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I'naBa 1. MaTrpuibl, onpeaejauTeJu U CUCTEMbI JJUHEHHBIX
ajireOpanvyecKuX ypaBHeHUl

Anre0Opa MaTpull U CUCTEM JIMHEWHBIX YpaBHEHUH MPECTABISET COO0M OJIUH U3
OCHOBHBIX HHCTPYMEHTOB MAaTEMaTUKHU, TPUMEHSIONIMIICS B  I0JABIISAIONIEM
OOJNBIIMHCTBE TPUKIATHBIX 3a7a4, TJe JACHCTBYIOT JIMHEWHbIE 3aKOHOMEPHOCTH.
Oco0eHHO BaKHBIM SIBIISIETCA annapaTr MaTPUYHOTO UCUUCIICHUS B KBAHTOBOM (PU3HKE,
COCTAaBJISIIOLIEH TEOPETUUECKYIO 0a3y COBpeMEHHON (DU3UKU MUKPO- U HAHOCTPYKTYP.

1. Matpurbl

Martpuneit A Ha3bIBaeTCs NPSIMOYTOJibHAs TabiuIa, 3JEMEHTaMH KOTOPOM
MOTYT OBITh BEIIECTBEHHBIE WJIM KOMILIEKCHBIE uncia. Ecan A coctout u3 M cTpox
u N cron0uoB, roBopsAT O MaTpUlle NOpsAAKa MxN, D3IEMEHThl KOTOPOM

0003HaYaI0TCS aij, rme 1=1Km u j=1Kn. Marpumer ¢ paBHbIM umciIoM

CTPOK M CTOJIOIIOB M =N Ha3BIBAIOT KBaJpaTHBIMU MaTpuilamu mopsaka N. Cremom

KBaI[paTHOfI MaTpuibl HA3bIBACTCA CyMMaA ee JUaroHaJIbHbIX  JJICMCHTOB,
n

o6o3nayaemas kak tr(A) = Za" .

OHepaHI/IH C MaTpuaMu OIIPCACIIAIOTCA 4YCpPC3 OIICpaluHu C UX IJICMCHTAMM.

TpancnoHupoBaHUE MATPHUIIBI, MITH 3aMEHA MECTaMHU CTPOK M CTOJIOIOB: (AT ) =d i
1

. YMHOKEHHE MAaTpHULbl HA YHUCIIO ONpeNeIIIeT HOBYK0 MaTpPHUILY (OLA)U- =0a;;.
CrnoxxeHre AByX MaTpHl] BO3MOKHO JIMIIb JUISi MaTpPHIl OJMHAKOBOIO IOPsJIKa, B

pesynbTare (A + B)ij =a; + bij . [IpousBeneHne onpeaeneHo st AByX MaTPHIl C

nopAIKaMl M XN U N x P, T.€. YUCJIO CTOJIOLOB MEPBOTO COMHOKUTENS PABHO YUCITY
n

CTPOK BTOPOTO COMHOXHTEJIS, a DJIEMEHT IPOU3BEIACHUS €CTh (A' B)ij = ;aikbkj :

Orcroma  MOXHO ONPEAECTUTD N-ro CTEIICHb KBaJIpaTHOM MAaTPUIIbI

A" =A-A-K-: A xak N-xpatHoe ymHOXKeHHE MAaTpUIbl Ha ceOs. [T pasimuuHbIX
matpui A m B mpm Bo3moxHocTH Berumcienns AB um BA B ob6mem cmyuae

AB # BA. Bemmumna [AB]= AB — BA Haswisactcs kommyratopom Matpuir A

B. Martpums, mist xoropsix [AB] = 0, naswBaror kommyTupyromumu. Tak, Bcerma

KOMMYTHUPYIOT MEXAYy cOOOil 1Be AMaroHajgbHbIe KBAJIpaTHBIE MATPHUIBl OJIHOTO
nopsanka. [Ipu ucnons3oBanuu psga Teinopa muist GyHKIUNA BO3MOKHO BBIYHCIICHUE
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(YHKIMI OT KBaJpAaTHBIX MATPHIL] YEPE3 COOTBETCTBYIOIME JTMHENHBIE KOMOMHALINH,
obOpazyromye psi.

HekoTtopsie BuIbl MaTpull HUMEET CBOE COOCTBEHHOE OOO3HAYCHHE WH3-3a
0COOEHHOCTEN B CTPYKTYpE PACIIOJIOKEHHUSI CBOMX AJIEMEHTOB. /(naroHanbHas



MaTpua UMECT HCHYJICBBIC JJICMCHTHLI JIMIIb Ha rJIaBHOU AuaroHajiv, I103TOMY

i :7\~i, a BCce OCTAlbHbIC dJIEMEHTH paBHbl Hymo. Ecmu Bce Aj =1 10 A

ABJIACTCS €IMHUYHON MaTpuued E mopsnaka N ¢ snemeHTamu Eij :8ij, rie 5ij -

cumBon Kponekepa. CHMMeTpHYHAS MaTpHUIa 001a1aeT CBoicTBOM &; i~ a ji» @ s

aHTHCHMMETPHYHON MaTpuipl, HaobopoT, &; =—&;i. B ciyyae KOMILUIEKCHBIX

+
QJICMCHTOB BBOJUTCA OIICpallvd O3SPMHTOBOIO COIIPSIKCHHA A , codcTaromasn

: _
TPAHCIIOHUPOBAHUE W KOMIUIEKCHOE COIIPSKEHUE: d ). =ad., rme 4epra
ij ji

0003HaYaeT KOMIUIEKCHOE CompsbKkeHue. Martpuilpl, o00iamaronme CBOMCTBOM

+
A — A, HAa3bIBAIOTCA OSPMHUTOBLIMH. 3aM€THM, qTO JHUAaroHaJIbHBIC JJICMCHTHI

SPMUTOBOM MaTPUIbI BCET1a BEIIECTBEHHBI, a KJIIACC CHMMETPUYHBIX MAaTPHLL SIBISAETCA
ITOAMHOKECTBOM YPMHUTOBBIX MATPHUIL C BEHIECTBEHHBIMU dJIeMeHTaMu. 1o ananorun
C aHTUCUMMETPUYHOM MATPULEH BBOIATCS AHTUIPMHUTOBBI MATPHIIBL,

o6nanaroume ceoiicteom &ij = —dji.

[Tpumep 1. Beruncnuth mpousBefieHUE MaTpull AB = H]_ OH
1

Pemenne. JlaHHbIe MaTpuibl HMEIOT mopsakd 1X2 um 2X 2, mostomy mux
npomsBegenne ectb Marpuna C  mopsiaka 1X 2. BbluucanM €€  DIeMEHTHI:

c,=a,b,+a,b,=11+0-1=1, Cp = b, +ab, =1.1+0-1=1,

CJIICO0BATCIJIbHO, C = Hl 1”

[Ipumep 2. BbluvciuTh 3HAYE€HHWE  MHOTOYJIEHA f(A) UL MaTpULBI

-1 4 3
A—|l—2 5 3| €cm f(x)=x%-x.
2 -4 -2



Pemenne.  Pa3nokum  BHavalle  MHOTOWIEH HAa  MHOXUTENM,  3alKCcaB
2
f (X) =X°—X=X(X—1). Jdns marpuunoro aprymenra 95To O3HAYaeT, 4YTO

f(A) = A(A— E), rne E- enunuumas Matpuia cOOTBETCTBYIOMIETO IOPSIIKA.
[oncraBue Matpuiy A, [aHHYI0O B YCIOBHH, TOIy4HM OKOHYATEIHHO

-1 4 3|-2 4 3| |0 00
f(A)=A(A-E)=|-2 5 3|-2 4 3|=
2 -4 =22 -4 -3

o O
o O
()]



3az[aq1/1 I CAMOCTOATCIIBHOTO PCIICHUA.

1.1. BeIYucauTh TMHEHHYI0 KOMOMHAIIUIO MATPHIL;

2l o
nd 2 2 o
- —4 2) 2|2 -3[5
1 3 0
1 |6
: 00
3)3 +i 2 2 111 1 o11
1| 3 0100 0111

1.2. 1) MoxHO 11 yMHOXHUTB cTpoKy mmHbl 1 Ha cronGern BeicoTsr N ?

2) MOKHO JIM YMHOKHUTB CTOI0€EL BEICOTHI N Ha cTpoky amuabl M7?

+

1.3. BeraucauTs mpou3BeICHHE MATPHII, €CIIA OHO OTIPECIICHO:

)2 -3 ;1 : 30 3) i
1 1
1 a bl B 1 2 2
41 0 5 6
)| HH1 }” )C dmv 5” )3 4””1 2””1”

7)

2 2 2

1.4. Beruuciuts N -1o crenens maTpui:

. 111 ) M 0
1) H j:” 2) 00 3) H H 4) @) , Ai— uncna
1 1 -1

0 0O 0 An
5 |1 6) C(-JS([) —sing |
0 SIng  COS®
1 ¢
n
15. Haiirgr 1M 1

noool| O , TAC O - BEIICCTBCHHOC YHUCJIO.

n



1.6. [IpoBepuTh, SBISIOTCS JIM JAHHBIE MATPHUILIBI SPMUTOBBIMHU:

1 9 1+i O 1 1 0 1+1i
1) H2 ZH )| 0 1+i -1| 3|0 1 —1-2i
1 -1 2-i 1-i -1+2i 2



1 €° e
4) e_i(P 2 0
_jge 0 3

, TAC — BCIICCTBCHHOC 4YUCIIO.

1.7. Haiitu 3Hauenue mHorowiena f(X) ot marpuipr A:

1 1
1) f(x)=x2-2x+1, A:HO i” 2) f(x)=x2-2x+1, A=Hl i”

1 -2 3
3) f(x)=3x?-2x+5, A=|2 -4 1
3 -5 2

1.8. Beraucants Matpuny P = E — (ei - ek)(ei —e )T ,Tae €;— i-if cronber

k
CAMHUIHON MaTpHIlbI E .

