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HexoTopblie mpuMepsl pelieHus 3a/1ad MaTeMaTHYeCKOU (PU3HKHU.

1.

Pemienne 3agaum 0 KoJ1e0aAHUAX CTPYHBI.

o*u 9 o*u «
2 =a 2 ( )
ot ox

Kak u Bcakoe nuddepennuaibHoe ypaBHeHHE, ypaBHeHue (*) nuMmeer Oec-
KOHEYHO MHOTO PEIEHUH U JUIs HaXOXKAEHUs (QYHKIHMH U(X,t), OIMHCHIBAIOIIEH
KOJIeOaHMST HEKOTOPOU KOHKPETHOM CTPYHBI, HY’KHO BBIJICIIUTH U3 3TOTO CEMEH-
CTBa OJIHO, UMEHHO JUIsl 3TOM CTPYHBI. /{1151 3TOro HyKHO UCXOIUTh U3 HEKOTO-
PBIX UCXOJIHBIX YCIOBHIA.

Bo-niepBbIX, B HaleM ciaydae cTpyHa 3aKperuieHa 3a JIBa KOHIA B TOUKAX X
=0 u x = /. Torna cmenieHust B 3TUX TOYKax B JOOOW MOMEHT BPEMEHU PaBHO
0:

u(0,t)=0; u(/,t)=0 (1)

Otu ycnosus (1) Ha3pIBalOT KpaeBbIMU (IPaHUYHBIMH) YCIOBUSIMU 33]1a4H.

OOBIYHO 3a/1aI0T €llle HEKOTOphble HayalbHbIE yciioBus. Hampumep, B Ha-
YyanbHbIA MOMEHT BpeMeHHU t = () U3BECTHO CMEIEHUE JI000 TOYKU CTPYHBI U
M3BECTHA HayajbHasi CKOPOCTh JHO0OM TOUYKM CTPYHBI, YTO BBIPA3UTCSA PABEHCT-
BOM:

u(x,0) = f(x) (2)
ou
(5) oW 3)

riae f(x) u ¢(x) — u3BecTHbIC PYHKITUH, g—” - CKOPOCTb.
t

Takum oOpazom, peleHue 3aja4u 0 KojaeOaHuu CTPYHbI CBOJUTCS K pelie-
HUIO auddepeHImanbHOro ypaBHeHus (*), T.e. K HaXOXICHUIO (QYHKIHH 2-X
NEePEMEHHBIX U(X,t), YAOBIETBOPSAIOMINNA KpaeBbIM ycioBHsIM (1) U HayaabHBIM
ycinoBusiM (2) u (3). CylecTByeT HeCKOJIBKO CITIOCOOOB peIIeHUsT ypaBHEHUS (*).
Paz6epem meton Dyphe (pasiesieHre NepeMEHHbIX ).

bynem uckatp pernieHue B BUIE IPOU3BEACHUS ABYX (DYHKITHMA

u(x,t) = F(x) - O(t) , (4)

F(x) — 3aBUCHT TOJIbKO OT X, D(t) — TOJIBKO OT t.

2 2
Moncrasum (4) B (). T.k. Z_z‘= F'(x) - (1), gt_;e F(x)®"(t), To F(x) -
X
@"(t) = a’ F'(x) - D(t) =>
M) _ 2 ()
D(1) F(x)

)




JleBast yacTh (5) 3aBUCHUT TOJIBKO OT t, MpaBas — TOJBKO OT X, HO T.K. OHH
paBHbI 1IpH JTHO00BIX t > 0 1 m00bIX 0 < X </, TO (paKTUYECKU OHU HE 3aBUCST HU
OT t, HHU OT X, T.€.

() _F'(x)
a*d(t)  F(x)
Yucno C MoxkeT ObITh TOIBKO oTpuniaTeabHbiM C < 0.
Ecau C > 0, To HUKaKoro koyie0aTesIbHOTO Mpoliecca He Oy/eT.

JleiictuTensHo, mpu C > 0 MoxeM cuutats C = b, Toraa umeeM u3 (6)
P by F'(x) - b2 F(x) = 0 7
F(x)
D10 IMHEHHOE OJHOPOIHOE YpaBHEHHe 2-T0 mopsiaka. k> —b> = 0 — ero xa-
PaKTepUCTUYECKOE YPaBHCHHE.
kl =b }
k, =-b ero xopuu. Torna pemenue (7) UMeeT BUJ
F(x) = Cie™ + Cye™ (8)

=C = Const (6)

Hcnons3yem kpaeBbie yciaoBus, T.¢. uTo u(0,t) = 0; u(e,t) = 0 npu 1r060M t.
Torna u3 (8) umeem
0=Ce” + Coe™ 0£C+C,
0= Clebl + Cze'bl WIN O£ Clebl + Cze'bl
C,=-C,. U3 2-0oro Cie” = Cie™=0=>Cy(e" —e”)=0=>C, =0 torma
C2 =0=>
F(x)=0.
Ho Torna u u(x,t) = 0 (mpu r060M t), T.€. KoJieOaHH HET.
Ecimu C =0, To F"(x) = 0. F'(x) = C. F(x) = C;x + C,. U3 kpaeBbIX ycloBU
= C,
O:C1€+C2:>C1:O
Cuoga F(x) =0, u(x,t) = 0 => xonebaHuii HeT.
Urak, Bo3moxxHo b C < 0. O603HaunM st ynobersa C = —b’.
Torna u3 (6) umeem aBa TMHEWHBIX AU(dEepEeHITMaTbHBIX YPaBHEHUS 2-0T0
MOPSIJIKA C MOCTOSTHHBIMU KO3 UIIMCHTAMU:

F'(x) + b* F(x) =0 9)

@"(t) + a’b® D(x) =0 (10)
9)—10)=>k*+b*=0 ki =+ bi }

k> + (ab)*=0 ki, = £ abi KOPHU XapaKTepUCTHU-

YECKUX YPAaBHCHUM.

[ToToMy pelieHnst UMEIOT COOTBETCTBEHHO BHU/I;
F(x) = C, cos bx + C, sin bx (11)
®(t) = I, cos abt + JI, sin abt (12)
[Moacrasmsist (11) u (12) B (4), mosrydum periieHue ypaBHEHUs CTPYHBI (*)
u(x,t) = (C; cos bx + C, sin bx)( ZI; cos abt + I, sin abt) (13)



Ot0 ob1ee penieHne ypaBHeHus (*). Meton pernieHus
nudpepeHnnanbsHOTO YpaBHEHHS 2-0T0 TOPSIKA B YaCTHBIX MPOU3BOAHBIX (*)
MyTEM €T0 CBEJICHUS K PEIICHHUIO 2-X OOBIKHOBEHHBIX JIMHEWHBIX
nudepeHnanbHbIX YpaBHEHUH BTOPOTO MOpsiaKa 011 mpuMeHeH dOypbe u
HOCHT €ro Ha3zBaHue — MeTos1 Dypbe pazneneHus nepeMeHHbIX. OH MIHPOKO
MPUMEHSETCS B YPABHEHUSAX MATEMATUYECKON (U3HKH.

[Tpomomkum pemenne. Haita KOHKpeTHasi CTpyHa 3aKperieHa W B pele-
Huu (13) 3T0 HY>KHO y4decTs, T.e. u(0,t) = 0, u(/,t) = 0. U3 (13) BuaHO, YTO B TOU-
kax X =0 u x =/ gomxeH paBHIAThCA 0 MHOXKUTEIb, COACPKAIIUM X, T.€.

