBIMU YTOYHCHHUSIMH U JOTIOJTHEHUSIMHU K 3TUM 0003HAYEHUSM, IIPUHATHIM Jajiee
(puc. 2, puc. 3).
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Puc. 2. Cmpyxmypa u obo3nauenus
BHYMPEHHUX C8A3elU MeHCOY CeUeHUAMU PACHeMHOU CXeMmbl
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Puc. 3. Cmpyxmypa u obo3nauenus

BHEULHUX C8si3ell 6 Y31aX ONUpanusl pacqemHozZ cxembl

SIcHoe M YeTKoe NMPeICTaBICHUE O CBA3SIX U UX KOMOMHAIUAX B Y3JIaX pacueT-
HOI cXeMbl HEOOXOIUMO JJI TOTO, YTOOBI HE OIIMOUTHCA B ONIPENEICHUN YCUIIUM,
BO3HMKAIOIIMX B CEYEHMSX y3J0B. [I03TOMYy O4EHB BaXKHO IOMHUTH BCE BAPUAHTHI
KOMOMHAIIMK YCUITUHN U peakUuii, KOTOPbIE XapaKTEPHbI ISl TUIIOBBIX PACUETHBIX
cxeM (puc. 4., puc. 5).
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Puc. 5. Cmpyxmypa u ob6o3nauenus peakyuii 8 y31ax pac4emuou cxemvl

Becbma nosie3HO MOMHUTH XapaKTepHbIE YaCTHBIE CIIy4au Mepeay YCUIUi 1
peakiuii, MpeACTaBICHHbIC HA PUC. 6.
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Puc. 6. Hexomopuie ocobennocmu nepedauu ycunui u peakyuil uepe3 ceueHus Y3108

BaxHO Take MOMHHUTH O XapaKTEPHBIX PELICHUAX, IOJYYEHHBIX IS SJIEMEH-
TapHBIX PACUETHBIX CXeM, padOTaIOLIUX HA U3THO, B KypCe CTPOUTENHHOU MEXaHUKH

(puc. 7).
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Puc. 7. «hnorceneproe» npasunio 3HaKo8 ycuiuil
U Xapaxkmepuvle 0COOEHHOCMU INIOP YCUIUL HA NPAMOTUHEHOM Y4aCcmKe OCU

[Tpu popmupoBaHNM UHAUBUAYATBHOTO 3aJaHUS CIIEAYET COOII0AATh CleNy-
IOIKE COrvIaleHus 00 0003HAYEHHUSAX U MCIIOJIb3YEeMbIX e¢IMHULAX U3MEPECHUS
(U3UYECKUX BEJIHYMH.

JI71st u3y4eHus: 1 MPUMEHEHHsI METO/1a KOHEYHBIX 3JIEMEHTOB a0COJIIOTHBIE 3HA-
YEHUS! XapaKTEPUCTUK PACUETHOW CXEMbl 3HAUYECHUS HE UMEIOT, I03TOMY C LEJbIO
YMEHBUIEHUSI 00beMa BBIYMCIUTEIBHBIX Pa0d0T B KAXKIOM M3 3a7ad HMCHOJIb3YIOTCS
(¢u3nYecKue BEIUYMHBI, YHCICHHbBIE 3HAYEHHsI KOTOPBIX 33JaHbl B HEKOTOPOM Mac-
mrade u3MEpeHUSI.

Tak, Bce AuHBI 3aar0TCs KpaTHbiMK MacinTady mmHel a ([l ] = a, k — Homep
ydacTKa), a BC€ MHTEHCHUBHOCTH paclpeAesieHHOW BJOJb y4acTKa OCH pacueTHOU
cxeMbl Harpy3ku kpaTHbl Maciitady ( ([q «] = ), Tak yTO MacIITaboM H3MEpEeHHUs
cocpenoToueHHBIX cri Oyaer BemmunHa a ([P ] = ga), a momenta — qa’ (M ] =
ga’).

Bce 3nauenus mmomianel momepeyHbIX ceYeHWi KpaTHbl MacmTady F, a Bce
MOMEHTbI MHEPIMU Ha U3TMO KpaTHBI MaciTady J.

3Hadenust Moy ynpyroct (Monyis KOHra) kpatuel macirady E.

B oTnenbHBIX 3aadyaXx MOTYT MCIOJIB30BATHCS W APYTHUE MapameTpbl, OAHAKO
OOILIMM MPUHIMUIIOM OCTaeTCsl MPHUBEIACHUE 3aJlayu K 0e3pa3MepHOMY BHUIY C TEM,
9TOOBl COCPEIOTOUYNTh BHUMAHHE Ha MpolJieMax COOCTBEHHO MeETOJa KOHEYHBIX
AJIEMEHTOB.