1.9. BeisicHuTh, KOT/Ia CIIpaBeJIMBBl MAaTPUUHBIC TOXKISCTBA ISl ABYX KBaJpaTHBIX
Matpuil A u B ogmnakoBoro nopsiika, E— equHnuHas MaTpuia:

1) (A+B)*=A2+2AB+B?> 2)(A+B)(A-B)=(A-B)(A+B)
3) A-B>=(A+B)(A-B) 4) (A+E)’=A®+3A? +3A+E

1.10. JlokasaTh, 4TO M ABYX KBaapaTHBIX MaTpuil A u B oamHakoBOro mnopsmaka
Brimonusercs cootHomenne tr(AB) = tr(BA).

0 —j
i 0

1

1.11. Matpuribt
c
0 -1

1 O =
y

- Ha3bIBAIOTCA MaTpHIaMHA

z

0 1

[Taynu u wurpator OONBIIYIO PO B MATEeMATHYECKOM ammapaTe KBAaHTOBOM

MEXaHUKH, B YaCTHOCTH, B OTIMCAHUM CITUHA AJICKTPOHA. HailTh KoMMyTaTophl
ATUX MATPHII; [GXGy], [G yGZ], [GZGX].

1.12. Haiitu ¢pyHKIMIO OT omieparopa A= ,Tne O eCThb OJJHa U3 MaTpPHI]
l1-o y /2 y

[Taynu, BBen€HHbIX B 3aaaue 1.11.



1.13. Haiitu sBHBIN Bua MaTpuil (O - BEIIECTBEHHOE YHMCIIO), rie MaTpuibl [laymu

O, O, u0, onpexenensl B 3anade 1.11.:

) expiooc,); 2exp(iac,); 3 exp(iac,).



. 010 1 0 i O
1.14. Haiitu kommyTtatop matpury  [L,L,], rne L, =7 1 01, ,= 72 —i 0 i
010

2. Onipenenurenu. PaHr MaTpuilsl
OmnpenenuresieM, Win aeTepMuHanTom det A kBaapaTHOM MaTpullbl A Mopsaka

N HasbpIBAETCA CIEAYIONas 4YHMCIIOBas (YHKIUS OT €& DIEMEHTOB: IS MaTpPHUII
nepsoro nopsaaka det A=a,,, mia marpuusl 2-ro nopsaka det A=apa,, — aay,

JUI MaTpuIll 3-TO TOPSKA M BBIIIE JETEPMUHAHT MOXKHO OMPEICIUTh M0 WHAYKIIUU
Opd  TOMOINM  (OPMYJBI  PA3lOKCHHS, WJIM PACKPBITUS 1O |- CTpPOKE:
n

det A= Z(— 1)'” aij IVI'U_ , TIe Wrij €CTh JOMOJHUTEIBHBIN MUHOP 3JIEMEHTA aij

(uepta 31ech He 0003HAYAET KOMIUIEKCHOE COMPSIKEHHUE), MPEICTABISIOMUN cOO0i
OnpeAeNuTeNb Nopsaaka N —1, cocTaBIEHHBIN U3 3JIEMEHTOB UCXOAHOW MaTpuibl A,
U3 KOTOPOH BBIYEPKHYTHI |-51 CTpOKa W | -il cromben. PackpeiTre ompenenutes

M i IMPOU3BOAUTCA aHAJIOIMYHO. ManI/I]_IBI C HCHYJICBBIM OIIPCACIUTCIICM

Ha3bIBAIOTCS HEBBIPOXKICHHBIMHU, WIIM HeocoObiMH, a ipu det A=0 matpwuiia, cTpoku

(cTONOIBI) KOTOPOH CTAHOBSITCS MPH ATOM JIMHEWHO 3aBHCHMBIMHU, HA3BIBACTCS
BBIPOXJACHHOU, WJIH 0COOO0M.

OCHOBHBIE CBOWMCTBA OMPECIUTENCH MPHU ONEPaIHsIX C DIEMEHTAMU MaTpPUIIbL:
npU TepecTaHoBKe cToNONOB (cTpok) det A MeHseT 3HAK, IPU YMHOKCHHH OTHOMN
cTpoku (cTonOma) Ha uuciao Bech JetA  ymHokaeTcs Ha 93T0 uwnciao. Ilpu

TPAHCIIOHUPOBAHUHM MATPHUIIHI €€ OINpenenuTens He MeHseTca. OnpenennuTenb TakxkKe
HE MEHSIETCS MPU OINepalli, KOTJIa MEHSIETCS JIUILb OJTHA CTPOKa (CTOJIOEI) MaTpHULIbI,
K DJJEMEHTaM KOTOpPOW MNpUOaBISIIOT AJIEMEHTHl APYrol CTpoku (cToJidna),
YMHOXXEHHBIE HAa HEKOTOpOe uucio. J[eHCTBuS Ham dIeMEHTaMH MAaTpHUIbl, TpU
KOTOPBIX HE W3MEHsSeTca € OIpeaenuTeNlb, Ha3bIBAIOTCS  AJIEMEHTApHBIM
npeobpazoBaHueM MaTpuibl. [IpW BBIYUCICHHWH OIpEAETUTENeH CIHpaBeIMBBI

TaK)Ke PaBeHCTBA det(A” )= (det A)", det(oA)=a." det A u det(AB)=det A-detB

MuuopoMm K-ro mopsimka NpSIMOYrONBHOW — MAaTpuilbl A Ha3bIBaeTCs
OTIPEJIEIIUTENb, COCTABICHHBIA U3 DJIEMEHTOB HEKOTOPHIX K cTpok M K cTombmoB
9TOU MaTpuIpl, pu 3ToM K < min(m, n). HawuBpiciimit nopstoxk MMHOpPA, OTIIMYHOTO
OT HYJISl, KOTJa BCE MUHOPHI 0OJiee BBHICOKUX MOPSAIKOB PaBHBI HYJIO, Ha3bIBAETCS
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panrom Marpuibl A u o6o3HauyaetTcs rang(A). JIxo0oit MUHOD C OPSIKOM, PaBHBIM

paHry, Ha3bpIBaeTcs Oa3MCHBIM MHUHOPOM JaHHOW MatTpuilbl. CTPOKHM U CTOJIOIIHI,
COCTaBIISIOIIME Oa3MCHBIM MUHOP, HA3bIBAIOTCS 0Aa3MCHBIMU CTPOKAMH U CTOJIOIAMH,
U SIBJISIIOTCSI JINHEMHO HE3aBUCUMBIMH.

-11 -



5 5 5 M 5

IT puwme p 1l Beruncnurs onpenenurens [-ro nopsaka: 5 0 5 M 5
D,=/5 5 0 M 5

L LL OL

5 5 5 MO0

Pemenue. HCHOJ’ILSYCM MCTOA 3JICMCHTAPHBIX Hp€O6paSOBaHHﬁ. Brrutem IICPBYIO

CTPOKY MaTpHIbl U3 BCCX OCTAJIbHBIX, IIPHU 9TOM OIIPCACINUTCIIb HC H3MCHUTCA:!

5 5 W 5
-5 0 M

[TosryyeHHBII JETEPMUHAHT €CTh ONPEACITUTEID

S)
S
D,=/5 5 -5 |
L L L O L
5 5 5 W =5

BEpXHEHW TPEYrOJIbHOM MATpHULBI, KOTOPBIM PAaBEH IIPOU3BEACHUIO JIIEMEHTOB,

CTOSIIMX HA IJIaBHOM quaronany, 1.e. D, =5- (— 5)- (— 5) . K(— 5) = (— 1)n_1 5",

IIpuwmep 2 IlokazaTh, 4TO ONpENETUTENb SPMUTOBOM MATpPHUIIBI BCET/A SBISETCA

BCIICCTBCHHBIM YHCJIOM.

Pemernne. DpmuroBa Marpuna obGnamaer csoiicreom A= AT, kpome Toro,

OTpeenTelNb 000N KBaJpaTHON MaTPHIIBl HE MEHSETCS MPU TPAHCIIOHUPOBAHUH,

det A = det AT, a KOMILUIEKCHOE COMNPSIKEHUE DJIEMEHTOB MAaTPHUIbl MPUBOJIUT K

KOMIIIEKCHOMY CONPSDKEHHIO BCETO ONPEAETUTEIIS, det(A_ ) = det A. Komburnpys

BCE OTM CBOMCTBAa, MBI TIOJIy4a€M, YTO JUIsI  OPMHUTOBOM  MAaTpHUILbI

det A= det(A_\) =det A" =det A, te. wuncno, pasmoe detA, ssasercs

BCIICCTBCHHBIM.
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dalaun NI9 caMoCTOATEIbHOTO pemreHng.
2.1. BbluuciauTh ompenenauTeNlb, HCIHONIb3YsS JJIEMEHTApHbIE MpeoOpa3zoBaHUs

MATPHIIBIL:

) 13547 13647| , 246 4271 327
) haara ogepdi 2 1014 543 443,

—-342 721 62

2.2. BBIYHCIINTE OMpeIenuTeNb 3-T0 MopsaKa, Tae o, [3,Y — BEMICCTBEHHbIC YHCIIA:

2 sina  —cos? a
2 sin?B  —cos? P
2 sin?y —cos?y

b+c c+a a+b a b c
2.3. JlokaszaTp,uto [0+ C; Ci+a a+b|=2@, by ¢
b,+c¢, c¢,+a, a,+b, a, b, c,

2.4. BplUuciIuTh

2 x+2 -1
2.5. Pemmuts HEpaBeHCTBO oTHOCHTEeNnbHO X: (1 1 —-2/>0
5 -3 X
0
0
2.6. BBIYUCIUTB ONPEACIUTEINb D-T0 Mopsaka: |1
1
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0 0 11 4 16 0 O
0 0 2 3 6 36 0 O
2 4 00

2.7. Beruncauts det A, 3Hast, uto B MaTpuiie A cymMMa CTPOK ¢ YETHBIMU HOMEPaMHU
paBHA CyMMe CTPOK C HEYETHBIMU HOMEPAMH.

2.8. HailTu Bce KOMILJIEKCHBIC YHCIIa, YMHOKEHHE Ha KOTOpPbIE MAaTPUIlbI TTOpsiiKa N
HE U3MEHUT €€ ONPEAECTIUTEN.

-14 -



2.9. 1) Haiitu umncio Bcex MUHOPOB K -To TOpsiika KBaIpaTHOW MaTpPHUIII OpsiaKa N,

CoZiepKaIUXCs B PUKCHPOBAHHBIX K cTpokax.

2) Haiitu yrcio Bcex MHHOPOB K -T0 mopsijika KBapaTHOW MAaTPHIIBI MTOPsIKa N .