Cicosbx+Cysinbx=> C;-1+C,-0=0=>C,;=0
Cicosb/+Cysinb/=0 ==C,sinb/=0
3neck C, # 0, T.K. uHaye cHoBa u(X,t) = 0 u kosieO0anus He OBLIO OBI.
Torna
sinb/=10 (14)

(14) MokeT OCyIIECTBISATHCS TOJIBKO ISl ONIPEACIICHHBIX 3HAaYeHUH b, T.K. [
(nuHa CprHLI) —nocrtosuHas. Torma b/ =kn(k=0,+1; 2, ...). OTkyna

b— 0,+ 5+ 2” 3”, I L

l [ o [ /
b = 0 cneBa MPUBOAUT K PEIICHUIO (X,t) = 0 — I[BI/I)KGHI/IH HET.

Ecmu B (13) moacTaBuTh 3HaueHus b = l ub= l , TO pa3HuIla OyaeT

JINIIB B 3HAKE

y sin bX, HO HajaM4KWe MPOU3BOJILHOM TOCTOsIHHOM C, JenaeT ATU JiBa pe-
IICHUST OJTMHAKOBBIMHU.

3Ha4uT, 10CcTaTOYHO Opath b > 0, T.c.

b=$ n=123,..) (15)
Jits kaxaoro n HOJIquM COOTBETCTBYIOIIEE pelIeHUue ypaBHeHUs ().
up(x,t) = cz(gl cos T 1 1 si l’“] in¢ n=12,..)
[Tomaras C, - I, = An, C, - I, = B, , MoxeM 3anucath

up(x,t) = (An cos?t +B, sin?t} sin? (16)

T.x. B coctaB A, u B, Bxogsar C,, [I; u C,, /I, , TO OHU €CTh TPOU3BOJILHBIE
ITOCTOSIHHBIC.
N3 (16) BuauM, 4TO KaxkJas TOYKa CTPYHBI C aOCHHMCCOM X C TE€YEHUEM

o man
BpCMCHU t CcoBCpHaiacT Kose0aTeIbHbIE JABHXKCHHS C HaCTOTOHU o = T Hn aMIIJIN-

o . hnx o
Tynou A=+/An” + Bn® SmT (oOmmii BUI KOJIEOATEIBLHOTO IBWIKEHUS Y =
Cicost + Cysinot = /C} + C; sin(wt + ) ). OTCI0a BUAUM, YTO YacTOTa Koseda-
mwan
HUS OJTMHAKOBA JIJIS BCEX TOYEK CTPYHBI (o = = - HE 3aBHCHUT OT X), aMILUTATY/1a

KoJieOaHusl JJIsl KaKJIOM TOUYKM pa3Has. T.K. 4acTOThl OJMHAKOBBI, TO MaKCH-
MaJIBHOTO OTKJIOHEHHUSI BCE€ TOYKHU JOCTUTAIOT B OJUH U TOT K€ MOMEHT BpeMe-
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HU. Bce xonebaTenbHbIe IBUKEHUS Uy(t) HOCSAT Ha3BaHUE COOCTBEHHBIX KoJjeOa-
HUW WIM CTOSYMX BOJIH. DTO TapMOHUYECKHUE KOJIEOAHUS U TIOTOMY UMEIOT BU]I
CHUHYCOUJIBI B JIFOOOM MOMEHT BpeMeHU. B 3aBUCHMOCTH OT n (HOMepa cTosdei
BOJIHBI) 3aBUCHUT €€ BHU/I.

Hanpumep, npun =1,

u(x,t) = (A cos 74 l +B mﬂ%tjmnT AMIUTYya A=+A] + B/ smnlx, JIoC-

. TIX T /
TUTAeT HAHOOJBIIIETO 3HAYCHUS MPHU sin 5= 1, T.€. 7= = x=" IIOCEpPEaUHE.

[Tpu mpubnmxenun k x = 0 u X = / amruuryaa
yMenbiaercss 10 0. Ctosdyas BoJIHA UMEET BU,

pH n = 2, uy(x,t) = ;\
—_——___———/I
1
2

A4, cos—— 2mat + B, 27z:at sinz—nx. 0[\
/ [ [
.2
A=1l42 + B2 sin 2™ . Haubomslnee 3HaucHNe A IpH 4,

l
2—nx:£+2k7£.2—x=1+4k.k=0.xzi;k=1,x \L/ \\
2 l 2 4

s |

[
TOYKEC X = E Y3€II1. Touka ocTaeTcss HE MeCTe Ipun

kojebanusx. CTosuas BoJHA UMEET BUJ, YKa3aHHBII Ha BTOPOM PUCYHKE.
COBEpIICHHO aHAJIOTUYHO CTOsYask BOJIHA MPU N = 3 UMEET yxke 2 y37a U

T.1.

Tak kak ypaBHeHHE (*) €CTh OJJHOPOIHOE TUHEHHOE, TO CyMMa €€ pelieHui
TOXXE €CTh pelieHue MW TNOoTOMy  (YHKIUS TPEACTaBICHA  PAIOM

u(x,t)= Zun (x,1) = Z[An cos@t + B, sin mlra t} sin (17)
n=l1 n=l1

TOXE €CTh pelIeHre ypaBHEHU (*), TOJIBKO HYKHO TpeOOBaTh, YTOOBI ATOT Psij
MO>KHO OBLIIO MOYJIEHHO ABAXIbI ):[I/I(l)(l)epeHLII/IpOBaTB. JIeHCTBUTENBHO, TOTAA

niwx

52 52 % 52 52
T Z 1= -2,
ot Oox 81‘ 1| Ot Oox
T.e. u(x,t) pemenue (*).

J10 peuieHue u(x,t) yAOBIETBOPSET KPAEBbIM yCIOBUAM, T.K. UM yJIOBIIE-
TBOpSET JiIo0ast u3 hyHKIu u,(x,t): u(0,t) = iu 0,6)=0, u(/,t) = iu (1,t)=0.

n=1 n=1




B cocraB pemenust (17) BXxoadar npousBojbblie KOdpdULIHUEHTH A, U B,.
Bri6epem 3Tu K03 PUIUEHTHI TaK, YTOOBI BHIMOIHSINCH U HAYAJIbHBIE YCIOBHS

) u 3): u(x,0) = f(x) u [%} — ().

J1y1st 3TOTO HYKHO, YTOOBI PyHKIHUS U(X,t) 13 (17) yaoBieTBopsiia uM.

Ux,0)=>4, sin@ = 1(x) (18)
U 1.x ou — Z(_—ﬂna A, sin nrat L e B, cos mmt}sin nrx , TO
a =1 I ;
ou nmwa . NTXx
— =Y B ——sin—=0p(x 19
(atjtzo 2.8, oW (19)

Bcnomunas o paznoxenusix B psgasl Oypee dhynkumii f(x) wa [0,/], uz (18)
u (19) BuauM, 4TO MOKHO CUUTATh

/
4 =2 [ 7()sin = dx (20)
1 !
it %J (x)sin——dx wu
2 l nmwx
B, =—— [¢(x)sin—=dx 21)
nrwa [

Takum obpazom, bynkuus u(x,t) uz (17) ¢ koapdunuentamu A, u B, on-
penensiembiM 110 (20) u (21), u ecTh pemeHue nuddepeHIINaIbHOTO0 YpaBHEHUS
CBOOOJTHBIX KOJICOAHUM CTPYHBI, YAOBJICTBOPSIOMIUX 33JIaHHBIM KPaeBbIM U Ha-
YaJIbHBIM yCJIIOBUSIM.

Crnoco0 penieHus: Ha3bIBAe€TCs "HAJIOKEHUEM CTOSIMMX BOJH', T.K. MOJyYa-
€TCs CJI0KEHUE OT/ACJIBHBIX CTOSYUX BOJIH.