Jlis ymeHblieHus: 00beMa BBIYMCIICHUHN pa3periaeTcs reoMeTpuieckrue pa3me-
pbl Ha pacyeTHOM CXEMe 3aJaBaTh B MacIITa0€ KOOPAWHATHOW CETKH, a 3HAUYECHUS
Ka)X/10r0 BUJia HArpy3KU MPUHUMATh €JUHUYHBIMU (B COOTBETCTBYIOLIEM MacIlTa0e).
JUis Bcex cyyaeB pacueTHBIX CXEM paMbl IPUHUMATh U3TMOHYIO KECTKOCTh Ha BCEX
yuyacTkax oauHakoByro EJ. Takum o0pa3oM, 3aaHue Ha TUIIOBOM pacueT IOJIKHO
UMETh BUJI PUC. 8.
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Puc. 8. Ilpumepwvi cchopmuposarno2o unoueudyaibHo2o 3a0aHus

Pemenne TunoBoi 3aga4u Ha 0a3e chOpMUPOBAHHOTO MHIUBUIYAIBHOIO 3a-
JAHUS JTOJDKHO OCYIIECTBIISITHCSI B COOTBETCTBUU C METOAUYECKUMU YKa3aHUSMH K
PI'P u odopmiiAThbCs 1O mpaBuUiiaM, OMKMCAHHBIM BBIIIE U MPOAEMOHCTPUPOBAHHBIM
Ha MpuMepax-oopasiax.

IIpu odopmiieHuM 3MI0P yCHIMi U APpyruX rpa)vKoB B HAAMKUCH HA PUCYHKE
CJIeIyeT yKa3blBaTh MacIITad M3MEPEHHs BEJIMYHMHBI, OTOOpakaemoi rpadukoM. Ha
caMoM ke Tpauke yKa3bIBalOTCS TOJIBKO aOCOMIOTHBIC 3HAYEHUs] OPJAUHAT C TPUHSI-
TOM B pacuerax TOYHOCTBIO (JOCTATOYHOW SIBISIETCS TOYHOCTh PACUETOB, B KOTOPOM
yAEPKUBAETCS YEThIPE BEPHBIC 3HAYAIIME [TUPPHI B TPOMEKYTOUHBIX pe3yjIbTaTax, v
TPU — B OKOHYATENbHBIX). Uncino 3Havanmmx nudp peryaupyercs rnpaBuiiaMu OKpYyT-
JICHUS.

3HAKM OpAMHAT HA 3MIOPAX YCUIUN MPOCTABJISIOTCS HA OCHOBAHUU «HHKE-
HEpPHOTO» MpaBuja 3HAKOB (puC. 7), KOTOpoe OBLIO OMpPENeSieHO B AHUCIUILINHE
«CrpoutenpHas MEXaHUKAY.

BmecTte ¢ TeM 1enecoo0pa3HO HANMOMHUTH, YTO B CTPOUTEIHHON MEXaHHKE
3HAK M3ru0arouIero MoOMeHTa 0co00ro 3HaU€HHUsI HE UMEET, MOCKOJIbKY 3II0pa 3TOr0
YCUJIUSI CTPOUTCS Ha PACTSHYTHIX BOJIOKHAX cedeHus. B CBsI3u ¢ 3TUM 3HAK u3ruda-
IOIIIETO MOMEHTA Ha JIII0PE HE IIPOCTABIACTCS.

VYkazaHue 3HaKOB MOMNEPEYHOr0 W MPOAOJIBLHOIO YCUIUN Ha KaXKIOM Y4YacTKe
SIBJISIETCS 00s3aTEILHBIM TPEOOBAaHUEM.

Jiis uieHTHUKAIUN CeYeHUH U Y3JI0B PACYETHOM CXeMbI HCIIOIb3YETCS UX
Hymepanus. M300pakeHne pacyeTHOW CXEMbI BBITIOIHICTCS B MPABOM JEKapTOBOM
rJ100abHON CUCTEME KOOPJIMHAT CO CIEAYIOIIUM 0003HaYeHHEM OCEil:

X — rOpU30HTANIbHAS OCh C MOJOXUTEIBHBIM HAIIPABJICHUEM BIIPABO;

Y — BepTUKaIbHAs OCh C MOJOKUTEIHHBIM HaIIPaBJIECHUEM BBEPX;

Z — TOpU30HTAIbHAS OCh C MOJOXKUTEIBHBIM HaIpaBJICHUEM, TIEPIICHIUKYIISP-
HBIM TIJIOCKOCTH M300paKeHUs M HAITPaBJIEHHBIM K 3pUTEITIO.



[Ipy Takux ycioBUSAX OOLIENPUHATHIM SIBISETCS Cleayrouiee («MareMaTu4e-
CKO0€») NPABWJIO 3HAKOB BEKTOPHBIX BEJIMYMH:

* I0JIOXKUTEJIbHBIE BEKTOPBI HAIPABIICHBI BOJIb I10JI0KUTEIIBHBIX HAIIPABICHUN
0Ceil KOOpAMHAT;

* IOJIO)KUTEJIbHBIE MOMEHTHI (YIJIbI MOBOPOTA) HAIPABIICHBI MIPOTUB YaCOBOM
CTPEJIKU, €CJIIM CMOTPETh CO CTOPOHBI IOJOKUTEIIBHOIO HAIPABJIEHUSA OCHU, OTHOCH-
TEJILHO KOTOPOU NEUCTBYET MOMEHT UJIM COBEPIIAETCS IIOBOPOT.
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I11. Ilpumepsl pemieHust 32124 METOAOM KOHEYHBIX 3JIEMEHTOB

3anstue Ne 1. Pacuem nnockoii ghepmbl Memooom KOHEUHbIX 3/1eMEeHMO8.