2.10. IlycTh B MaTpuiie OpsiiKa N Kakue-Iu00 N 3JIEeMEHTOB paBHBI 1, a ocTaIbHBIC
paBHBI HYJTI0. UeMy MOXeT ObITh paBeH OINpeaeaInuTe b MaTpuIlbl A?

2.11. Haiit Bce unciia, yMHOKEHHE Ha KOTOPBIC KBAaJIpaTHOW MATPHUIIBI TIOPSIKA N

HE MEHSET €€ ONPEACIIUTEA.

2.12. BpuucauTh onpeAenuTens N -ro mopsjKa:

01 0 L O 1 2 3 L n 01 1 L 1
o 1 O -1 0 3 L n 11 0 L O
1M 0 OO0 21 -2 0 L n| 31 0 1 O |
0 O 1 L L L O L WM O O 0
1 0L L O -1 -2 -3 L n 1 0L 0 1
01 0 L O 21 0 L O
W o 1 L W 1 2 1 O
4HM O O 0 501 2 OO0
O L L 01 h O O O 1
1 2 3 L n oL 0 1 2

2.13. JlokaszaTb, 4YTO I JIFOOOM

HEPABEHCTBO det(AAT )2 0.

2.14. BpIYUCIATH ONPEICTUTEND

BEILIECTBEHHONM MaTpPULBI

A BBIIIOJIHAETCS

Baumepmonma W (x1,Kx,), tme x;,Kx, —

NEPEMCHHBIC:
1 1 1 L 1
X; X X3 L X,
2 2 2 2
L L L L L
X 1n—l X 2—1 X g—l L X r?_l

2.15. Haiitu paHr u yka3aTb 0a3MCHBI MUHOP MAaTpPHULIbL:

]

0 2
1 -3
-2 0
4 6

2
1
—4
145 -

2

1)

-1 3 -2



3) 4
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1 0 -1 0 0 O
25 31 17 43

o 1 0 1 0 O
75 94 53 132

4) 50 -1 1 0 0 -1

75 94 54 134

0O 0 -1 0 1 O
25 32 20 48

0o 0 0 -1 -1 1

2.16. Iycth a = (a Ka ) - ctpokam b = (b ,Kb )T - cTooer.

1 n 1 n
1) Beruucouts panr marpunsl A=ba' .
2) Ilycte rangA=1. [Toka3aTh, 4T0 A MOXKHO MPEJICTABUTH KaK MPOU3BEIACHUE

HEKOTOPOTO CTOJIOIA HA HEKOTOPYIO CTPOKY.

3. OOpatHas maTpuiia. MaTpuyHble ypaBHEHUS

I[JBI HCBBIpO)KI[CHHOﬁ KBaﬂpaTHOﬁ MaTpHIbI A MOXXHO BBECTH IIOHSTHE

0o0paTHOW MAaTpPHUIIBI Al yroBieTBopsiomeii pasenctey AAT = ATA=E.

-1
DJIEMEHTHI oOpaTHOM MaTpHULbI HaxXOoJsTCs o bopmyne

aij =(— 1)I+J Mji ‘dEtA. N3 omnpenenenuss oOpaTHON MaTpHIbl CIEAYET, 4YTO

det(A‘l):1|detA. [Ipu pemieHUH MATPUYHBIX YpaBHEHUW BHJIA AX =B

_ -1
pemenne Haxomutes B Buge X = A'B, rue A ecm oOpaTHasi MaTpula K
Matpuue A.

1 2 -3
[Tpumep 1. Haiitu 00paTHy10 MaTpuIly AJisi MAaTPHULIBI A= 1 2
0 0 2

Penienue. Buauane BeIuucisiemM OoNnpecACIUTCIIb MAaTPUIBI, KOTOpBIfI B JAHHOM CJIy4ae

paBeH aByMm. CremoBaTenbHO, MaTpHIla HE BBIPOXKIEHA U uMeeT oOpaTHyro. [lanee
1 0 O
3alAIIEM TPAHCIOHMPOBAHHYIO MATpuly a7 _| 5 1 |, 33TeM COCTaBUM

-3 2 2
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. AT ¥ YMHOKHM IOJTY4ECHHYIO
MaTpUILy W3 anreOpandyecKux JOMOJIHEHUM MAaTpPHUIIbI

MAaTpHIly Ha 4HCIIO0, paBHOE 1 \det A. B pesyibraTe monydaeM 0OPaTHYIO MATpPHILY

2 -4 7 1 -2 35
A—l :; 0 2 — 2l OKOHYATCIbHO HMMCIOIIYHO BH] Al = 0 1 92l
0O O 1 0O 0 05
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-1
BBINOIHMM IPOBEPKY, BHIYKCIIUB IIPOU3BEIECHUE AA™, B pesynsrate mony4us

€IUHUYHYIO MATPHILY.

Ipumep 2. Haiitn matpuiy X u3 ypaBHeHus W 2X =
1

Pemienne. YpaBHeHuEe uMeEET BUJ AX = B, OTKyJa X = A_lB. Haxomnm

y 3 -5
oOpaTHyl0 Matpumy s Matpuubsl A, 1is kotopoii mmeeM AT = :
-1 2
Berunciias npousseneHue X = A_lB, [I0JIy4aeM OTBET X — 1 -2 Bymonnmm
0 1

ITPOBCPKY, ITIOACTABHUB Haﬁ,Z[GHHYIO MaTpuny X B HCXOJHOC YPAaBHCHHUC. ITocne
BBIYUCJICHHUA IIPOU3BCACHUA AX IMOJIy4acTCA MaTpuIia, paBHass MaTpUIIC B BHpaBOﬁ

YaCTHU YPaBHCHUA.
321,[[3‘11/1 A CaMOCTOATCIBbHOT'O PCIICHUA.

3.1. Haiftu o6paTHyro MaTpuily jis MaTpuibl A 1oBopoTa B mockoctu (Xy) Ha
CosQ —sin(p‘

yron , A=l .
SING  coso
3.2. HaiiTu 0OpaTHYO MaTpHUIly JJIs CICAYIOMUX MaTPHUIl 3-TO MOPSAKA:

1 -2 0 2 -1 0
HA=l0 1 0o 2 A=|0 2 -
0 0 1 1 -1 1

3.3. Ilycte Mmarpuma A yuosierBopsieT ypaBHenmoo A2+ A+E=0, rme E-

enunnyHas, a O - HyzneBas maTpuubl. Jloka3aTh, 4TO Al CyLIECTBYET U HAWUTH
eé.

3.4. Ilycte matpuubl A u B xommyrtupyror, T.e. AB=BA, u umeror obparHsle.

Jlokasatk, 4To B 3TOM cirydae Beimonasercs A B~ = BTA™,
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3.5. Ilycte matpuiel A u C He BBIpOXKIEHBI. PemuTh MaTpuyHble YpaBHEHUS U

BBIPA3UTh HEU3BECTHYIO MaTpuily X :
1) AX =0 2) AX =B 3) XA=B

4) AXC=B 5) A(X +C)=B
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3.6. Haiitu 0OpaTHy:0 MaTpHIly Ui MaTPHIbI A=E—-Al, rae E — enunnunas

marpuia, | — kBagpaTHas Marpuua Takas, yro 12 =E, A — uncno, npuuém
W <1,

3.7. Haittu maTpuity X U3 ypaBHEHUS:

1 1 1
N T s ) X = X 3) x1f Ay _|0 O
11 |1 -1 0 0 1 0 2
2 3 1 5 -6 4 |3
4 x|z 7 2l=10 3 3 513 -3 2/x =|2
5 4 2 4 -5 2 1
2. 2 155 5
ox|z 2 2]
o, 5 8 -1

3.8. Tlokasare, 4TO ompeaenuTeds yHHTapHOi Matpuimbl U ¢ komrmiexcHbIME

o o -1 +
3JIEMCHTAaMH, 06.]13,[[3}0]_1_[61/1 CBOHUCTBOM U — U , ABJIACTCA KOMIIJIICKCHBIM

YUCJIOM, MOAYJIb KOTOPOIro paBCH CANHUIIC.

4, CucTteMbl TUHEWHBIX YpaBHEHUM KPaMEpPOBCKOI'O THUIIA

CucteMoil M JUHEWHBIX YPaBHEHHI C N HEW3BECTHBIMHM HA3bIBAETCA CUCTEMA
M PaBEHCTB, 3aIMChIBACMast B MATPUTHOM BUJIE KaK AX=Db, rne Be%cTop-CTon6eu

X= (X K, X €CTh Ha0OP HEU3BECTHBIX, BEKTOP b= (b ,K, b Ha3bIBAaeTCS
1 n 1 m

CTOJIOIIOM CBOOOJHBIX YJIEHOB, a Ko3(hdUIMEeHThl MaTpulbl A mopsaka Mxn

ABJIAFOTCA Kodddunuentamn nipu HemsBecTHbIX. Ecmt m=n u b # 0, to cucrema
Ha3bIBAETCS CHUCTEMOM KpaMmepoBcKoro tuma. OHa MMeeT €IMHCTBEHHOE DEIICHHE
npu ycioBun det A= 0 u vHe umeet pemenuii mpu det A=0. B ciyuae det A=0 eé

€AMHCTBEHHOI penieHue Haxoautcs no Qopmynam Kpamepa: X i = Aj ‘A, rue
A=detA, a A j €CTb OIpe/eNUTENH, NOTyYeHHbIe 3aMeHOH | -ro ctonbua A Ha

-21 -



cTo0€e1 CBOOOHBIX UIeHOB. CHCTEMBbI IMHEHHBIX YPAaBHEHUI MOXKHO TaK)Ke pelaTh
METO/ II0CJIE0BATEIILHOIO UCKIIFOUEHUS HEU3BECTHBIX, WM MeToI0M ["aycca.

[Ipumep 1. Pemmnth cucteMy JIMHEHHBIX YpaBHEHUN TPETHETO MOPSAKA, UCIONb3YS
02X, + Xo— X3 =2
m}

dopmynel Kpamepa: o3x; + X, —2X; =3.