Ecnu peus uger o crpyHe My3bIKalbHOTO HHCTPYMEHTA, TO CTOSTYME BOJTHBI
UMEIOT OonpeiesieHHbIN cMmbIci. Kaxkaas cTosuas BOJIHA €CTh KOJIeOaHUs CTPYHHBI,
BBI3BIBAIOIIASI OMPEACIICHHOE 3BydaHue. Yem Oosibllie 4acToTa 3BYyYaHUS =
@, TeM OOJIbIIIe BBICOTA 3BYKa (3BYK TOHBIIIE), UeM OOJIBIIE aMIUIUTY/Ia KOJIe-
OaHus A, TeM CHIIbHEE 3BYK.

Oka3spiBaercs, 4yTo npu h — o, A, — 0 u B, — 0, T.e. ¢ Bo3pacTanuem u
aMIUTUTyAa A ¥, 3HAUUT, CUJIa 3ByKa YMEHBIIIAETCS, & BBICOTA YBEINYMBAETCS.

HauGomnbiyro cuity uMeeT 3BYK, JIOCTaBIsieMbId 1-0# CT. BOJHOM mpu n =

OH Ha3bIBaeTCs OCHOBHBIM TOHOM CTpPyHBI. YactoTa kojieOaHMUs ), HaW-
MEHbIIIasi, 3ByK caMbIii HU3KUH. YacTOThl @), M3, ... - KOJeOaHUN CTPYHBI Ha3bI-
BaIOTCS YaCTOTaMU OOEPTOHOB.



T.x. HacTosIIee KoJeOaHWe CKIaIbIBAaeTCS M3 OECUMCICHHOTO YHWCNa Tap-
MOHUYECKUX KOJEOaHWi, TO ¥ 3BYK CKJIAJbIBACTCS U3 OECUMCICHHOTO YHUCIa
3BYKOB — OCHOBHOTO TOHA K 00€PTOHOB.

OO6epTOHBI BIUSIOT HAa TEMOpP 3BYKa, OKPACKy OCHOBHOTO TOHA.

VY pa3nuuHbIX MY3bIKaJbHBIX WHCTPYMEHTOB OCHOBHOW 3BYK U OOEPTOHBI
o0MPAIOTCA M0 pa3HOMY. B 3TOM CekpeT uxX pa3nTuyHOro 3By4aHwusl.

2.

KoneyHasi cTpyHa -- cxema pelieHust

Uy = au,, + f(x,1),0 < x <1

Ule=o = U; (¥)

Ug|i=o = U2 (X)

+ I'paHUYHLIE YCII0BUSA

JIBe rpanunpl X = 0;x = [

Ha xaxx10¥1 3 rpaHull MOTYT OBITH CIEAYIOIIUM TPAHUYHBIC YCIIOBUS:
Lul,- = (t)

Mu,|.- =w(t)

I Cu,, + Au)|,.= = p(t)

[Iar 1. O6HyJIeHNE TPAHUYHBIX YCIOBUH.

U=v+uw

HyxHo HaliTH QyHKIIHIO ¢, KOTOPAA MMeeT TaKue e I'PaHNYHbIC YCIOBUS, KaK
u QyHKIHS U.

Torma mis Gyukimu ¥ yenous Ha rpanuie oyayt = 0.

[ar 2. [Homyuuts 3anavy 11t pyHKIMU V. B ucXoaHyio 3a1a4y MOACTaBISETCS
U =V + w (w-HailneHHass GyHKINA)

(v+wlp=a’(v+w),, +fxt),0<x <l

(V+ @)= = us(x)

(¥ + @ )i|i=0 = U2(X)

+ HyJIeBble rPaHHYHbBIE YCI0BHUA HA QYHKIHIO U

TO €CTh

Ve = A" Vyy + f(:f,a.‘],D < X< I, roe f(x,t)zazmxx — Wy + f(x, 1)
V|t = Uy (%) — @ |g=p = 1, (x)

Vt|pmo = U (X) — @4 | 1= o= U, (X)
+ HyJIeBble rpaHHYHbBIE YCA0BHA HA GYHKI[HIO 1.
[Iar 3.
[TonyuenHas 3agaya eiie pa30OMBaCTCS Ha JBE 3aJaYH.
A MMEHHO, pelliecHUue HIIETCS B BHUAC V=V, +V,, [JI¢ HOBbIC (QYHKIMHU SIBIISIFOT-
Csl pELICHUEM CJICAYIONIUX 3a/1a4.
1:1tt=a,21:1 ,0<x <1

XX



iy, = 1 (x)

0
+ HyJIeBBIE T'PAHHYHBIE YCI0BHA HA (byHI"{H;HIﬂ V.

u
v, =a*v, + fx.h),0<x<1,
tt xx
v2|t:O =0
Val o= 0
+ HyJleBble FPaHHYHbIE YCI0BHA HAa QYHKIHIO v,
llaz 4

3ajgada s QYHKLIUU V, PELIaeTcsi METOIOM pa3eieHHs IEPEMEHHBIX (WIn
nHaue MetoJioM Pypbe). Perienue uiercs B BUIAE NPOU3BEACHUS
v =T() X(x)
[ToncraBiss 3T0 BeIpa)kKeHHUE B ypaBHEHHE )i (QYHKLUU V,, IOJIydaeM
T"(t)- X (x)=a’T(t)- X"(x).
[onenum o6e vactu Ha a’T - X
T"t)  X'"(x)
AT X(x)
JlanpHelee CBA3aHO CO CIECIYIONIUM YTBEPKICHUEM.
Jlemma 1.
Ecmm f(x)=g(y) Vx=(x,...,x, ),y =(,-.-,V,), T0 f =g =const
JoxkasarenbcTBO: PUKCUpyEM y = ), , TOrAa
f@) =y (7,)=C=const.
Ho
g(y)=f(x)=C = f=g=const.Y.T.1.
Kaxk cnencrsue Jlemmsr 1
')  X"(x)
AT X(x)
OTcroia mojiy4aeM ypaBHEHUE OTHOCUTENbHO PpyHK1uu 7'(¢)
I;: T"=a*CT =0
¥ OTHOCUTEIHHO PYHKITUU X (X)
II,: X'—-CX=0
W3 HyJIeBBIX IPaHUYHBIX YCIOBUH K YpaBHEHUIO [ [y 100aBISIOTCS YCIOBHS Ha
¢ynknuto X Ha rpaHuIax — 3to 3ajaa4a llrypma-JInysums.
Pemmnts 3amauy ltypma-JInyBuiuisg 03Ha4aeT, 4TO HY’KHO HAaUTHU HETPUBHUAIb-

Hoe pemeHre X(X) u onpeaeauts L npu KOTOPO#i CYIIECTBYIOT HEHYJICBBIC pe-
HICHUS.

=C =const



3anaua lllTypma-JInyBUILIS MMEET CYETHOE YKCIIO Pa3INYHbIX pemenuii {X,} u
KaJI0My PELICHHIO COOTBETCTBYeT KoHcTaHTa (.

Jlanee Vn pemaem ypasuenne Ir:T — a?C,T =0

T,(0) = a, T () + b, T ()

=>Vnv,, =T,X

n'n
VYpaBHEHUE TUHEWHO = NEUCTBYET IIPUHLINI CYTIEPIIO3ULINN:

V= Z Tan

Koaddunuents! a,,, b, HaxoasTcs U3 HaYaIbHBIX YCIOBUI
7 |i=
1lt=0 E
1 | _ =1V = T'HX‘H
1¢lt=0
[ar 5.

Vz = Z Yu(B)X,

I[J'I?I BBITIOJIHCHHU A HYJICBBIX Ha9aJIbHBIX YCJ'IOBI/Iﬁ Ha T-?g

JOCTaTouyHo moTpedorats ¥,,(0) =1y, (0) = 0.