Ha puc.1 nmpusenena 3PC depmbl. Ha sTom npumepe TpeOyeTcst onpeneanThb
YCHIIUS B CTEPXKHAX (ePMbl METOJOM KOHEUHBIX 2JIEMEHTOB.

P

SARNE:

a

Puc.1. 3agannas pacuerHas cxema hepMsl
1. Pa3paboTka cxembl TUCKpETHU3AIIH.

Y

Puc.2. Cxema nuckpernsanuu

1.1. O6o3nauenne I'CK - rnobanbHoi cuctemsl koopauHat XYZ. Hayano ko-
OpIMHAT HAXOAMTCS B CAaMOM HMKHEW M caMoi JieBoi Touke (hepMmbl. Och X Hampas-
JIeHa BIIpaBo, Y - BBEPX, Z - CMOTPUT Ha HAC.

1.2. Hymepauus y3n0B ¢gepmbl (cM. puc.2). OObIYHO clieBa HampaBoO, CHHU3Y
BBepX. B depmax ¢ OOIBIIMM KOJIMYECTBOM Y3JIOB HAJO CTPEMHUTHCS K TOMY, YTOOBI
Pa3HOCTh MEXAY HOMEPAMH Y3JIOB OJTHOTO KOHEYHOTO 3JE€MEHTa Obljja MUHUMAalb-
HOM.

1.3. Hymepanus KO - KOHEUHBIX 3JIEMEHTOB COOTBETCTBYET HyMEpPALIMH y3JI0B
depmel. TlepBeim Hymepyror K3, kotopsie OepyT cBoe Haudano B Touke 1. [lepBaiii
aneMmeHT 1-2, Bropoii - 1-3. Tperuii anement 2-3.

1.4. O6o3nauenne JICK mis kaxngoro KD - nokaabHOH CHCTEMBI KOOPJIHHAT
Xyz. Hauano koopauHat HaxoauTcs B HadaiabHOM y3i1e KO. Ock X HampasiieHa BI1OJb
K3, y - npotuB wacoBoii ctpenku noja yriaom 90° k ocu X, Z - CMOTPUT Ha Hac.

1.5. OGo3HaueHHE HAMpPaBIAIONIUX YTI0B ¢ s kaxaoro KJO. Ortor yron
onpenensiercss oT ocu X ['CK npoTuB 4acoBOil CTpENKU 10 COBMEIIEHUS C OChIO X
JICK kaxnoro K3 (cm. puc.2).
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2. O06paboTKa y3710B TUCKPETU3AIUHU B TII00AIBHON CUCTEME KOOPIMHAT.

KOOpI[I/IHaTI)I Y3J10B TUCKPCTHU3AIIUU

Taomuna 1

Ne y3na 1 2 3
X, a 0 4 4
y, a 0 0 3

OHpC,ZIeJIGHI/IC BCIIOMOI'aTCJIbHBIX BCIMYHH IIPOBOJAT IIO (bOpMYJIaM aHaJIu-

TUYECKOU T€OMETPHMU:

I - HoMep HauyanbHOTO y3i1a KD; | - Homep koHeuHoro y3na K3; i < j;

l; :\/(Xj - X, f +(YJ- -Y, P cos :#; sing, _Ji I_Yi .
i i

l, =X, = X, P +(Y, =Y, =+/(4a—0) +(0-0) =4a;

Cosgy, = XZI;Xl = 43;0 =1; sing,, = YZI;Yl = 04_a0 =0.

s =(Xs = X, P +(Y, =Y, =+/(4a—0) +(3a—0Y =5a;

COSQy, = X3|1_3X1 = 4a5;0 =08; sing,; = Y3|1_3Y1 = 3a5;0 =06.

s =(Xs = X, P +(Ys =Y, ) = (4a—4a) +(3a—0) =3a;
X;—X, _4a-4a Y;—Y, 3a-0_

COSQ,; = =0; sing,; = 1.
I23 3a |23 3a
Brruncnenus 3aHocAt B Tabyuiry 2.
Tabnuma 2
O6paboTka y3710B JUCKPETU3ALIUN
Ne KD i J I, @ COS ¢ sin ¢
1 1 2 4 1 0
2 1 3 S) 0,8 0,6
3 2 3 3 0 1

Matpuiisl ipeoOpa3oBaHus ISl CTEPKHEBOTO KOHEYHOTO 3JIEMEHTa WMEIOT

BHUA:
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COS @, 0

sing, 0
(P = 0 cos @,
0 sing,
10 08 O 00
(Ph=[g 5 h=| o ol b=y o
00 0 06 01
3. dopMHUpOBaHUE MATPHI] )KECTKOCTH B II100AIbLHOM crcTeMe KOOpANHAT.