X, + X3 =3
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2 1 -1
Pemenue. IIpexne Bcero, BBIUMCIUM OINPEACIUTENb CUCTEMBI A =(3 1 —2/=-2°
1 0 1

HOCKOJII)Ky A E= O, CUCTeMa HMCCT CIAHMHCTBCHHOC PCIICHHUC. Breraucnasem

2 1 -1 2 2 -1
OCTaJIbHbIE ONPEACIUTEIIN: A=B 1 _ol=—_g A, =3 3 -2/=2 u
3 0 1 1 3 1
2 1 2
A =3 1 3=-2 Hanee o popmynam Kpamepa HaXxoauM pEIICHUE CHCTEMBI:
. = =
1 0 3
X1=A1 A=2, X, =A2 Az—l, X3=A3 A=1. IloncraBuB

HaﬁﬂeHHBIe SHAa4YCHHUA HCU3BCCTHBIX B UCXOJHYIO CUCTEMY ypaBHeHI/Iﬁ, Y6G>KII36MCSI,
4TO YPaBHCHUS IIPCBPAITAIOTCA B TOXKICCTBA.

[Tpumep 2. . Pemuth cucteMy JTHMHEWHBIX YpaBHEHUH TPETHETO MOPSIKA, UCTIOIB3YS
02X, — X, + 3%, =9
opmyisl Kpamepa: U :
dopry DAMEP 3X; = 5%, + X, =—4
4 -7X +X =5

U 1 2 3
2 -1 3
Pemenne. Beruucioum omnpenenurens cucteMsl A =3 —5 1| = (. Ilockonbky
4 -7 1

A= 0, a CUCTeMa SIBJISICTCS HEOTHOPOIHOM, MMesl HEHYJICBOM CTOJIOCI] CBOOOTHBIX
YJICHOB, TO PEUIEHUA HE cyliecTByeT. CucTteMa SBIISIETCS HECOBMECTHOM.
3ajauu Aj1s1 CaMOCTOSATEIILHOTO PEIISHUS.

4.1. Pemuth cUCTEMY JIMHEWHBIX YPaBHEHHU TPETHETO MOpsiKa 1o dopmysam
Kpamepa:

AX, + 3%, = -1 02X, —% +3X3 =9
1) ¢ t3x +5x =3 2) 03X, =5 +X3=-4
0o+ 2 3 “4x —7X +Xx =5
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3%, + 5X, + 7X,=6 o1 2 3

4.2. Haiiti k03(UIMEHTbl KBagpaTHUHOro MHOrowieHa f(X)=ax? +bx +c, 3Had,

aro f(1)=-1, f(-1)=9 u f(2)=-3.
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4.3. PemmmTh cuctemy 4eTBEpTOro mopsjika, ucnoib3ys Gopmyinsl Kpamepa mu6o
METO/]T UICKTFOUCHUS HEU3BECTHBIX:

X +2x +3X: — 2%, =1 X 2x +3x X, =6
2o %o ~ 85 R N
[l [

1) | 1 2 3 4 2) | 1 2 3 4
D3Xl + 2X2 - X3 + 2X4 :_5 D3X1 + X2 - 2X3 _2X4 :9
[12X% —3Xy +2X5 +%=11 (% —3X, + X3 +6X, =—7
DSX]_ - 2X2 _5X3 + X4 :3 DSX]_ + 8X2 + 3X3 - X4 = 4
DZX -3X +X +5x =3 D2x +3X +4X +Xx =-4
ﬂ 1 2 3 4 ﬁl 1 2 3 4

AN & T =3 D% & Tox Zox =3
1 2 4 01 2 3 4
DX]_ — X2 - 4X3 + 9X4 = 22 |:|5X1 _8X2 + 4X3 + 2X4 = _8

4.4. Haiiti ko> pUIMenTsl MHOTOUNeHa TpeThelt crenenu f(X)=ax® +bx2 +cx +d,
s kotoporo f(-1)=0, f(1)=4, f(2)=3 u f(3)=16.

5. CucteMbl OHOPOJHBIX JTUHEHHBIX ypaBHEHUN

[lpu wHyneBoM cTOOIE CBOOOAHBIX wWieHOB D=0 cucrema JHMHEHHBIX
YPaBHECHUI AX =0 nassBaercs oaHopoaHoW. OnHOpoJHAs cHUCTeMa Bceraa

.
COBMECTHA, IMOCKOJIbKY HYJIEBOE DEIICHHUE X:(O, 0, K O) o0Oparaer Bce

YpaBHEHHs CHCTEMBI B ToskecTBa. B ciydae kagpaTHoii Matpunsl A npu det A= 0
no ¢opmynam Kpamepa mist Heé cymiecTByeT JUIlb TpuBUaiIbHOE pernerne X =0,

Takum o00pa3oMm, YCIOBUEM HAJIWYUS HETPUBUAIBHOTO PEIICHHS OJIHOPOIHOU

CHUCTEMBI C KBAaJIpaTHOMN ManI/Iueﬁ SIBJIIETCSL PAaBEHCTBO HYJI0 €€ ompenenurens. B

oluiemM ciaydae MpsMOyroi I{Ian ]_IBI MxN cucrteMbl €€ peieHus, T.e. N-
KOMIIOHEHTHbIE BekTopa (Xq, IPENCTaBISAIOT  COOOM MHO>KECTBO,

SIBIIIOIIEECS JTMHEHHBIM BEKTOPHBIM MPOCTPAHCTBOM. YHCIIO TUHEHHO HE3aBUCHUMBIX
peIIeHUH, T.C. pa3MEpHOCTh MPOCTpaHCcTBa, paBHa N—r, rae r=rang(A). basuc B

ATOM MPOCTPAHCTBE Ha3bIBaeTCs (PyHIaMeHTaIbHOM cuctemon pemenuii (PCP).

Hnsa nsaxoxnaenus @OCP B wmarpuiie A BBIICISIOT Oa3HUCHBIE CTPOKH U
paccMaTpHUBaOT JUIIbL YPaBHEHUsS, COJEpIKalllhuecsl B A3TUX CTpokax. Jlanee B HHX
BBIJICJISIIOT Oa3uCHbIE CTOJIOIBI, a TEepPEeMEHHBbIE, HE colepxanecs B 0Oa3MCHBIX
CTOJIOIAX, CYUTAIOT CBOOOJIHBIMU U MIEPEHOCAT B MPABYIO 4acCTh. Takux CBOOOIHBIX

IIEPEMEHHBIX HACYUTBHIBACTCI N —T IITYyK. CDOpMI/Ipy}I U3 HUX N—T JMHEHHO
HE3aBUCUMBIX CTOJIOIIOB BBICOTHI N — I, pematoT N—I pa3 NOJyYMBUIYIOCS CUCTEMY
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KpamepoBckoro tuma, Haxoass ®CP u3 BEKTOpOB {el,K,en_r}. Ob6miee pereHue
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Xoo OJTHOPOJHOM CHUCTEMBI SIBJISETCS JUHEHHOW KomOuHaiuen BekTopoB DPCP u
n—-r

COACPKHUT N —TI MIPOU3BOJIBHBIX IOCTOSIHHBIX, T.C. XOO = Z; Ckek .

[Ipumep 1. Haittu ®CP wu 3amnucate o00IIee peEHIeHHE CHUCTEMbl JIMHEHMHBIX
OJTHOPOJIHEIX ypaBHEHMIA: Xy + Xp + X3 =0

. .
X+X —x =0
01 2 3

11

Pemenue. OHpC,Z[CJII/IM BHayaJlc paHI MaTpullbl CHCTEMbI A =
11 -

MaxkcuMallbHBIM pa3Mep MHUHOpPA B JAHHOM CIly4ae paBeH AByM. MHHOp BTOPOTO
MOPsIZIKA, COCTABJIEHHBIN U3 AJIEMEHTOB BTOPOT'O U TPETHETO CTOJIOLOB, SIBIIAETCS

1

6a3I/ICHI>IM, ITOCKOJIBKY PaBCH M = = —2, TO €CTb paHI' MAaTpHIIbl PABCH JIBYyM.
1 -1

Uucno HEN3BECTHBIX PABHO TPEM, IMMOATOMY YHCIIO JUHEWHO HE3ABUCHMBIX PEIICHUN

ectb N — I =1. Haiiném 6asuc B mpoctpancTBe pemenuii, T.e. ®CP. Jlns 3toro
OCTaBUM B JIEBOU Hagly HEpeMeHybIE, KO3 (UIUEHTHl MPU KOTOPBIX COCTaBISIOT
2 3T

GA3UCHBII MHHOD: 1. HpunaB mepemenHoit X 3Hauenme X =1,
[l 1 1
X —X ==X
02 3 1
pelaeM MONTyYeHHYI0 CHCTeMY KPaMepOBCKOTo Tuma, Haxomsi X2 =—1 u X3 = 0.
T
Taxum o6pazom, ®CP cocTout u3 ogHOTrO BeKTOopa €1 = (1, -1 0) , a oO1ee

pEeUICHUC CUCTEMbI COACPIKUT OAHY IPOU3BOJBHYIO ITOCTOSAHHYIO WM HMCECT BHIA
X =Ce,.

[pumep 2. [Mycts cron6us! €1 =(1, -1, 0, O)T ue,=(0, -1, 0, 0) sBusroTcs

OCP HEeKOTOPOU CUCTEMBI OJTHOPOIHBIX JIMHEHHBIX YPaBHEHUIA. N3  ckonpkux

YPaBHEHUH MOKET COCTOSATh 3Ta cucTeMa’?
Pemenne. Yucno HEM3BECTHBIX MOKHO OINPEACIHUTh IO Pa3MEPHOCTH BEKTOpa

pelleHuii, KoTopas B JaHHOM ciydae paBHa ueTeipéM, T.e. N=4. Jlanee,
Pa3MEpPHOCTh MPOCTPAHCTBA pellIeHU paBHA ynciay BekTopoB B OCP, T.e. B nanHOM
canydyae nByM. CremoBaTenbHO, paHr MaTpUllbl CUCTeMbl I yHOBJIETBOpSET

ypasuennio 4 — I = 2, otkyna ' = 2. Marpuna, nmeromas panr I' = 2, nomxna
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UMETh MOPSIIOK HE MEHEE ABYX, TO €CTh Y HEE JOJDKHO OBITh HE MEHEE JIBYX CTPOK.
Kpome Toro, marpuiia MoKeT UMETh €II€ CTPOKU, HE BXOJAIIME B 0a3UCHBII MUHOP.
Ho xaxxnas crpoka MaTpuibl CUCTEMBI IPEICTABISAET OJTHO U3 €€ YPaBHEHUN, TOITOMY
JAHHAsI CUCTEMa COCTOUT U3 ABYX WU O0Jiee ypaBHEHUN.
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3az[aq1/1 I CAMOCTOATCIIBHOTO PCIICHUA.