Hamaaue QyHkEH X, o0ecrie4HBaeT HyJIeBbIC YCIIOBHS Ha TpPaHUIIAX.
V, YAOBIETBOPSET YPAaBHEHUIO

Vs, =Q°V, + fx,t)

D @, | =@ ) nox, | +fao

tt '

D WX, =0 ) v+ fan)

> 0 — @) X = fG51)

f (x, t) packmanpBaeTcs B psj o X, (x)

fx,t) =3, f,(0)X,(x).
Torna 3amaya Komm Ha

]"'T{I - azcﬂ}{n = ﬁl(tj
n t :{ I
" (} }{n(ﬂ):}’(n(ﬂ):{j
U =uw + T:"j_ + vz

O 3apave LI.-JI.
Paccmotpum 6osiee ob1ryto cutyaruto:3anaqy 11.-JI cienyromiero Buaa:
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[ Xep +p(0)X, +qg(x)X=CX,0<x <
@ npa x = 0¥ x = [ 04HO M3 rPpaHHYHLIX YCIOBHH
IX(0)=0unu X(1) =0

HX'0)=0uwmX'(1)=0
L HI (X' + AX)|yzo =0 umunmpu X =1

[Mpenmonoxxum, uro X; u X; — perenne 3agaqn L1.-J1.

[Tycts X; — pellleHHe COOTEBeTCTEYIOLee KOHCTaHTe C = (;

X, — pemeHHe COOTBeTCTEBYHLee KOHCTaHTe C = (,, torgal * | =

Xi' +pX; +qX, = CGX,

X)) +pX, +qX, =CX,.

YMHOXHUM TIEpBOC ypaBHEHHE HA X, * elpdx o BTOpOE Ha X * el PAX i ppraTem
13 TIEPBOr'0 BTOPOE.

el Pax (XU X, — X' X))+ pel P(XIX, — X1X,) = (C, — C,)el P& X X,
HeBy}o qacThb MOXHO Hpe):[CTaBI/ITB KaK HpOI/I3B0)1Hy}O HpOI/ISBeJIeHI/I}I

(efpdx‘:X{XE - XEIX:L])J = (G- Cz)ef PR X

[Tpounterpupyem obe yactu paBeHcTBa ot 0 10 /

el P& (X1 (X, () — X5 (X, (D]]5 = (€ — Co) J’Iﬂf’“dxXin dt

el PELX 00X () = ()X, (D)~ [X1(0X, ©) — X (OX, (O]
=(C,—GC,) L el P X, X, dt

HPH JIH00BIX YVCIOBHAX HAa TPAHHIAX JT€BdAd H4CTh IIOJTYHEHHOI'O pPABEEHCTEA
PABHA HYJIHK, CJIe10BaATENLHO

f elpixy ¥ dt=0
o

Beeaem QpyHk1MIO el pax — p(x), KOTOpsI Ha3bIBaeTCs BeCOBOM PpyHKIUEH. B
pe3yJIbTaTe MBI MTONYIHIIH, 4TO QyHKIUH X; U X, SIBISIOTS OPTOrOHATBHBIMU B
HUHTErPaJbHOM CMBICIIE ¢ BecoM P (x).

®dynkumio V(x) MoxkHO paznoxkuts B psaj o pynkumsam X, (x). [peanonoxum,
YTO MBI HMEEM ITOJJ0OHOE Pa3JIOKEHUE

V(x) = Zaﬂxﬂ x).

n
VMHO)UM 00¢ yactu Ha X, (x) p(x)u mpommTerpupyem ot 0 1o /. Torga

I i
o VP X () = Ly, @ f pXn Xl
HNuterpansl B mpaBoil yacTu npu m # n paBHbl 0. OcTaercs TOJIBKO OJIHO Cia-
raeMoe npu m =n, OTKyJ1a
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f; V(x)pX,dx
" [y pXzdx

D10 obmras popmyra HaX0xKACHHS KOIPHUIIUSHTOB pa3IoKeHUus PyHKITUU

V() B psin mo Gpynxumsm X, (x) Ha otpeske [0;/].
[Ipumep B 0011IEM BUIE:

U = A% U, + g(x,1),0 < x <

Uli=p = Uy (X)

Ug|t=o = Uz (X)

u|x=ﬂ = U
Uy|,—; =0
U=V,+V,

— 2
Vj—tt =a Vj-xx

Vili=o = U1 ()
Vi lt=o = U (%)
Vll.?r::ﬂ = V:Lxlt:ﬂl =0
V; = T(x)X(x)
T"X = a’TX":a*TX
TH' B X”’ B C
a?T X
[:T" —a*CT =0
II..X"—CX=0
Vilp=o =T(x)X(0)=0=X(0)=0
Vil = T(OX0)=0=X (D=0
C>0:C=27A1=0)
X'—2X=0
k?— 2 =0k, =+A
X = C,ch(Ax) + C,sh(Ax)
X(0)=¢C,=0
X'(1)=2C,ch(AD)=0=(C, =0
X = O(ue unrepecyer)
C=10
X"=10
X=0x+0
X0)=0C=0
X'(1) =C, =0 = X = 0 (ue uarepecyer)
C<0C=-AUA1=0)

X"+2X=0

K2+ 22 = 0;ky, = +Ai

X = C; cos(Ax) + C, sin(Ax)
X(0)=C, =0

12



X’ (I]—JLC cosAl=0=

- cc:s}I,I={]
M=§—|—1m,ﬂ= 0,1,...,00
Tl
A=A, =?(E+H)Jn=0,oo

X(x) = E‘gsin Anx
X, (x)=sind,x =sin—

[
IIT:T” —QECT: 0
T"+a* 43T =0
k*+a*2, =0
ki, =Zxad,i
T.(t) = a, cos a;{nt + b, sin ad,t
vnT, (t]X (x) =

=
—_—
B | =
_I_
=
"

l—ZTX Z(a cosal, + b, sinad,t) sin ,x

W3 HayabHBIX YCIOBUM:
L==a)

o0

Vile=o = Z A, SinAd,x = u,(x) = Z ulﬂsinlﬂx
n=0 n=0
2 [* _
Uy, = TJ; u,(x)sin 4, x dx

o0

Viplimo = ) ab,2, sind,x = u,(x)

n=i
) L
ab, A, = —J' U, (x)sind, xdx

b, = ?f u, (x) smlﬂx dx = V,Haiineno

v, = Z’Vn(ﬂ (x) = Z}fﬂ[t] sin A, x
Yn ‘:G} = ]’{n({]] =0
flxt) = Zﬁl(t] sin A, x

L) = ff(:lr: t)sin X, xdx

{ "+ a’ By = fu (0

Y@ =@ =0 = (0=

13



[Tpumep 1(KOHKpPETHBIN):
U, = 4u,, —8t+tfcos3x,0<x<m
U|peg = Sin®x
Ug|gmg = X% + cos4dx

ux|x=ﬂ = ﬂ
uxlx:rr = ETEE
U =1

M:mx|x=0 =0
Wy | e = 2Tt = @ = X7t
u="V+x°t
Ve +0 =4(v,, + 2t) — 8t + t? cos 3x
Vie = 4V +t?cos3x
Ulemo = (V + x%t)| o = sin’x
Uglpg = (V + x%t),|p—p = X% + cos 4x
Vilizg = cosdx

Vie = 4V +t?cos3x
1 1

X =—— —cos2x

2
Vilt=g = cos4x
Vele=o =0
Vely=r =0
V = Vl + Vz

Vilezo = E_ECGS 2x

Vi, lt=o = cos4x
le|x=uzg
V1x|x=rr=':]

V, = T(O)X(x)