B nokanbHOM cucTeMe KOOpAMHAT MATPHUIIA KECTKOCTU OTACIBHOTO CTEpPIKHE-
Boro KD umeer Bun:
[kﬂ]— E-F|l1 -1
I 1 1/
e
rae EF - )kecTkocTh KOHEUHOTO AJIEMEHTa Ha pacTshKeHHe-ckaTue (MPUHUMAEM OJTU-

HaKOBYIO OJIs1 BCCX BHGMGHTOB), TOorga 4 KaXXJ0I0 K3, IIoACTaBJIAA JaHHBIC 13 Ta0-
JIMIBI 2, IIOJIy4YHuM:

.] EF|1 -1 p 1 EF|1 -1 1 EF|1 -1
ki _E{—l 1][@]_5{—1 1][&]_5{—1 1]

Martpuiibl ’KeCTKOCTH U3 JOKAJbHON CHCTEMbI KOOPUHAT MPE0OPa30BLIBAIOTCS
B I7100AJIBHYIO CUCTEMY KOOPAHMHAT 110 (hopMmyJie:

k1= (o) -k ] ()L

10 1 0 -1 0
[kf]: 00 'E{l —1][1 00 OJZE 0 0 0 O0f
77lo 1| 4al-1 1|l0 0 1 0) 4al-10 1 o

00 0 0 0 O]

08 O 064 048 -064 -048
[k{]z 06 O E{l —1](0,8 06 O 0 EF{ 048 036 -048 -0,36

0O 08| 5a|-1 1 0 0O 08 0p 5a|-064 -048 064 048

0O 06 -048 -036 048 0,36
, 00 0O 0 0 O
[k{]: 10 E{l —1](0 10 OJZE 0O 1 0 -1

0 0| 3a|-1 1 0 0 0 1 3a|0 0 O O

0 1 0 -1 0 1

dopmHupoBaHUE MATPUIIBI KECTKOCTH I aHCAMOJIsi KOHEUHBIX 3JIEMEHTOB B
I'CK.

Oo6o3naunm nepementeHust y3nos ¢epmbl B ['CK. Jlns atoro B xaxaom ysie
dbepmbl 0003HaYMM TIO JIBE CTENEHU CBOOOJbI - TOPU3OHTANBHYIO U BEPTUKAIBHYIO.
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ITokxa 3HaueHusT >TUX HepeMemeHHﬁ HCU3BCCTHBI, OHU IMPUHUMAIOTCA IMOJIOKUTCIIb-
HbIMH, TO CCTb HaIIPpaBJICHBI BAOJIb ITOJIOKHTCIIBHBIX HOHYOCCﬁ I'CK. Tak kak Ha
(l)epMy HaJIOKCHBI BHCHIHHC CBA3H, IIPUKPCINIAIOMNC €€ K IINIOCKOCTH, TO HCKOTOPHIC
N3 3TUX HepCMCHICHI/II‘/’I OTCYTCTBYIOT. B Touke 1 3alIPCIICHBI 00a IMEpCMCIICHUA - T'O-
PHU3OHTAJIBHOC U BCPTHKAJIIBHOC, 4 B TOYKC 2 - TOJIBKO BCPTUKAJIBHOC. Takum 06pa—
30M, IIOJy49acM CIICAYIOIMUC IICPCMCIICHHNA q)CpMLI B I'CK: IICPBOC - TOPU3OHTAJIBHOC
B TOYKC 2, BTOPOC - TOPU3OHTAJIBHOC B TOYKC 3u TPCTHC - BCPTUKAJIbBHOC B TOYKC 3.
CJIGI[yeT 3aMCTHUTD, YTO B OI[HOI71 TOYKC CHa4dal/la HyMCpPpYCTCA I'OPU30HTAJILHOC, a I10-
TOM BCPTHUKAJIBHOC IICPCMCIIICHUC.

Y A A 3
3

P »
A

A 73

)g 3

2l 41 x

v el
x| [

5 |

L

Puc. 3 Bektopsl nnepemenieHnii B ri100aqIbHON CUCTEME KOOPAUHAT

Tabnuma 3
Matpuiia naaekcoB ancamosst KO
5,
5, \Tj—'5s

Ne KO .

i3, =
8l 82 83 84
1 0 0 1 0
2 0 0 2 3
3 1 0 2 3

@opMHUpPOBaHUE MATPULIBI KECTKOCTH.
Martpuna xectrkoctu ancamOiast KO umeer pazmep 3x3 (MO 4uCiIy HE3aBHUCH-
MBIX [epEMEUICHUI B MaTPUIIE UH]IEKCOB):

Ki1 K K13
[K] = K21 Kzz K23 .
K31 K3y Kss

DneMEeHThI MaTPHUIIbI BEIYUCIISIOTCS 1O (hopMyTiam:

EF, . EF EF
Ky =k{g +kip =——(1)+=—(0)=0,25—;
11 1,33 3,11 4a( ) 33.( ) a
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EF .
3—k314— (0)201

Kz =ks, 3+k333— (064) —(0) ousE
Kog =k + k£34=g<0,48) —(0) oogaE
Koo =K + K = (038)+ 2 (1) 04053E
4. Pazpemaroye ypaBHeHUSI METO/1Aa KOHEUHBIX 3JIEMEHTOB.