5.1. Haittu ®CP u 3anucaTh 00111€€ pelIeHre CUCTEMbI TUHEHHBIX OTHOPOIHBIX

YPaBHECHUU:
BX; — X, + X3 =0 X, +3X, +2X3 =0
1) 2x +X —x =0 éx +4x +3x =0
o 1 2 3 o 1 2 3
o5x —8X +3X +3x =0 02X, — Xy +3X3 — 2%, +4%5; =0
3) 1 2 3 4 4) “AX —2x +5x +Xx +7x =0
El4x —-6X +2x +x =0 oo 2 3 4 5
oo 2 3 4 2 =X +X +8Xx +2x =0
O 1 2 3 4 5
2% +4X, +6X, =0 + X, + X2+ X, =0
e T e 183 26 Wt Xe * e T 5 =20
I_Erl 1 2 3 ﬁl 2 3 4
Max  Zax =0 6) Uix “—7x -11x =0
o1 2 3 01 2 3 4
DXZ + 2X3 :O DX]_ + X2 _9X3 _14X4 :O
X, +3X, +2X%, =0 X1 +2X2+2%X3 =0
B e 18 Ex+2x +5X =
N 1 2 3 8)@ 1 2 3
3% —5X, + 4x;9 ol % +7%, % =0
0% +17X%;, #4=0 [13x, +16%7x,  =0.

5.2. Ilycth cTonOIBI elz(l, -1, 0, O)TI/I e, :(O, -1, 0, O) apisgrorcs OCP

HEKOTOPOU CHUCTEMbI OJHOPOJHBIX JIMHEWHBIX ypaBHeHUU. IIpuBectu npumep
TaKOM CUCTEMBI, COCTOSALLEN U3 TPEX YPaBHEHUM.

6.CrcreME HeOTHODONHEX THNHEHHNX YpaBHe RN

CucteMa HEOJTHOPOJHBIX JIMHEHHBIX ypaBHEHU Ax=Db 00IIero BHUAa, T.€. C

npsSMOYTOJIbHOM MaTpulied A mopsjaka MxN U HEHYJEBBIM CTOJOIIOM CBOOOIHBIX
areHoB D, B 06mem clydyae He SABJSIETCA COBMECTHOW. [l ompeneneHus
COBMECTHOCTH HEOOXOIUMO HApsoy C MaTpHiell cucTeMsl A paccMoTperh Tak
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*
HA3bIBAEMYI0 DACIIMPEHHYI0 MaTpuiy cucTemMsl A, KoTopas momydaercs u3
MaTpuibl A jomMchIBaHMEM CHpaBa CTONONA CBOGOHBIX HICHOB D u umeer

HOPSJIOK M X (n + 1). Kpurepuii coBmecTHOCTH ycTaHaBiMBaeT TeopeMa Kponekepa-
Kanemm, rnacamas, uro cucreMa AX =10 gpnsgercs cOBMECTHOM TOraa U TOJBKO

*
TOT/Ia, €CIHU rang(A) = rang(A ) Ilocne TOro, Kak COBMECTHOCTb YCTaHOBJIEHA,
3a/1aua PEINAETCs M0 AHATOTUH C PEIIEHHEM OJIHOPOJIHOM cucTeMbl. FiMenHO, 061ee

pEeUICHUC HGOI[HOpOI[HOﬁ CHCTCMBI XOH HaxoAWTCA KaK CyMMa HCKOTOPOIro e€
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X U YK€ HaWIEeHHOro OOIIero penieHHs] OJHOPOIHOM
yacTHOro pemenus “ 9H

CHCTCMBI XOO. I[JISI HaXO0XACHUI Xl]]—] AJOCTATOYHO BBIIIOJIHUTH OIIMCAHHYIO B

npenbiayIeM maparpade mpoueaypy Haxoxaenms XQQ, IpHEaB BceM N—T

CBO6OI[HBIM INEPEMCHHBIM B npaBoﬁ YaCTHU HYJICBBIC 3HAYCHUSI. HOqueHHaH CHUCTCMA
KpaMCpPOBCKOTI'O THUIIa C HCOOTHOPOIHOCTBIO b OIIpCACINUT OIHO HCO6XOIII/IMOC HaCTHOC

pemenne X |

[Tpumep 1. Haiitu o01iee pemieHne CUCTEMbI YpaBHEHUH, T1ie au D - IpOU3BOJIBHBIE
yucna:  BXp X + X3 =4

[}
X +X =X =b
01 2 3

1

1
Pemenne. [Ipexnae Bcero, HaI€M paHr MaTPUIBl CUCTEMBI A — 1 1 panr
1 1 -1

. t1 1 a
1 -1 b

pacCIIMPEHHOW  MaTpullbl A MuHOpBI  BTOPOTO  MOPSIAKA,

COJICpKaIllUeCs] BO BTOPbIX U TPETHUX CTOJONAX OO0EUx MaTpull, SIBISIOTCS

HEHYJIEBBIMH, O3TOMY rang(A) = rang(A*) =2, TO eCTh COIIACHO Teopeme

Kponekepa-Kanennu cucrema siBnsercs coBMectHoi. OOIiee penieHue o JHOpOAHON
CUCTEMBI OBLIO PAacCCMOTPEHO B MpenbAylieM maparpade, rae ObUl TOJyYeH

T . y
pesymbTaT X, :C(l, -1, 0) . Haiizém uacTHOe penieHHE HEOIHOPOIHOM

cuctemsl. [IoBTOPSISI permieHrue OJHOPOIHOM 3aJjad4d M OCTABJISASI B JICBOM YACTH
NCPEMCHHRIC, _ yOTBEYAOLIHe 0a3zUCHOMY  MHHOpY,  TIOJIydaeM  CHCTEMY

[1X,+X5 !, Haiiném kakoe-muGo €& pelieHHe, HampuMmep, mpu X = 0,
[]

X —X =b—x L

02 3 1

KoTopoe umeeT BuUO X 2(0, (a+b)\2, (a—b) ‘Z)T. OO6mee perieHue

HEOHOPOIHOM crcTeMbl ecTh cyMma X 1 Xgg .
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IT puwme p 2 [lpu xakoM 3HAYECHUH TapamMeTpa A CHCTEMa JIMHEHHBIX YPaBHCHUM
EX1_2X2+X3+X4:}\, .
X —2X"+X —X =-1  sBHOseTCS COBMECTHOI?
0 2 3 4

EX1_2X2+ X3 +5X4 :5
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1 -2 1 1

Pemenne. CocraBmsiem Marpuily cuctembl A=|1 -2 1 — 1 PACHIMPEHHYIO

1 -2 1 5

1 -2 1 1 A

Marpuiy A*—1 —2 1 —1 -1|- MakcuManbHbIii pasMep MHHOpPAa MaTpPHIbI

1 -2 1 5 5

A, He paBHOTO HYIIO, paBeH ABYM. Ba3HCHBIM MHHOPOM SIBIISIETCS, HAIPUMED,

ONIPENIEIIUTEIb, COCTABICHHBIN U3 DJIEMEHTOB MEPBBIX ABYX CTPOK U MOCIEAHUX ABYX

cron6uos Marpuipsl A. Wrak, rang(A) = 2. Jlanee, ompeneNuM TaKoe 3HAUCHHE

napaMeTpa , NpU KOTOPOM TaKkXe U rang(A*)z 2, 4TO SBISIETCS KpHTEPHEM

*
COBMECTHOCTH CHCTEMBI. M3 CTPYKTYphl MaTpuibl A BHIHO, YTO HOBBIH CTONGELL

cIpaBa HE MPUBEAET K YBEJIMUYCHHUIO TMOPSIKA HEHYJIEBOTO MHUHOpPA, €CIU OH Oyner

paBeH cocenHeMy cronbiy. Takas CHTyalus JOCTHTaeTCs IpH 3HaueHHH =1, T.e.

cucreMa Oyzer coBMecTHa mpu = 1.

dalaum 1719 CaMOCTOATENbHOTO peIIeHnd.

6.1. Ucnonw3ysa teopemy Kponekepa-Kanemiu, mpoBepUTh COBMECTHOCTb CHUCTEMBbI

JTUHEHHBIX ypaBHEHUIN ¥ HAUTH OOIIHE PEIICHHS] COBMECTHBIX CUCTEM:

0% +X, +X; +%X, =0 OX, + 2X, + 3%, — X, =1
1)X +x +x +x =0 2) 8 +2x +x —-x =1
|:| 2 3 4 5 |:| 1 2 3 4
HX1+2X2+3X3=2 2%, +3X, + X, + X, =1
X & +3x =-2 2X +2x +2x —x =1

D 2 3 4 |:| 1 2 3 4

(X3 +2X, +3X; =2
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00X + X, + X3 + X, + X~

3) U3x +2x +X +X-K =2
5

Bx 1+2x 2+2x3 & ! =23

[] 2 3 4 5

[oX +4X, +3X%; + 3%, %=12.

-34 -

05X, +5X, +2X, = 2.

2X + X, = X3+ X, =1
4) 3x —2% +2x =3x =2

1

2 3 4
+X —X +2X =-1

|j5 X 2 3 4

(02X, — X, %—3X, =4,



6.2. Haiitu o0O1iee penieHrne CucTeMsl:

B2X; — Xy +3X3 — 2X, + 4% =1
DX +X +X +x =1 2) 4xX —-2X +5X +x +7x =1
1 2 3 4 S| 2 3 4 5

Ellle - X2 + X3 +8X4 + 2X5 :_1

3) W3xX;, —2X, — X3 — X, =1 03X, — 2X, +5X3 + 4%, =2
EI3X1 - 2X2_ X3 - X4: 2 4) |:|9X1 - 6X2 + 9X3 + 7X4 = 5
ngl - 2X2 + 5X3 + 4X4 :2 DDBX]__ 2X2 - X3 - X4 :1

oax+Yy+z=4

5) EX +by+z=3 (Amn D - npousBonbHBIE UnCITA).

BX + 2by + z =4

6.3. Cpenn MHOTOYJICHOB CTEICHU, HE MPEBOCXOAAIICH 2, HAWTH JBa JTUHEHHO

nezapucumbix Muorowiena f,(t) u f,(t) rakux, uro f,(2)= f,(2)=3.