T"X =4TX":4TX
TH' B XH' B C
AT X

I;,T" —4CT =0

X'—-CX=0
1,1 X'"(0)=0
X'(m)=0
C>0:C=2#(1>0)
X'—2X=0
ki, =*x4
X = C;ch(ix) + Cysh(Ax)
X0)=6GA=0=( =0
X'(n) = C,Ash(Am) = 0 = C; = 0 = X = 0 (ue unTepecyer)



C=0X"=0

X=Cx+0C,
X'0)=C=0
X(m) =C, =0
X(x) = €, = 1 (IpoH3BOIBHO)
Xo=1
C<0:C=—2(>0)
X"+ 2X=0
ki, = xAi

X =€, cosAx + C, sin Ax
X'(0)=1,=0=C, =0

X'(0) = —AC,sinAr=0= 2 =0=>X=0
sinAmr =0
AT =1
l=;{m:?’1;ﬂ=1,—m
C=C,=—22 =—n?
X(x) =

Creosh,x(Ci=1)=
C=0=X,(x)=cosnx
C=-n*=X,=1
X,=cosnx,nz=z1=X,=cosnx,n=1,m
[;:T" —4CT =0
—n? =_’;|-Evn'= ]-Jm
T" +4n°T = 0
T" +422T =0
kis=t2ni
T.(t) =a,cos2nt + b, sin2nt
C=0
T" =10
T, =a,+ byt
Oo01iee pemerue Vy:

VI—ZTX —ZT cnsnx—TﬂXﬂ—l-ZTX

¢

= ay + byt + Z (a,, cos2nt + b, sin 2nt) cosnx

n=1

OnpenensieM @y, by,
[}

1 1
Vilg=p =y + a,, COs nx =§_§CGS 2%
n=1
1 1
a0=§;a2=—§;an={]n 1,3,45,..

15



Vilg=g = by + Z b, 2Zncosnx = cos4x

n=1

n=4pb2n=1

by==:b,=0n+4n=>10

=00 =

Vi(x,t) = = — —cos4tcos 2x + % sin 8t cos4x
Ve = 4V, _+t*cos3x

Vz|t=0 = 0

VEtlt:D =0

szlx:u =0

szl.x':rr =0
Leal

Vv, = Z ¥, (t) cos nx
n=0

P | =
[

y(0)=y'(m) =0
Y, =0n+3
Vs = Y3 (£)X;(x) = y5(£) cos 3x
{}’3!!"'4*32}’3 =t’
Y2(0) =7'(0)
T" +4n*T =0
Y2 =Vagm T72
V3 ome = C1 €086t + C; sin 6t
V2 = At*+Bt+C

}i=2ﬂf+f}
]"'3”:21:1
2A+4+=32(At* + bt +C) = t*
1
36A=1=4=—
~ 4736
E=0
2A+36C=0=C = °
VT M T T3e
—_ — 1 2
Vs = C; cnsﬁt—;—-ﬂ‘z smﬁt—i—%tz 3@
Ya(ﬂ)=fiﬁ=i=’cl=@
¥ (0)=6C,=0=C, =0
2

2 1
t) =-——cosbt+—t%——
(0 =35 36" 362

v, = E(cos 6t +18t%— 1) cos3x
u=w+lV, +7,

16



[Tpumep 2(3-e rpaHUYHOE YCTIOBUE):
U =9, 0=x <2

XX

u=T([t)X(x)
T"X =9TX" (:9TX)
T."." XH C
oT X
I.T" —9CT =0
X'"—CX=0
HXL X(0)=0
(2)—X'(2)=0
1 cayyait € > 0;C = 22(1 > 0)
X"—2X=0
X = C,ch(Ax) + C,sh(ix)
X(0)=¢C, =0
X(2) — X'(2) = C,sh(22) — AC,ch(22) = 0
Co(sh(22) — Ach(22)) =0 =

C,=0=X=0
sh(21) — Ach(21) = 0 (: ch(24)) =
th(21) =1

Hammace Touka (MOXHO TOCMOTpPETh Ipadudecku) A, yIoBIeTBOpsIONIas
ypaBuenuio th(24) = 4

X =0Csh(Ax)

C, = 1(camu)

X'(x)=sh(Xx) (th(2A" = 1")

C=(1)?

2anyqai:C=0=X"=0

X=0Cx+GC

X(0)=C =0
X2)-X(2)=2C-C,=C,=0=X=0
3cnyuait: C < 0;C = —A2(1>0)

X”+fj,_2X:{] .
X = (;cosAx + (; sin Ax
X(0)=¢C,=0

X(2)=X'(2)=C,sin24A—AC, cos 21 = 0

17



Otcrona 6o E; = 0, yTo NPUBOAUT K TPUBUAIIBHOMY PELIEHUI0, KOTOPOE HAC
He uHTEepecyeT, oo sin 24 — A cos 24 = 0. [TogenuB Ha KOCHHYC, ITOTYIUM
cleyIolee ypaBHEHHE

tg2i=A
['padprueckn MOXKHO TMOKa3aTh, YTO ITO ypaBHEHHE UMEET OECKOHEYHOE YMCIIO
pelieHuii, KOTOpble HeNb3sl HAWTH aHAIMTUYECKU. MBI X MPOCTO 0003HAYaeM
A, 1 manee paboraeM ¢ 3TUM OYKBCHHBIM 0003HAYCHUCM.

Takum oOpazom:
X =0Csind, x
C; =1 (camu)

X, (x)=sin,x

Janee pemraem ypaBHeHUE OTHOCUTENbHO QyHKIUK T(t)
Hna C = (17)?

T" —9(X)’T=10

T = a*ch(3A*t) + b*sh(3A"t)

Ans € = —15;
T" +9A2T =0
T,=a,cos3A,t+ b, sin34,t

u=TX +Zrﬂxﬂ
= (a’ch(BX°t) + b*sh(32°t) )sh(x'x)

+ Z[an cos 34,t+ b, sin3A,t)sind, x
n=1

Up|sep = 327 D"sh"(Ax) +Z 3A,b, sind,x =0=b"=h, =0

. n=1
U|ieq = a*sh(Ax) +Z @, sind,x = x
n=1

: f; xo(x)X, dx

B f; p(x) X2dx
X'"+px)X +qgX =—-CX
p = 0 B HalleM cay4ae

n

BecoBas ¢pynkuus (Bec) p = el pix =1
2 .
fu x sinA, x dx
" f;sinzlﬂxdx
J.z_ P IJ’EEI 232 1( 1_2 )E
sin A, xdx == —c0s24,x)dx=—-|x ———sin24,x
sindyrdi = | A =5 (v —5osin2hx) B
2sin2A, cos 4, 1

1
=1—msin3,1n=1— v 1—§ms?21ﬂ

18



2 1 @ X 1
X sin Xdﬂc:——f xd cos x=—(ﬂ:cos X ——sin x) 2
fo n o | xacos, it = sin 2, )

= _l_im 2,1?1+%isin 24, = [sin24,, — 4, cos 21, = 0]

= —%cns 24,

—i cos2A4,

Ay

1— %cc-s2 22,
AHaJIOTUYHO MOKHO HAWTH
1 .
[ xsh(xydx  =ch(2X)
E =
J, sh*(rxydx 1 — % ch? (227)
Tenepb MOXKHO HaIKCATh OTBET:

u = (a"ch(3x°t))sh(X x) + Z (a, cos3A,t)sind, x

3.
IIpumep 1isl pe30HAHCHOTO CJIy4as.

Au=r’sin5p, 2<r<3
r=2:4

u

u|r:3 =sing
Ecnu uckath penieHne Tak ke, Kak B MPEAbLIYIIEM IPUMEPE, TO MOTyIUTCS
CIIe/TyIoIIIee:
u,=m=Ar"sin5¢p A= const
JInst 9ToM QyHKIMH NOTpeOyeM BBIIOJIIHCHUE YPaBHEHHS
I U
Ao=0,+—-0,+—50,
r r
Toraa noxyunm
Aa (o0 —1)r*?sin5¢ + Aor®?sin5¢ — 254r“ > sin2¢ =’ sin 5¢

3 .
o =17 8I5¢ (2)

Jlanee, cokpaTuB Ha sinS¢p nMeeM
Ar* 7 (a® =25)=7r".