]_IJ'ISI PCIICHUA 3a1a9 MCTOAOM KOHCYHBIX 9JICMCHTOB C UCIIOJIb30BAHUCM
CTCPIKHCBBIX KOHCUYHLIX 3JICMCHTOB pa3pciiaromas CHCTECMa ypaBHeHI/Iﬁ HUMECCT BU.

-[K]-{a}+{P}= {0}

0
{P} = P{1} - BekTOp BHENIHUX HATPY30K.
0
cF 0,25 0 0 Ay 0 0
— ;[ 0 0,128 0,096 ] . {Az} + P {1} = {0}
0 0,096 040531 (A3 0 0
Pewmenne CJIAY

[IepenocrM BEKTOp BHEIUIHUX HAarpy30K B IIPABYIO YaCTh YPABHEHUS
F[0,25 0 0 Ay 0
—1! 0 0,128 0,096 ] : {Az} =P {1}

0 0,096 040531 (A3 0
U pelaeM CI/ICTeMy JTUHEHHBIX anreOpanvyecKux YpaBHECHUM !

A= 0; A,= 09, 5 = —2,2522
EF

S. CDopMHpOBaHHe MaTpulbl y310BbIX nepememienui K9 B JICK.
Tak xak nepemenienus B JICK cBs3ansl ¢ nepememiennsimu B I'CK, To motpe-
OYIOTCSI COCTaBJISIIOIIME BEKTOPOB y3i10BbIX nepemernnenuit B ['CK mis kaxgoro KDO.

Ucnonbiys penienue cuctemsl ypaBHeHuit MKD ¢ yueToM gaHHBIX TaOIMUIBI UHICK-
coB (Ta61.3), MOXKHO 3aIUCaTh:

0 0 0
0 0 0
{51F}=0§;{5{}= 05 %;{5{}: 05 E—E.
0 225 225
0
100 0)|0]Pa Pafo]
b= (p)ll{ar}:[o 0 1 OJ' 0 E:E{o}’
0

15



0

08 06 0 O 0 |Pa_ Pa O
5/1 — T' 51“ — . e __ < :
o1 }=(pX -7} (o 0 08 o,sj 95 [EF EF{G,ZS}

— 225
0
; 0O 1 0O 0 Pa Pa 0 _
{53}:('0)5'{5;}:[0 0 0 1)' 95 E:E{—zzs}’
—225

Brruncnenue ycunmii:

A [alfe EF[1 =17 Paf0] _[0].
{Nl}‘-kl-'{gl}_ﬂ -1 1_'5{0}_P{0}’

O[] EF[ L -1 Paf 0] [-125].
{Nz}—_kz- {52}— Sa|-1 1 | EF{6,25}_P{ 1,25}’

A_[alfe\ EF[1 =1 paf O | __f075
{Ng}_-kg-'{(ss}_ﬁ -1 1]?{—2,25}_%—0,75}'

ﬁ2:9,5
P 3]
)3* \ 4
/ A3=-2,25
/ / 3 )
i
/S

y 2 A]_:O

Puc.4. Cxema neopMupoBaHusi 3aJIaHHON PacuETHON CXEMBbI

6. [IpoBepka paBHOBECHS Y3JI0B (hepMbI
OmnpenenuM onopHbIe peakiuu Gepmbl OT 3aJaHHON BHEIIHEH Harpy3Ku (CM.
puc. 5)

Y

P
—

X1 VKCDZ 5 X
7 A A

; Y, Y,
a
Puc.5. OnopHele peakinu 3aJJaHHON PaCYETHOM CXEMBI
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YX=P+X,=0;X, =—P;

Ymom; =—P-3a+Y,-4a=0;Y, =0,75P;

Ymom, =—P-3a—Y;-4a =0;Y;, = —0,75P.

[TpoBepuM paBHOBECHE Y3II0B (PePMBI METOAAMHU CTPOUTEIHHON MEXaHUKH (CM.

puc. 6):
p 3
N3;=1 25P¢2,;
3175 N23:O,75P
Ni5=1,25P N23=0,75P
P11 ¢f N2;=0
) "Nqo= 2
lO,?SP N12=0 ‘o,75p
Puc.6. PaBHOBecue y310B hepmbl
V3en 1.
%X =-—P+ Nj; + Ny3-cosp,=—P+0+1,25P-08=0;—P+P =0;
>.Y =-0,75P + Ny5 - singp, = —0,75P + 1,25P - 0,6 = 0; —0,75P +
0,75P = 0.
V3en 2.

2X =—N; =0

>Y =0,75P — N,5 = 0,75P — 0,75P = 0.

V3en 3.

>X=P—N;3 -cosp, =P—125P-08=0;P—P =0;

>.Y =0,75P — N3, - sinp, = 0,75P — 1,25-0,6 = 0; 0,75P — 0,75P = 0.
IIpoBepka BbIIOIHSAETCS.