6.4. Ilpm kakoM 3HAYCHWHM TMapaMeTpa A CHCTEMa JIMHEHHBIX YpaBHEHUI
X +2X =X +4Xx=2 SBJISIETCSI COBMECTHOM?
1 2 3 4
Bx +7X —4X +11x =\

(1 2 3 4
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Fnapal Inneillibie IpoCTpPanCcTBa

O0o01meHneM  TpEXMEPHOTO  BEKTOPHOTO  IPOCTPAHCTBA M3  Kypca
AHAJIMTUYECKOW T'€OMETPUM HA CiIy4yall NPOM3BOJIBHOIO YMCJIAa MU3MEPEHUH SBIISIETCS
oluiee MNOHATHE JMHEWHOTO MPOCTPAHCTBA. bBOJIBIIMHCTBO (U3MUYECKUX 3ajad,
M3YYaIOIINUX JMHEWHbIE 3aKOHOMEPHOCTH, UMEIOT JIeJI0 ¢ 00BEKTaMU U3 HEKOTOPBIX
JUHEWHBIX MpocTpaHCcTB. Bo MHOTMX 3amauax (U3UMKK paccMaTpUBAIOTCS JTMHEWHBIC
MIPOCTPAHCTBA, 3JIEMEHTAMHU KOTOPBIX SBIIAIOTCS (PyHKIMU. Takne mpocTpaHCcTBa, Kak
MPaBUJIO, UMEIOT OECKOHEUHYIO pPa3sMEPHOCTh M SBIIAIOTCA MPEAMETOM H3Y4YEHUS
(YHKIIMOHAJIBHOTO aHAIN3a TUO0 METOJJOB MaTEMaTHUYECKON (DPU3UKH.

7. Onpenenenue JUHEHHOTO MpocTpaHcTBa. ba3uc u pasMepHOCTh

JluneiHbIM  mpocTpaHCTBOM L Ha3pIBaeTCsi MHOMKECTBO  OOBEKTOB
npousBojbHOW  mpupoael X, Y, Z,K, Ha3bIBAEMBIX  JJIEMEHTAMHM  3TOTO
MIPOCTPAHCTBA, WM BEKTOpaM, AJI KOTOPBIX ONPEEICHBI ONEPALMHN «CI0XKEHUE» U
«yMHOXKeHHe Ha umcio». Omeparust crmoxkenust « X +Y» comoctaBiasier mBym

aneMeHTaM W3 L TpeTuil 31eMeHT, KOTOpbId Takke AOJDKeH NpuHamiexars L.
Omneparyisi YMHOXXEHHSI Ha YHCIO «A-X» COINOCTaBJIsCT JJIeMeHTYy Xel w

KOMIUIEKCHOMY (JIOO BEIIECTBEHHOMY) YHCIy A HOBBIA D3JEMEHT AX, TaKxke
npuHaguexamuid L . YkazaHHble omnepanuyd MOJYUHITCS HAOOpy aKcuoM,
OMHCHIBAIOIINX KOMMYTATHUBHBIM, aCCOILMATUBHBIM W JUCTPUOYTHUBHBIA XapakTep
omepanuii CIOXeHUuss W yMHOXeHus. Cpeau dSIeMEHTOB J00OOTro JIMHEWMHOTO

MPOCTPAHCTBA MOXXHO BBIIEIUTH HyneBod aneMmeHT 0, korma X+0=X, u s
Ka)XJIOr0 2JIEMEHTAa X HAWTU MPOTHUBOIIOJOKHBIM 3JEMEHT — X, YAOBJIETBOPSIOLINIA

yCIOBHIO X + (— X) =0. Onepanus yMHOXEHHS Ha YHUCIO TMpH JOOOM crocobe eé
BBEJICHUS YIIOBIIETBOPSET yCIoBHIO 1- X =X.

Cucrema snemenToB Xq, X, KX n Ha3bIBACTCS JIMHEMHO HE3aBUCHMOM, €CIIU
n

UX JIMHEWHass KOMOUWHAIMS ZCKXK =0 sjums MIPU YCIIOBUH, KOTJa BCE Ck paBHBI
=1

HYJIIO, B IPOTUBHOM CJIy4ae CUCTEMA HA3bIBAETCS JIMHEMHO 3aBUCUMON. PaccmoTpum
B JAHHOM TMpocTpaHcTBe L Habop w3 N JMHEHHO HE3aBUCHUMBIX BEKTOPOB

{el,K,en}. Ecin ana moboro Xel Halnércs Takol eIMHCTBEHHBIM HaOOp
n

KO3 bUIIHEHTOB (XllKXn)1 YTO X:ZXkek, TO CHUCTEMA {el,K,en}

HasbIBaeTcs OaszucoMm JuHeitHoro mnpocTtpanctBa L. HabGop uwmcen (Xl,KXn)

Ha3bIBACTCA KOOpAHMHATAMM, UM KOMIIOHCHTAMH JJICMCHTa X B Oasuce {el,K,en }
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Yucno sneMeHTOB B Habope {el,K,en}, SABJISIONIEECS MAKCHUMAJIbHBIM YHUCIOM

JUHENHO HE3aBUCHMBIX 3JEMEHTOB B L, Ha3bpIBaeTCsi pa3MEepHOCTHIO JMHEHHOTrO
HpoCTpaHcTBa M 0003HauaeTcs diML. B koopauHATHOM MpenCTaBJICHUH, KOTZa B
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JaHHOM Oa3uce AIEeMEHTY X COIOCTaBIseTCs] HAOOp (Xl,KXn ), no0oe TuHEeRHoe

MPOCTPAHCTBO Pa3MEPHOCTH N HUACHTUYHO IO CBOEH CTpyKType (u3omop¢HO) N -
MEpPHOMY BEKTOPHOMY IPOCTPAHCTBY R,. CranpmapTHeiM 0a3ucoM B 3TOM

IPOCTPAHCTBE HA3bIBAETCSI HAOOpP 3JIEMEHTOB {911K1en} ¢ KOOpAMHATAMHU

e1=(1,0K,0), &, =(0,1,0,K0), ..., en = (0,0, K0,

12.
[Iyctb B [aHHOM JHMHEHHOM MPOCTPAHCTBE BbIOpaHo nBa 0a3uca:

{e]_’K!en } 151 {fl 1K1fn } PacknanpiBasgs »>JIEMEHTHI BTOPOTI'O Oa3zuca 110

IIEPBOMY, NOJIyYMM MAaTpPUYHYIO CBSI3b 0a3uUCOB B BHJE Hfl ,K,fn H :Hel,Ken HS ,

riae S ecTh KBaapaTHas MaTpHIla Mopsaka N, Ha3plBaeMas MaTPHIIEH Iepexoaa OT
Oa3zuca {el,K,en} K 0Oasucy {fl,K,fn } Orcroga cremyer, 4TO BJIEMEHTHI

{fl JKG T } ABJIAIOTCS TMHEHO HE3aBUCUMBIMU U OyJyT 0Opa3oBbIBaTh 0a3uc, JTUUIb
€CJIM MaTpHUlla Iepexoia S SBISETCS HEBBIPOKICHHOM.

[Ipuwmep 1. Jdng MHOXKECTBA TOJOKUTEIHHBIX BEIICCTBEHHBIX YHCEIN OINEpaliu
CIIO’KEHHUS M YMHOXKEHHS Ha BELIECTBEHHOE YMCIIO onpeseeHsl Kak « X +Y» = XY u

« AXn=x" . SIBnsercs nm yKa3aHHOE€ MHO>XECTBO C TAKUMU OMEpaIUsIMU JIMHEHHBIM
npoctpancTBOM? B ciyuyae MONOXHUTETHHOTO OTBETa HAMTH €ro pa3MepHOCTb |
yKazaTh 0a3muc.

Pemenne. Jdus nroObIX BEHIECTBEHHBIX MOJOXKHUTEIBHBIX uucen X, Y

pesynbrar onepanuii XY wu X* TakKe SBISETCS BEIICCTBEHHBIM ITOJIOKHTEIBHBIX

YUCJIOM, TO €CTh MNPUHAIJICKUT YKa3aHHOMY MHOXECTBY. HemnocpeacTtBeHHOU
IPOBEPKOM yOex1aeMcsi, 4TO BCE aKCHOMBI JIMHEHHOTO MPOCTPAHCTBA BBITOIHSFOTCS.
Pounb HyneBoro sjaemMeHTa urpaet 4uciio 1, a posib MpOTUBOIOJIOKHOTO JIEMEHTa AJIs
JaHHoro X BBINOJHAET YUCIIO, paBHOE 1 X. BrIOpaB HEKOTOPLIN HEHYJIEBOU DJIEMEHT

a # 1, momyuum, uto s MIOGOrO BNEMEHTA D mammOro MHOXecTBa CIIPaBEIUBO

npeacrasrenne 0 = Ca = aC, rie C =100, . Takum o6pasom, mobbie nBa
a P

3JIEMEHTAa JAHHOTO MPOCTPAHCTBA JIMHEMHO 3aBUCUMBI M, CIIEIOBATENIBHO, €ro
pPa3MepHOCTh paBHa eauHUIle. basucoMm sBiseTcs 000N HEHYJEBOW JJIEMEHT, T.C.

M000€ BellecTBeRHoe uncio a # 1.

[Ipuwmep 2. BoisicHUTB, SBISIETCS JUM MHOXECTBO (DYHKUMH, HENPEPHIBHBIX Ha
OTpE3Ke [a,b], JMHEHHBIM MPOCTPAHCTBOM C OOBIYHBIMH OIEPAIMSIMH CIOXKEHHS U
YMHOKE€HHSI Ha YHCIIO.

Pemenne. JluHeliHas KOMOMHAIMSI HENPEpPBIBHBIX (DYHKIMIA Takxke SBIsSETCS

HENpepbIBHOM  (QyHKUMEWH,  T.e.  NPUHAMIEKUT  JTaHHOMY  MHOKECTBY.
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HemocpenctBenHoli mpoBepkod yOexmaemcsi, YTO BCE AaKCHOMBI JIMHEHHOTO
IPOCTPAHCTBA BHIMOJIHAIOTCS. HyIeBbIM 3JIEMEHTOM JJAHHOTO TPOCTPAHCTBASBIISICTCS
(GyHKIHMS, TOXKIECTBEHHO paBHasl HYJIIO, a MPOTUBOIOJIOKHBIM 3JI€MEHTOM
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s manmoit T (X) Oyner (ymkuus _ f(x). B mpoctpanctse (yHKIMI MOXKHO

COCTaBUTh JIMHEWHYI0O KOMOWHALIMIO W3 JIFOOOTO YHWCIIa DJIEMEHTOB, HE PaBHYIO
TOKIACCTBEHHO HYJIO, TIOTOMY JIaHHOE JIMHEHHOE TPOCTPAHCTBO SIBIISICTCS
0E€CKOHEYHOMEPHBIM.

dalaum 1719 CaMOCTOATENbHOTO peIreHmd.