Otkyma r* > =r

o—2=3

o=35.

COKpaTHB Ha 7> TIONydaeM

A(a® =25)=0-4=1

EctecTBeHHO, 4TO MOJIy4EHHOE COOTHOIIIEHWE HE UMEET CMbIciia. To ecTh 3Ha-
YeHHSI A HE CYIIECTBYET.
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Ho 310 HE 03HavaeT, 4To 3a7a4a He pemaercs. ENMHCTBEHHBIN BBIBOJA, KOTOPBIN

OTCI0Ja CleyeT, uTo pemenne © HYKHO MCKATh B IPYroM BHIE.

[IpocTo MbI cunTanu, 4To A KOHCTaHTa. B pe3ynbraTe MOJIyYuin, 4To TaKou
KOHCTaHTBI HE CYILIECTBYET.

3HAYUT UIIEM TENEPb PEUICHUE B BUE

u, =m=A(r)r*sin5¢

HaitneHHOe 3HaUueHUE @ =5 HUCIOIB3YEM, TO €CCTh
u,=w=A(r)r’sin5¢

OcTaeTcs onpeaenuTh QyHKIHIO A(r).

BhI4ucIIsieM IPOU3BOIHEBIE

o, = A'(r)r’sin5¢ + 5A4(r)r* sin 5¢

o, = A"(r)r’sin5¢ +104'(r)r* sin 5¢ + 20 A(r)r’ sin 5¢
@,, = ~25A(r)r’ sin5¢

U TIOJICTaBJIIEM BCE B ypaBHEHUE (2).

A"(r)r’sin5¢ +10A4'(r)r* sin 5¢ + 20 A(r)r’ sin 5¢ +

+1(A'(r)r5 sin5¢ + 5A(r)r* sin5¢) — %2514(1”)1’5 sin5¢ =’ sin 5¢
r r

CokpaTuB Ha Sin5¢Q u ¥’ TONTy4uM

A"(r)r* +104'(r)r + 20A4(r)r + (A'(r)r +54(r)) = 254(r) =1

wm A"(r)r’ +114'(r)r =1

YtoObI MPOMHTETPUPOBATH 3TO YPABHEHHUE JOMHOKHM 00€ €ro 4acTH Ha r9-

" 11 ’ 10 9
Torxa A"(r)r +11A4'(r)r” =7 u JIeByI0 4aCTh MOYKHO CBEPHYTb KaK IPOU3-

BOJHYIO ITPOU3BEICHHS
(A'(r)r“)' =7

HNuterpupyem
10

Ay =[rdr="—+C,.
(ryr J.r r 0 |

Tak Kak Mbl XOTUM HalTH XOTh KaKOe-HUOYIb PELIEHUE, TO CaMblil MPOCTOM
croco0 B35Th KOHCTAHTY KaK MOHO IPOIIIE.

A nmenHo 6epeMm C, =0. Torna, cokpatus Ha ' momydnm

1 1
A(r)y=—-—.
") 10 »

Emie pa3 unrerpupyeM u nojiygaem
1
Ar)y=—-Inr+C,.
=7 2
OmAts ke U npocToTsl Buaa GpyHkumuu A(r) 6epem C, =0 u Toraa nomyyaem

1
A(r)=—"+Inr, oTkyma
(r) 0 ya
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u, == A(r)r’sin5¢ :%-rs Inr-sinSp

Jlanee nencTByeM Takke, KaK U B MPEIbIAYLIEM IIPUMEPE:
UIIEM PELICHNE UCXOAHOM 3a/1a4i B BUJIE

U=v+o.
DOyHKIMSA VSIBISIETCS PELUICHUEM CIICAYIOIIECH 3aa4n
Av=0, 2<r<3
1 .
Vi, =U| —oo|_2 =4——2"In2-sin5¢
= = 10
= =Sl ! 3’In3-sin5
V|, =uU|_, 0| —smgo—ﬁ n3-sinS¢

Jlanee Bocmonb3yemcs TeM, 4To oOliee penieHue ypapHeHus Jlamnaca st
KOJIbIIA YK€ MOIYYEHO

v(r,p)=A4,Inr+ B, + i(Anr” +C " )cosngo +
n=l1
+(Bnr” +Dr™" )sin ne
Niem ko3¢ durimentsl. OHU HaXOAATCS U3 CICAYIOMMNX CUCTEM:
A,/ In2+B,=4

A4yIn3+B,=0
B2+D2"'=0
B3+D3" =1

B2+ D2 =—L2%1n2
10

&§+D§4=7%§m3
CHcTeMbl MOKHO PEIIUTh U HAWTH 3HaUYCHHS KOO PHUITHICHTOB.
Hanesich, 9T0o KaXkapli U3 Bac MOJO0HBIE CHCTEMBI MOXKET PEIIUTh M TIOCKOJIBKY
BBIpaXKEHUS JIJ1s1 KO3(PHUIIMEHTOB MOTYUYaTCs I0CTaTOYHO IIOXHUE, TO MPU pe-
IIEHUHU MOJOOHBIX 3a/1a4 KOHTPOJIBHOM U 3a4eTa I0CTaTOYHO OyJeT 3amucaTh
CHUCTEMBI JIJIsl HaxX0XXAeHUs Kod(phULMeHToB, He pettas uX. To ecTh TO, 4TO yxkKe
y Hac HanucaHo. VI y4uThIBas, 4TO BCe OCTalbHbIE KOA(DPUIIUECHTHI PAaBHBI HY-
JI0, 3aMUCHIBAEM PE3YJIbTAT.
Pemenne ncxoaHoi 3a1aumn
u=v+w=A4,Inr+B; +

+(Blr + D! )sin(p + (Bsr5 + D™ )sin 5¢ + %rS Inr-sin5¢

Ha xoHTpoapHOI 3a/1a4a OyAeT coepIKaTh JiBa cllaraéMbIX B IPAaBOM YacTH, Ha-
MpUMeED:
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Au=rsin2¢p +7r’sin5¢p, 2<r<3
u|r=2 =sin3¢

u|r=3 =COS(

OpnHo cnaraemoe -- pe30HaHCHBIN ClIy4al, a APyroe -- He PE30HAHCHBIN.
CootBeTcTBeHHO GQYHKIIUA @ OyAET MPeACTaBIsATh COOOH /IBa ClIaraeMbIX.
® = o, + ®,, KOKJ0€ U3 KOTOPbIX UIIETCSA OTAENbHO. ONHO A ypaBHEHUS

1 1 ,
Ao, =(w),, + ;(a)l)r + ,,_2(wl)<p<p =rsin2¢p

Ipyroe AJjis ypaBHEHUs

| 1 :
Aw, =(0,), +—(0,), + = (®,) =rsin5¢.
r r

op

COOTBETCTBEHHO (», HAXOAUTCS KaK B IPUMEPE MPEAbIIYIIEH JIEKIIUY, a (, KaK

B HACTOSIIIEM MPUMEpE.
Jlanee Tak ke Kak B 000MX MpUMepax padoTtaem ¢ PyHKIUEH @ .