BBIBO/{
IIpoBepka IONYYEHHBIX PE3YJIbTATOB IOKA3bIBAET, YTO YCJIOBUS PABHOBECHS
BBITIOJTHEHBI.
Xapakrep IepeMeIeHUH y3J10B TaKXKE COOTBETCTBYET MPEACTABICHUIO O TIOBE-
JNEHUN 3aJaHHOM PACYETHOM CXEMBI MOJ JECMCTBUEM BHEIIHEN CHUJIbI, HAIIPABICHHOU
TOPU30HTANBHO.
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3ausitue Ne 2. Pacuem niockou pamvi Memooom KOHEUHbIX JJIeMeHMO8.
Ha puc.1 npusenena 3PC pamsbi. Ha a3Tom npumepe tpeOyeTcst onpenenuThb
BHYTPEHHHE YCUJIUS B paM€ METOJIOM KOHEYHBIX 3JIEMEHTOB.

2

ga

N

a

Puc.1. 3anannas pacueTHast cxema paMsl.
1. Pa3zpaboTka cxeMbl TUCKpETU3ALUY.

Alyz
Y
2 X2 5| 3
—
¢2:0 ﬂ\gi‘
1]
X1A
»1
yi 1 \
N X
Z

Puc.2. Cxema guckperusanuu.

2. O6paboTKa y3JI0B TUCKPETU3AIMHU B II100aJIbHON CUCTEME KOOPAUHAT.
Ta6nuna 1
KoopuHate! y3710B JUCKpPETU3AINH

Ne y3na 1 2 3
X, a 0 0 4
Y, a 0 4 4

OnpeneneHre BCIOMOIaTeNIbHbIX BEIUYMH MPOBOAAT MO (opMysaM aHaJUTH-
YECKON FeOMETpHUU:

d :J(Xj - Xi)z +(YJ- —Yi)z;

18



X =X

=X Y Y,
cosg, =

. o i i

, sing, = T
ij ij

Brruncnenus 3aHocATt B Tabiuiry 2.

Tabnuma 2
O6paboTKa y3710B TUCKPETU3AIUU
Ne KO [ j I, a sin ¢ COS ¢
1 1 2 4 1 0
2 2 3 4 0 1

ManI/IHBI Hp606p330BaHI/ISI JJIs1 0aJJ0YHOr0 KOHEYHOTO DJIEMEHTA HMCIOT BHUA:

—sing, O 0 0

cosp, O 0 0

0 1 0 0

(P = 0 0 -sing, O ;

0 0 cosep, O

0 0 0 1
-1 0 0 O 0 00O
0O 0 0 O 1 000
0O 1 0 O 0100
Ph=lg o —1 o Pelg 00 of
0O 0 0 O 0 010
0O 0 0 1 0 0 01

3. ®opMHUpOBaHUE MATPHI] )KECTKOCTH B IJI00aTHLHOM CHCTEME KOOPAUHAT.
B nokanbHOM crucTeMe KOOpAMHAT MAaTPHUIIA KECTKOCTH JJI 0aJI0OYHOTO KOHEY-

HOTO DJIEMEHTA 3aIUChIBAETCs cienytonum oopazoM (EJ - sxecTkocTh cTepikHEel Ha

M3THO0, MPUHUMACTCS OJMHAKOBOM JIJIT BCEX YYaCTKOB):

-12

(12 6l -12
6l 4> -6l

—6l 12
6l 20 -6l
(12 6-4a
6-4a 4-(4a)
-12 -6-4a
6-4a 2-(4a)

6l |
21°

— 6l
41° |
—-12
—-6-4a

12
—6-4a

6-4a |

2-(4a)’
—-6-4a

4-(4a) |

EJ
16a°

6a
-3
6a

6a
16a°
—6a
8a’

—-6a
3
—-b6a

6a

8a’

—6a
16a®
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4. BeruucieHue peakiyii Ha BHyTPUIIPOJIETHYIO HArPy3Ky, MPUIIOKEHHYIO K
KD.

N3 3PC BumHo, yto k nepBomy KO mnpuiokeHa pacrpenesneHHas Harpys3ka.
OOpatuBimKCch K TaOJUYHBIM JIIOpaAaM METOJa TMEpPEeMEIICHUN, MOXKHO OIMpeaesnuTh

3HAYCHUSI JJIEMEHTOB BEKTOPA PEAKIIUM B BUJIC:
| [
2

4a

11 |
-

a=1/12;
y=112;

M =M, =aql® :%q(4a)2 =1,333ga’;

1
Q =Q,=mnl :EQ‘4a:2qa-

Q! —2qa ;] 0

2 —1,333ga? » 0

o )=l S S N e S
Q; —20a Q; 0

M; 1,333qa° M;| (0

5. MaTpwuiisl )K€CTKOCTH U3 JIOKAJTBHOW CHCTEMBI KOOPIMHAT ITPeoOpa3oBhIBa-
IOTCS B IJI00AJIBHYIO CUCTEMY KOOPAUHAT 0 hopmyJie:

k1= (p)y - [k - (p)i -
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=
16a’

_EJ
16a®

k=

_EJ
16a°

-1 0 0 O
0 0 0 O 3
0 1 0 0| EJ |6a
0 0 -1 0] 16a%|-3
0 0 0 O  6a
0 0 0 1
-3 -6a 3 —6a
0 O 0 0
6a 164®> —-6a 8d?
3 6a -3 6a
0 0 0 0
6a 8a® -6a 164
(3 0 -6a -3 0
0o 0 O 0 0
—6a 0 164® 6a O
-3 0 6a 3 O
0 0 O 0 0
-6a 0 84° 6a 0
0000
1000 3
0 10 0|l EJ|6a
000 0||16a%|-3
0010  6a
000 1
0 0 0 0
3 6a -3 6a
6a 16a° —6a 8d°
0 0 0 0
-3 -—-6a 3 —-6a
6a 8a?> -6a 164°

o O O O

6a
16a°
—-6a
8a?