7.1. JInst MHOXeCTBa BEILECTBEHHBIX YHCEJ ONEpalVM CIOKEHUS U YMHOXKCHHS Ha
BEIIECTBEHHOE YMCIIO0 ompenenenbl Kak «X + Yy » =tg(Arctg(x) + Arctg(y)) u «

Ax »=tg(} - Arctg(x)). SIBnseTcs M yKazaHHOE MHOKECTBO € TAKHMH OIIEpALUSIMHU

JVMHEHHBIM TMpocTpaHCTBOM? B cilydae MOJIOKUTENBHOTO OTBETa HAWTH €ro
pa3MepHOCTh U yKa3ath Oasuc.

7.2. OOpa3yeT U MHOXKECTBO MPSMOYTOJBHBIX MAaTpPHUIl MOPsAAKa M XN JuHEHHOE

IMPOCTPAHCTBO OTHOCHUTCIBHO onepaunﬁ CIIOXKCHHUA MATpull MW YMHOXXCHHA
MaTpHuObI HA yuciao? B ClIy4ac IIOJIOKHUTCIIbHOI'O OTBCTA HAWTU €ro Pa3MCPHOCTD

U yKa3arh 0asuc.
7.3. BBISICHUTD, SBISETCSA JHM JTAaHHOE MHOXKECTBO (DYHKIIMHA, 3aJIaHHBIX HAa OTPE3Ke

[a,b], JIMHENHBIM TPOCTPAHCTBOM.

1) HenpepsiBHO quddepeHImpyeMbIX Ha JaHHOM OTPE3Ke.

2) UnTerpupyembix Ha JaHHOM OTpPE3KE.
OrpaHnYeHHBIX HA JTAHHOM OTPE3KE.

4) ©ynkumit, nys koTopsix SUP[ap] f (X) <1.

5) HeoTpuniatenbHbIX Ha JTaHHOM OTpE3Ke.

6) PaBHBIX HyJIO TTpH X = 4.
7) PaBHBIX eMHUIIE TIPU X = a..

8) dyHKIMIA, 17151 KOTOPBIX lim xat0 T (X) =10,

9) MoHOTOHHO BO3pacTaomux Ha [a,b].
10) MoroToHHBIX Ha [a,b].
7.4. Haiitu marpuiy npeoOpasoBaHust OT Oasuca X, = (1, 0), X, = (0, 1) K
1 i
Gasmcy x,'= V2 (1, 1) x'= V2 1, -1)

7.5. B npoctpanctee Rs nambi Ba Gasuca {€} u {f} ¢ koopmumatamu GasucHbIX
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BEKTOPOB B  CTaHJapTHOM  Oaswuce el=(1, 1, 1), e=(2, 1, 1)
e,=(1, 1, 3)uf=(0, 1, 1),f,=(1, 0, 1),f=(1 0, 2).

1) Haiitu Matpuiy mepexona S ot Gasuca {e} x Gasucy {f}.
2) HaiiTi MaTpuily 0OpaTHOTO Iepexoia.
3) Haiitn KoopIMHATHI 2IeMEHTa €1 B 000uX Oa3ucax.
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7.6.

7.1,

7.8.

7.9.

4) Haittn koopauHaThl X © 37eMenTa X B 6asuce {€}, eclii ero KOOpJMHATHI B
0asmce {f} ectb X' =(5 3, 1).

B mpoctpanctBe R3 nanbl 1Ba 0a3uca {e} u {f} C KOOpJAMHATaMH Oa3MCHBIX

BEKTOpOB B  crammaprHomM obasuce e1=(0, 1, 1), ex2=(2, 1, 1),

e,=(1, 0, Duf=(1 2, 3),f,=(2 1, 2),f=(0 1 1).

1) Haiitu maTpuily nepexona S oT 6asuca {e} K 6azucy {f }
2) Haiitu MaTpuily oOpaTHOTO Iepexo/ia.
3) Haiitu koopauHatel asemenTa fi B o0oux Oasucax.

4) HaiiTi KOOpIMHATHI 3JIEMEHTa €3 B 000uX Oa3ucax

4) KoopmmHaTel X © 3neMeHTa X B 6asuce {€}, ecim ero KOOpIMHATH B Gasuce
{flecs X' =(2, 3, -1).

B mpocrpanctBe R, JaHbBl BEKTOpa X1=(1, 1, 2, 1), X2=(l, -1, 0O, l),

XS:(O, 0, -1, 1), X4=(1, 2, 2, O),aTaIOKe BEKTOP y=(l, 1, 1, 1).

IokasaTh, 4TO BeKTOpa {X, —X,| oOpasyloT Gasuc B Rs M HaliTh B HEM
KOOPJMHATHI BEKTOpa Y .

Kak m3aMeHuTCs CTpyKTypa MaTpHIlbl S Tepexojia OT HEKOTOporo Oasuca {e} K

npyromy 6asucy {f}, ecmm
1) ITomeHsATH MeCTaMU J1Ba dJICMEHTA Oa3uca {e } ?

2) TloMeHsTH MecTaMy JiBa dTeMenTa Gasuca {f }?
3) 3anumcath 3J1eMeHTBI 000MX 0a3MCOB B 0OPATHOM IOPSIIKE?

2
Haiiti koopauHaThl MHOTOWIeHa (X) =3y + X+ a,x" +K+a, X"
1) B 6a3uce u3 ¢pyHkuuii {1, X, x%, K, x" }

2) B 6a3uce u3 QyHkImii {1, X—Q, (X —OC)Z, K, (X —Ot)n }, roe -
(UKCUPOBAHHOE YHCTIO.

3) 3anucaTh MaTpHIly epexo/ia MKy YKa3aHHBIMH 0a3HCaMH.

8. [lonmpocTpancTBa TMHEMHBIX MPOCTPAHCTB
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[TonmMHOXXecTBO A nuHEHHOro TpocTpaHcTBa L Has3piBaeTcs JIMHEHHBIM
MOJIIPOCTPAHCTBOM L OTHOCHUTENBHO BBEACHHBIX B L omepamuii CloXeHHs |
YMHOXKCHHS Ha YHUCII0, €CITH TSI JTFOOBIX 3JIEMEHTOB M3 A U JTIOOBIX YHCEN pe3yIbTaT
CJIOKEHUS U YMHOXKEHUS Ha YHCIIO BHOBB SBJISIETCS DJIEMEHTOM A . DTO 03HAYaeT, 4To
MOAMPOCTPAHCTBO CaMO SIBJISIETCS IMHEWHBIM MPOCTPAHCTBOM, UMEIOIINM 0a3nc
u pasmepHoctb. Ilpm srom dimA<dimL, mnockomeky mnpu dimA=dimL
MOJIITPOCTPAHCTBO U30MOP(HHO BCEMY MPOCTPAHCTBY. MHOXKECTBO BCEX JIMHEHHBIX
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npocTpaHcTBa L Has3pIBaeTcs JIMHEMHOU
KOMOUMHAIMH BEKTOPOB <{Xl,KXk }

000JI0YKOH 3TUX BEKTOPOB. E€ pa3zMepHOCTh paBHA MAKCUMAJIbHOMY YHCIIY JJUHEHHO
HE3aBUCHUMBIX BEKTOPOB, COCTaBJSAIOUIMX JAaHHYIO COBOKYIIHOCTb, U MOXET OBITbh
HallleHa KaK paHr MaTpHULbl, COCTABIEHHOW U3 CTOJIOIIOB KOOPJAUHAT BEKTOPOB

{XliKXk}-

Jia kakux-nmubo ABYX MOANPOCTPaHCTB A; u Az JUHEHHOTO mpocTpaHcTBa L

OIIPCACIICHBI JIBa HOBBLIX IIOAIPOCTPAHCTBA, HA3bIBACMBIC CYMMOﬁ H IICPCCCUHCHNCM

A, u A:. Cymma mommpoctpancts A;+ A, ompemensieTcs Kak MHOXECTBO,

cocTosiee U3 Beel coBoKymHOCTH dmeMentoB X1 € A1 n X, € A, | a nepeceuenne

A, N A, ompenensercs Kak MHOXKECTBO JJEMEHTOB, IpUHAIiIexkamux A, u A,

OJIHOBPEMEHHO. Pa3MepHOCTH CyMMBI U MEPECEUEHUs CBSI3aHbI C Pa3MEPHOCTAMU Ar

u A, COOTHOLIEHHEM dim(A1 + A2)+ dim(A1 N A ) =dim Ay +dimAz. Ecm
KaXablii ayeMeHT Xe€l enuHCTBEHHBIM 0Opa3oM MpenCTaBiseTCS B BUJE

X=X1+X2, tne X, €A, a X€ A2, o npocrpadctBo L mpezcrasisier coboit

IPAMYIO CyMMY TIOATIPOCTPAaHCTB A, 1 A,, uto 3amuchiBaercs kak L=A; @ A2. B

3TOM Ciy4ae, OYEBUIHO, IepeceueHne A, m A, COCTOMT JIMIIb W3 HYJIEBOTO
AJIEMEHTA.

[Tpumep 1. BoIACHUTH, SIBJSICTCS JTU MHOKECTBO P BEKTOPOB MpOCTpaHCTBa R, Bce

KOOPJIMHATHI KOTOPBIX pPaBHBI MEXIAy COOOH, MOAMPOCTPAHCTBOM JIMHEHMHOTO
MIPOCTPAHCTBA, U €CJIU SBIISIETCS, TO HAUTH €0 pa3MEPHOCTD.

Pemenune. PaccmoTpuMm nBa siemenTa P: X = (X, K X) ny= (y, K y).