Uto Kacaercs 3aja4 B Kpyre ¥ BHEIIHOCTH Kpyra, TO Ha KOHTPOJIBHOM uX HE Oy-
JIeT, HO MOTYT TIOTIacThCsl Ha 3auete. Ha nmpakTuke 1t TpeHUPOBKHU OYyIET He-
CKOJIBKO MPUMEPOB C HEPE3OHAHCHBIM cliydaeM. [[puHIum peneHus Takou xe,
KaK Y JUIsl KOJIblIa: ¢ MOMOIIbIo (DyHKIIMK @ ypaBHeHHe [lyaccoHa cBoauTcs K
peleHno ypaBHeHus Jlamaca, 1711 KOTOporo BUJl OOIIETO pelieHus yKe Hak-
neH. U octaercs TOAbKO onpeaeanTh Kod(PUIMEHTHI U 3alicaTh OTBET.

YpasHenue Jlamaca:
Au=0 ¢ Q

Ypasuenue Ilyaccona:
Auz—f(x,t) 6 Q2
[Tmroc rpaHUYHBIE YCIIOBHSL.
Eciau Ha rpanmie o0yacTu 3a4aHO 3HAYCHHUE (I)YHKHI/IHZM‘ o = U (X) TO 3aJada

uMenyercs 3anaued {upuxie nns ypaBaenus Jlamnaca (Iyaccona)
Ecnu nHa rpanune oOnacTu 3ajlaHa MPOW3BOJHAS MO HOPMAIM K TPAHMIIC:

ou
on |,
naca (ITyaccona).

Ecnu Ha rpaniie 3agaHo 3-e TpaHUYHOE YCJIOBHE, TO 33aj]a4a HE UMEET CBOETO Ha-
3BaHUA.

Pemenue mo00ii u3 3anau g ypaBHeHus [lyaccona MOKHO NpeIcTaBUTh B BU-
1€ cyMMbl (DYHKLMIA: TIepBasi U3 KOTOPBIX SBISETCS PEUICHUEM COOTBETCTBYIO-

=U, (x ) , TO 3a71a4a Ha3bIBaeTcs 3anadeit Heitmana mist ypaBHenus Jlan-
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nieil 3agaun A ypaBHenus Jlammaca, a Bropas peuienueM ypaBHeHus Ilyacco-
Ha C HYJIEBBIM COOTBETCTBYIOIIUM YCIOBHEM Ha TpaHuUIle 00JIacTH.
Ho peanbHO ymoOHee ykas3biBaeTCsi pemiath ypaBHeHue llyaccoHa HECKIIBKO

MIOAPYTOMY.

Wnest cocTouT B TOM, UTO Hailisg Kakoe-HUOYAb penienue ypaBuenus [lyaccona
(0 MO>HO CBECTH pelleHue ypaBHeHus llyaccoHa k pemienuro ypaBHeHus Jlar-
jaca.

Ecmn  pemas ypaBHenme Au=—f (x,t ) MBI HalileM HeKylo (yHKIU-
}OTAw=—f(x,l‘), TO mpeAcTaBuB U =V + @ mnomydum, uro Av=0. I'pa-

HUYHBIEC YCIIOBUS HAa HOBYIO HEM3BECTHYIO (DYHKIMIO V = (0 —U MO>XHO HaWTH,
MOCKOJIbKY (DYHKIIMSI () M3BECTHA, & TPAHUYHBIE YCIOBUS HAa (QYHKLIHIO U MOXK-
HO B35Th U3 YCJIOBHS 3aJ1a4u.

Crnenyer OTMETUTBH, UTO MOJYyUYEHHUE 00ILETo penieHus: ypaBHenus Jlamnaca Hu-
KAaK HE CBSI3aHO C YCJIOBUSAMU Ha TPAHULE.

VYpasuenue Jlannaca 1t Kpyra, KOJapla U BHEIITHOCTH KpyTa.

Bo Bcex ciyyasx OyaeM paccMaTpHBaTh PELICHHS TaAKHE, YTO ‘u(xx <M - orpa-

HHY.

Koubno: Ilepexoaum K MoJIsIpHbIM KOOPAUHATAM:

1 1
Au=u, +—u, +—u, =0
r r
urzR] :ul (QD)
ursz :Mz ((p)
HNiem pemieHne B BUAE:
u=R(r)(p)
R"® + lR'CI) + LZRCD" =0 /®R
r r
2 " 1 '
r (R +RJ )
r __ 2 _ 22
R O

u(r,(p): u(r,(p + 271)
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LO"+ 1’0 =0, O(p+21)=D(p)

A=n,n=0,0

@ (¢)=C, cosnp +C,sinng

IIpu n=0 umeem oaro pemenne O (¢@)=1, mpu n>1 numeercs j1Ba He3aBu-
CHUMBIX pelleHuUs

O (p)=cosng

O (¢)=sinng

OO6iee perreHre Ipu 3TOM OyIeT UMETh BUJT

@, (¢)=A4,cosnp + B, sinng

II. ’R"+rR' — A’R =0 -- ypaBHeHue Diinepa
A=0 rR"+R'=0,R' =y

1
Q:—£:>y:Cl—:>R:Cllnr+C2
y r r

JIBa He3aBUCUMBIX pemieHus R =Inr, R, =1

[Ipu A =n umem pemenue B Buae R=r".

a(a-1)r"+ar® —n’r* =0

Coxpamas 7*nomnydaeM a’ =n’,a =+n, TO eCTh UMEEM JIBA HE3aBUCHUMBIX
pelieHus

_.n
Ry =1", Ry,

OO6miee perieHre noTy4aeTcs Kak JUHEeHass KOMOMHAIMS STUX HEe3aBUCUMBIX
pelIeHun

R =C,r"+C,r"

Hrak umeem

(OR (q)) = A, cosng+ B sinng npu n =1

(I)O((p):AO pu n=0

R (r) =C, " +C,r",nz1

n=0 R,(r)=C,lnr+C,,

COOTBETCTBEHHO NIPU K&KIOM 71 TOJy4aeM petuenue u, (r,¢).
uy(r,9) =@, R, =CyInr+C,, = 4, Inr+ B,

[Ipn n>1

u, (r,¢)=(4,cosnp + B, sinng)r" +(C,cosnp + D, sinng)r™".

=r ",

OO6miee pelrieHrue UMeeT BT

u(r,p)= iun (r,9)=4,Inr+ B, + i:(A,1 cosng + B, sinng " +

n=0 n=l

+(C, cosng + D, sinng)r™"
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MoxHO 3anmcaTth UHAUE

0
u(r,p)=4,Inr+ B, + Z(Anr” +C " )cosngo +

n=l1 (1)
+(Bnr” +Dr™" )sin 0
ITo cyTtu -- 0HO U TO *e. CMBICI B TOM, YTO PaCKPBIB CKOOKU MBI OJIyYHM U B
TOM , U B IPyrOM JHHEHHYI0 KOMOWHAIIUIO IIPOU3BEACHUH HE3aBHCHMBIX pelle-

Huit @ u R. OxHa u apyras ¢opMma 3armmcH CBsi3aHbl TOJIBKO CO CIIOCOOOM
TPYNIUPOBKH CJIATa€MBbIX.

3anaua [{upuxie nis ypaBHeHus Jlannaca B KOJIbIIE.