164>

16a2
—-6a
8a’

o O O -

—-b6a

—-b6a

o O O O
o O —» O

—-b6a
3
—-b6a

o O -, O
o O O O

6a

8a’
—6a
16a°

o - O O
_ O O O

o O O o

O O O

O O O -

o O O O

o O - O

o O -, O

o O O o

o » O O

O O O

o O O O

, O O O
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0 0 0 0 0 0
0 3 6a 0 -3 6a
EJ |0 6a 164> 0 —-6a 8d°
"16a°l0 0 0 0 0 0
0 -3 -6a 0 3 —6a
0 6a 84° 0 -6a 16a°]

4. Marpuupbl peakiiuii Ha BHyTPUIIPOJIETHYIO HArPy3Ky B II100aJbHOM CUCTEME
KOOpAMHAT:

Q; -29a
52,1 M| _|-1333qa° |
“ Qg ~2qa |’
M} 1,333qa*
-10 0 0 2
0 0 0 O ~20a 0
{Sqﬁ}= 0 10 0] —1333ga* _|-1333a "
0 0 -10 —20a 2
0 0 0| | 1333qa° | 0
0 0 0 1 13334
0
Q| [0 0
1 0
{gz}: 5 = 8 ) {852}: ol
M |0 0
OJ

5. ®opmupoBaHue MaTpUIlhI )kecTKOCTH J1s ancam6Oiisa KO B I'CK.

O603HaunM niepemMenieHus y3iioB pambl B ['CK. [ 3TOT0 B KaX0M y3Jie pa-
MBI 0003HAYUM T10 TPU CTETIEHU CBOOOBI - TOPU3OHTAIIbHYIO, BEPTUKAIBHYIO U YTJIO-
By10. [loka 3HaueHUs ITUX MEepeMEeIIeHUH HEU3BECTHBI, OHU MPUHUMAIOTCS TIOJIOKHU-
TEJIbHBIMU, TO €CTh HAMpaBJICHBI BIOJb MOJOXKUTENbHBIX Moayoceit I'CK, moBopoT -
MIPOTUB YaCOBOM cTpeiku. Tak Kak Ha paMy HAJIOKEHBI BHEITHUE CBSI3U, MPUKPEILIIS-
IOIIHE €€ K IUIOCKOCTH, TO HEKOTOPBIE U3 ATUX MEPEMEILEHUN OTCYTCTBYIOT. B Touke
| 3ampenieHsl TpU MEPEMEIICHUSI - TOPU3OHTAIBHOE, BEPTUKAIBLHOE U YIJIOBOE, a B
TOYKE 3 - TOJBKO BepTHKadbHOE. KpoMe 3TOro, mepemMeneHusMu, BOZHUKAIOIIMMU
BCIIE/ICTBUE pacTsokeHus-cxkatus KO mpeneOperaem. Takum o0pa3om, moirydaem
cnenyromne nepeMenenus pamsl B I'CK: nepBoe - ropuzoHTalIbHOE B TOUKE 2 U 3 (TO
€CTh ATH MepeMenieHus OyayT OJJMHAKOBBIMHU), BTOPOE - YTIIOBOE B TOUKE 2 U TPETHE
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- yrnoBoe B Touke 3. CineayeT 3aMeTuTh, 4YTO B OJTHOM TOYKE CHauyajla HyMepyeTrcs
TOPU30HTAJILHOE, TIOTOM BEPTUKAIBHOE, a 3aTEM YTIIOBOE MepeMeIlECHHUE.

4,
v, i

[~]
2
A]_ o [l . 3 A

\ AN

1=

1
%'i"f‘:

Puc.3. Bektopsl nepemerieHuii B riao0albHOM cCUCTEME KOOPAUHAT.

Tabnuma 3
Matpuna nnaekcoB ancamoust KO
Ne KO
61 82 83 84 85 66
1 0 0 0 1 0 2
2 1 0 2 1 0 3

dopMupoBaHUE MATPHUIIBI KECTKOCTH.
Marpuiia )KeCTKOCTH aHCcaMOJIsT KOHEYHBIX AJIEMEHTOB UMeeT pazMep 3x3 (110
YUCITYy HE3aBUCUMBIX TIEPEMEIICHUI B MAaTPHIIC HHICKCOB):

Kll KlZ Kl3
[K]: K21 Kzz Kzs-
KSl K32 K33
Martpuiia BeaucisieTcs: mo GopmMyiam:
EJ EJ
K. =kl +ki +k!,=——(3)+0+0=01875—:
11 1,44 2,11 2,44 16&3( ) a3
EJ EJ
K.,=ki +kl . +k!,.=——(6a)+0+0=0375—:
12 1,46 2,13 2,43 168.3( ) az
K3 =Ky16+K; 46 =0+0=0;
EJ EJ EJ
K, =kl +kl,.=—(16a%)+ 16a%)=2—":
22 1,66 2,33 68.3( ) 168.3( ) a
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EJ 2EJ
=k}, =——(8a°)=05a
K3 =Kp6 = 16a3( )

a
EJ EJ
=kl = 16a .
Kas =Kze0 = 16a® ( ) a
6. ®opMupoBaHUE BEKTOPA PEAKIIMA HA BHYTPUMPOJIETHYIO HATPY3KY:

S q.l Sql(4)+SqF,2(1)+Sc{2(4):2qa+0+0:2qa;
Sq2 = Sqa(e) + Sq.2(z) = 13330a” +0=13330a";

Sq = Sq.26) =0
2
[s,]=11333a}qa.
0

Pazpemaroiiye ypaBHeHHUs] METOAA.

~[K]-{4)- 1845+ P} =0}

0
{P}: 0 :ga’. - BEKTOP BHEIITHUX HArpy30K.
-1
01875 0375a 0 | (4 2 0 0
—E 0375a 2a° 0pa’|-{4,;-<1333atga+< 0 tga=40}.
0 osa? 1? | |4l | 0 “1a] o
7. Pemenue CJIAY.
01875 0375a 0 | (4 ~2qa
_3 0375a 2a’ 05a’ |14, =4-1333qa’
“| 0 o05a? 1a’ 4 ~1qa°

A, =-1700qga* / EJ;
A, =3167qa’ / EJ;
A, =—-25835qa° / EJ.

8. ®opmupoBaHue MaTpuilbl y3710Bbix nepemenienuii KO B JICK.

Tak xak nepemenienus B JICK cBszansl ¢ nepemenenusamu B ['CK, To notpe-
OYIOTCSI COCTaBIIAIONINE BEKTOPOB y370BBIX nepemerniernii B 'CK mist kaxmporo KO.
Hcnonp3ys pernienne cucreMbl ypaBHeHnit MKD ¢ yueTom qaHHBIX TaOIUITBI MH]ICK-
coB (Tabi1.3), MOXKHO 3aIiCaTh:
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0 ~17000a
0 0
0 2 31667 | ga®
ol )= ~17,000a qE_J of )= ~17,000a qE_J
0 0
31667 _25835
6 1= (o} -7 =0;
0
100 0 00 0 0
ﬂ 0 01 0 00 0 a2 gat| O
o j=(p) ! = 0 00 -1 0 0]]-17000a qE_J:qE_J 17.000a [
0 00 0 01 0 31667
31667
~17,000a
010000 0 0
7 00100 0|]| 31667 |ga® qa°| 31667
03 1=(0); -7 }= 0000 1 0/|]-17000a %:% 0
00000 1 0 _ 25835
25835
9. BelunciieHue yCuiui:
SRR |
3 6a -3 6a 0
N Laleal (. EJ |6a 16a* -6a 8a® | ga®| O
{Si}:-kl-{l}+{sq’l}zﬁ 3 —6a 3 —6a Ollz_J 17000a[ "
6a 8a® -6a 16a’| 3,1667 |
—2qa -4
~-1333ga®*| |-6,125a
+ 9 = ga,
—20a 0
| 1,333qga° ~1875




3 6a -3 6a 0
2=l Yo b+ fsi, 1= 6a 16a” -6a 8a’ | ga°| 31667

_ BJ _— +

)70 T a2 603 _3 62 3 —6a| EJ| 0 |
6a 8a® -6a 16a’] (—2,5835

0] (02187
0| | 1875a

Ty g ga;
0[ |-0,2187
0] [ -1000

HedbopmupoBannoe coctosinue 3PC, oTBevarolee noJydeHHOMY PellIeHUIO,
MIPUBENICHO Ha puc.4.

A,=3,167

A1:'17 m A1:-17

Puc.4. Cxema nepemMenieHuil.

Ha puc. 6 nokasan pe3yJbTaT HOCTPOEHHUS SMIOP.

1.0 ® 0,219

1,875 NN I I I I I I 0,0

0,0

@D,qa2 @,qa

6,125 4,0

0,219

©

OFX

Puc.6.

10. KoHTpoJsib MPOBEAECHHBIX MOCTPOECHUIN OCYILECTBISAECTCS MPOBEPKON YyCIIO-
BHi paBHOBecHs y3510B 3PC 1 ee Npon3BOJIBHON YacCTH.
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1,875qa°

) ( 2
1,875qa’ T

N

—

0,219ga 0,219ga

—
4qa -
q

<
<
<
<
<

0,00

—_—

<
A 16125027

BBLIBO/I

[IpoBepka MONYYEHHBIX PE3YyJbTATOB ITOKA3BIBAET, UYTO YCJIOBUS PABHOBECHS
BBITIOJTHEHBI. XapaKTep MEPEMEIICHUN y3JI0B TAKKE COOTBETCTBYET MPEACTABICHUIO
o noeaeHun 3PC pambl o1 AEMCTBUEM CHII.
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