Au=0, R <r<R,

1 1
Au=u, +;ur +7uw =0
ur:Rl :ul ((p)
— KOJIbYO
u r=R, :u2 ((p)

Jliis xosib1ia:

x =B/InR + 4, +iR1”(An cosng + B, sinng) +

n=1

+R"(C, cosnp + D, sinng) =u,(¢)

ul

r=

ul,_

R, =B,InR, + 4, +iR§(An cosng + B, sinnq))+

n=1
+R," (C,cosng + D, sinng) =u, (@)
Ecnu BcnoMHUTH pa3noxeHue GyHKIUU HA OTpe3ke [—;7 ]| B psiag Dypbe

flo)=u(p)=
:%fo(c) +i(fn(c) cos np +fn(s) sinngo) :%+ i(an cosng +b, sinng),
n=l1 n=1

TO JJIs1 HAXOXKJAEHUS KO (PHUIIMEHTOB UCTIOIB3YIOTS U3BECTHBIE (hOPMYJIbI
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o 17
A =;If(<p)cosn<pd<p

(S):l7r : d
S = _fﬂf((p)smmp @

AHQJIOTUYHO U HA IPYTOW TpaHuUlIe

,ES) sin ngo)

L o, N
g(@)=u,(p) =5g§ '+ (g\) cosnp+ g
n=l1
Kosdumuentsr 4,,B,,C,, D, HaX0IUM U3 CHCTEM, IIPUYEM IIPH 3TOM yJ00HEE
UCII0JIb30BaTh pemieHue B popme (1)

VO£ =B,InR + 4,

n
% g(()c):BolnRz + 4,
S =R4,+R"C,

gl(’lc) = R; An + R2_n Cn
1, =R'B,+R"D,

n
(S) _ n —-n
gn _R2Bn+R2 Dn
Haiins xoaddurments 3anuceiBaeM pemieHue B Buje (1) ¢ HaliicHHBIMA KOH-

KPETHBIMHU KO3 (HULIUEHTAMH.
B o0mieM ciydae nostydaem perieHue B Buze psiaa (1)

u(r,p)=4,Inr+ B, + i(Anr” + Cnr‘”)cosngo +

n=l1

+(Bnr” +Dr™" )sin 0

s xkpyra:
Au=0, r<R,

u|r=R2 = Uy (QD)

Pemenune miig kpyra MOXKHO IOJYYUTh U3 PELICHUS ISl KOJIbIA, YCTPEMUB
MEHBIIIUN PaNyC KOJbIIA K HYJIIO U YYUTHIBAs, UTO PEUICHUE JOHKHO OBITH OT-
paHUYEHO.

IIpu R, — 0B 0011eM perIeHuu UIsl KOJblia UMEIOTS CaraeMble, CTpeMsLIecs

K 0€CKOHEYHOCTH. B CrITy OrpaHUYEHHOCTH PEIICHHS 3TH ClIaracéMbIe JOJDKHBI
UCYC3HYTh.

A BO3MOJKHO 3TO TOJIBKO B CITydae, €CJIM 3THX CJIaraéMbIX B PEIICHUHU IIPOCTO HE
OyJIer, TO €CTh

B,=C =D, =0.
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Torna obuiee pemenue ypapuenus Jlamnaca g Kpyra npuMeT cieayomun
BUJL:

u(r,p)=4,+ ir” (A4, cosng + B, sinng)
n=l1

u| . =uy=f(@)=4,+ iR;(An cosng + B sinng) =

n=1

- %fo(c) + Z(fn(c) cosng + fn(S) sinnqo) =
n=l1

r=R,

n: n
RZ

BHemHocTs Kpyra.

Au=0, r>R

u|r:R] - T/lo (QD) :

AHQJIOTUYHO PEIICHHIO ISl KpyTa PellIeHHe /111 BHEITHOCTH KpyTra MOTy4rM

yCTpemJisist OOJIBIINUNA PaANyC KOJbIla K 0ECKOHEYHOCTH.
COOTBETCTBEHHO IIPU R, —> 00 B 00IIEM PELIEHNH A7 KOJIblia OyIyT cilaraeMble

cTpeMsIuecs: K 0ECKOHEYHOCTH. B crily OrpaHH4eHHOCTH pELIeHHs] OHU J1O0JIK-
HbI HCUE3HYTh. ITO IIPOU30UJIET, €CIIN ATUX cllaraeMbIx He OyaeT. To ecTh
B,=4 =B =0
Y pelIeHue JUIsl BHEITHHOCTU Kpyra OyJeT BBITTISAETh CIEAYIOIHUM 00pa3oM

0
u(r,p)=4,+ > r"(C,cosnp+D,sinng)

n=1

COOTBETCTBEHHO

f(QD) =4, + in”(Cn cosng + D, sinng) =

n=l1

= %fo(") + i(fn(c) cosng + fn(s) sinnq))
n=1

u |r:R1 - uo

1 c n c n
AO :Ef()( )’ Cn :Rl f;z( )’ Dn :Rl fn(S)

[Ipumep pemeHus 3a1aun
Au=rsin2p, 2<r<3

u|r:2 =sin 3¢
u|r:3 =COS(
Haitnem yactHoe pemenue ypasHenus [lyaccona.

1 1 :
Au=u, +;ur +r—2uw =rsin2¢
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W13 cTpykTyps! oneparopa Jlamiaca B HOJIAPHBIX KOOpAUHATAX CIELYET, YTO 3TO

peleHre MOKHO UCKaTh B BHJIE
— — o 1

u,=w=Ar"sin2e.

IToxcraBuB 310 BhIpaXkeHue B ypaBHeHue [lyaccoHa noiryyum

Aa(a —1D)r*?sin2¢ + Aar®* sin2¢p — 4 Ar®* > sin 2¢ = rsin 2¢p

Jajiee, COKpaTUB Ha Sin2¢ MOIyIuM

LA (a4 =r.

Otkyma r* > =r

a—-2=1

o=3.

Taxum obpazom A(a’ —4)=A(3*-4)=1u A= %

3HauuT © = %ﬁ sin2¢.

Jlanee uiieM pereHne uCXOAHOM 3aa4u B BUJIE
U=v+o.

OyHKIUA V SIBISIETCA PEIICHUEM CIEAYIOLIEH 3a/1aun
Av=0, 2<r<3

: : I 5.
V._, =sIn3¢ — a)|r:2 =sin3¢p — 523 sin 2¢

I, .
V|, =cosp—w|  =cosp- 533 sin 2¢
OO61uee penenue ypasHeHus Jlammaca s KOJbIa yske T0Iy4eHo

v(r,p)=A4,Inr+ B, + i(Anr” +Cr™" )coano +
n=l

+(Bnr” +Dr™ )sin ne

Ocraetcst HaiiTu kKoddduirieHTsl. OHU HAUAYTCS U3 CIEIYIONTUX CUCTEM

B2’ + D27 =1
B3+ D37 =0
A2+C27"'=0
A43+C3" =1

Bce octanbHbie KO3(DPUITMEHTHI paBHBI HYJIIO.
Pemenne ncxoanoi 3a1auu
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u=u(r,p)= (Alr + CIV_I)COS(p +

+(Bzr2 +D,r ) sin2¢@ + (B3r3 + D™ )sin 3p+ %iﬁ sin2¢

5.
YpaBHenue Jlamiiaca B miapoBoM cJioe ISl CJIydasi paauajibHOM CHMMeT-

puu.

YpaBHeHueM Jlamiaca Ha3bIBACTCS YPABHEHUE

Au=0,
u:u(r); R <r<R,
U, p = - =4 = on r=R,
a) 6) Onl,_p, 8) ou 2)
u|r=R = _ B - = B au _ B
: u r=R, - 8}1 r=R % R, -

r
vV=u,
1% +gv=0
r
ﬂ=—%a’r
% r
1n|v|:—21n|r|+C1
C C
v=—>u=—+C,
r r

OTcroa BUJHO, UTO BBITIOJIHEHUE YCIOBUSA (2) HEBO3MOKHO.

[Ipumepsr:

u| = C
) [ u=-—+C,

u| =3 r

r=2
C1+C2:2 C __2 2

1

. >u=——+4

_+C2:3 C2:4 7
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~— = ou ou C
6) on|,, 52_5:75
u|r:2:3
C
T =2 =2
C :>C _ 5 >u=—+2
_1+C2:3 2 =
2
ur—lz
ool w_aw_ G
M3 m o
on|._,
CGr&=2 ¢ =-1 12
-G —Su=——+14
T—3 C2=14 4
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