Ux nuHeiiHas komOuHaums oLX + Y umeer koopauHatel OLX + 3 Y, Kotopbie Bce

paBHBI MEXy co0O0H U, CIEIOBATENBHO, TAK)KE MPUHAJICKUAT P, KOTOPOE MOITOMY
SIBJISIETCS TOJMPOCTPAHCTBOM Rn. JIroOoi snemeHT P 3amaércsi €IWHCTBEHHBIM

YKCIIOM, OTPEIENIONIMM BCE ero KoopAuHaThl, mosTomy dimP =1,

[Ipumep 2. HaiiTu pa3MepHOCTh CyMMbl M TMEPECEUECHHS MOANPOCTPAHCTB L,u L,

ABJIAIOIINXCS TMHEUHBIMU 000JI0UKAaMU BEKTOPOB {al ya, } 151 {bl, b» }:

a = (l, b 1 = ( 11



Pemenue. PaSMepHOCTL KaXXI0ro u3 1noarnpoCTpaHCTB Ll u |_2 MOJKHO OIIPpCACIIUTD,

paccmatpuBas Marpunsl M, 1 M, 13 CTOIOLOB KOOpIMHAT {al,az} 51 {bl,bz }:

1 1 11
2 1" 0 3
_ M, =
Ml_o 1 11 o
10 01
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PaHr Kax/10i U3 3TUX MaTPHLL PaBeH AByM, To ecTb Ly ¥ L, IBYMEpHBL PazmepHOCTE

cymMMmbl L, + L, MOXHO OIpENEIUTh, yCTAHOBUB PAHT MaTPHILIbI M3, ssusromeiics

00BbeIMHEHUEM BCEX CTOJIOIIOB {al , &y } U {bl, b }:

; 1 é :1:, Paur M3, xax nerxo Bumers, paBeH TPEM: BBIYTEM M3 IIEPBOM
M=o 11 o
100 1
0110
CTpOKH IIOCJIICIHIKOK U HOJ'IyLII/IM ManI/H_Iy 2 1 0 3 y KOTOpOﬁ HepBa;I 51 TpeTLSI
0110
100 1

CTPOKH OIHWMHAKOBBEI. Bpruutas wus3 HepBOﬁ TPOKH TPCTbIO, IIOJYYUM MATPpULY

0 00O
2 1 (Q 3 ©C HYJEBOM CTPOKOH, paHr KOTOPOH 3aBEIOMO MEHBIIE YETBIPEX.
0110
1 00 1

ITockonpKy B HEM CYyIIECTBYET HEHYJIEBOM MUHOP TPETHETO NMOPSAKA, HAIIPUMED,
PaCIOJIOKEHHBIN B TIEPBBIX TPEX CTONOIAX U MOCIEAHUX TPEX CTPOKAX, PAHT JAHHOM

MaTpHibl paBeH TpéM. MTak, pasMepHOCTh CyMMBI mmoanpoctpancTs L, + L, paBHa
TpéM. s ompenencHus pasMepHocTd Tepecedenus L, ML, Bocmoms3yemcs

dopwyroii  dim(L +L,)+dim(L AL,)=dimL +dimL,, omxyza

dim(L, NL,)=2+2-3=1.

3&2[3‘—114 1A CaMOCTOATCIBHOT'O PCIICHUA.

8.1. BwisicHuTh, SBIUSETCA JIM JAaHHOE TMOJMHOXXECTBO TMPOCTpaHCTBA R,
MOJIPOCTPAHCTBOM, U €CITU SABJISECTCS, TO HAUTH €r0 pa3MEPHOCTD.
1) MHOECTBO BEKTOPOB, MepBasi KOOPAMHATA KOTOPBIX PaBHA HYJIFO.
2) MHOeCTBO BEKTOPOB, CyMMa KOOPIMHAT KOTOPHIX PaBHA CIUHHIIE.
3) MHOeCTBO BEKTOPOB, CYMMa KOOPIMHAT KOTOPBIX paBHA HYJIIO.
4) MHOX€eCTBO BEKTOPOB M3 TPEXMEPHOIO MPOCTPAHCTBA, KOHIIBI KOTOPBIX
JIe’)KaT Ha HEKOTOPOU MPSMOM.

8.2. BBI}ICHI/ITB, SABIIACTCA JIM OAHHOC TIMOAMHOXXCCTBO IIPOCTPAHCTBA Rnxn
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KBaJPAaTHBIX MaTPUI] TOPSAKa N MOAMPOCTPAHCTBOM, U €CIIH SABJSCTCS, TO
HAWTH ero pa3MepHOCTh M yKa3aTh Oasuc.

1) Martpuii ¢ HyJICBOH ITEPBOM CTPOKOH.

2) JIlnaroHaJbHBIX MaTpPHIL.

3) BepxHHX TPEyroNbHBIX MATPHIL.
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4) CUMMETPUYHBIX MATPHII.
5) AHTHCUMMETPHYHBIX MAaTPHII.
6) BbIposKICHHBIX MATPHII.

83. B mpocrparctBe R; mamel Bektopa X, =(0, 1, 0), x=(1, 2, 1),

x3=(1, 1, 1) u x4=(3, 4, 3). Haiitu pasmepHOCT, M yKa3aThb Ga3uC
JUHEUHOU 000JIOUKU STUX BEKTOPOB.

8.4. Haiitm pasMepHOCTb M YyKa3aThb Oasuc B INOANPOCTpaHCTBE AcC R,, ecnn

KOMITOHEHTBI BEKTOPOB X C A yIIOBJIETBOPSIOT ycinoBuio X; + K+ x, =0.

8.5. Haiitn pasMepHOCTh CyMMBI U TII€pecedeHHus moxmpocrpancts L, u L,,

SBJISIFOLIMXCS JINHEHHBIMU 000JI0YKaMHU BEKTOPOB {al y Ay, a3} U {b 11 b 24 b3 }:
a=(1 1,1 1), a=(1 -1, 1, -1), a;=(1, 3, 1, 3);
b,=(1 2, 0, 2),b,=(1, 2, 1, 2). by=(3, 1, 3, 1).

9. EBKIMI0BBI MPOCTPAHCTBA

JluneitHoe mpocTpaHCTBO L, Ha KOTOPOM 3aJaHO CKaJISIPHOE IMPOU3BEICHUE,
Ha3bIBaeTCs eBKINI0BLIM. CkansgpHoe mpousseseHne (X,Y) onpeensercss Kak TaKas
gucioBass (YHKIMS OT JABYX OJEMEHTOB X H Y TmpoctpaHcTtBa L, koropas

YIOBJIETBOPSET HUKECIEAYIOIUM aKCHOMaM.
JUIs BEMIECTBEHHOTO Cllydasi, KOrjaa (X,y)eR )

1) (X,Y) = (y, X) (CMMMETPUYHOCTB);

2) (OL X+ B Y, Z) = (X, Z) + B (y, Z) (TMCTPUOYTHBHOCTB);

3) Vx=#0 (X, X) >0, u (X, X) =0 x=0 (monoxurenbHas
ONPEACIEHHOCTD ).

B citydae KOMILIEKCHOTO 3HAY€HHMs CKAIApHOTo Mpou3Beenus, koraa (X,y)eC,
IIPOCTPAHCTBO HA3bIBACTCA YHHTAPHBIM. B  YHHUTapHOM NPOCTpaHCTBE IS
BBIIIOJTHEHUSI AKCHOMBI TIOJNIOKHTEIBHON ONpPENeNEHHOCTH TpedyeTcss H3MEHUTh
TIEPBYIO U3 aKCHOM, HA00p KOTOPBIX BBITIAHUT CIIEAYIOILIMM 00pa3oM:

1) (X’ Y) =1V, X) (9PMHTOBA CHMMETPHYHOCTS);
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2) (0x + By,z) = (x,2) + B(y.2), mpu oromt (X,ty) =X, Y);

@V%io(x@>&n(&@=0¢>X=0mmmmmmmxmmm%mmmJ
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B CBKIIMJIOBOM IIPOCTPAHCTBC MO’KHO BBCCTH IIOHATHUC HOPMBI, WM IJIMHbI

3JIEMEHTA X, ONPENEIUB €€ KaK HXH = \/(X,Xj. B BemecTtBeHHOM ciyyae (x,y)eR

MOKHO TaK)K€ BBECTH IMOHSTHE yIJla MEXKIY JJIEeMEHTaMH X W Y, I KOTOPOTo
onpeaeicH COS(p:(X,y) (”XHW ‘p Kak B €BKIMIOBOM, Tak M B YHHUTapHOM

IIpOCTPAHCTBE DJBJIEMEHTBI X W Y, U1 KOTOPBIX (X, y) = 0 y Ha3bIBAKOTCs

OpPTOTOHATBHBIMH.
[TycTb B €BKIMAOBOM MPOCTpAaHCTBE L BBIIEICHO Kakoe-TnOO MOAIPOCTPAHCTBO
M . Ecnu mns kaxnaoro Bektopa X € M HaiiJieH OpTOTOHAIBHBIA €My BEKTOp Y, TO

COBOKYIHOCTh BCEX BEKTOPOB Y, s KoTopbix (X,y)=0, oOpasyer HOBoOe
1
HOJIIPOCTPAHCTBO M-, Ha3bIBAEMOE OPTOTOHAIBHBIM  JOIOJHEHUEM

HOAIIPOCTPAHCTBA M . Jio6oe €BKJIUJIOBO MPOCTPAHCTBO SABJSETCS MPSAMON CyMMOM
CBOETO NOANPOCTPAHCTBA U €r0 OPTOrOHAIBHOTO JOIIOJIHEHUS.

Eciu B N-mMepHOM €BKJIMIOBOM MPOCTPAHCTBE BBEIEH Oa3uc {el,K,en }, TO
CKJISIPHOE TIPOM3BEJICHUE DJIEMEHTOB MOXKET OBITh BBIPAKEHO Yepe3 CTOJIOIBI MX

koopauHaT X = (Xl,KXn)T u Y =(y,,Ky,)" B mamHOM 6asuce mpum moMomm
o T
MAaTpUYHOM  3allUCH  CKAIPHOTO  NPOU3BEICHHUS (x,y) =X'TY, rne

CUMMETPUYHAA MAaTpHUIlla [ i =\€j,€; ) HaseBaerca marpuineili I'pamMa B JaHHOM
P P j i p p

Oazuce. B ciywyae yHUTapHOrO TPOCTPAHCTBA CKAJISPHOE MPOU3BENCHUE
ompeneNsieTcsi ¢ JOMOJHUTEIBbHBIM  KOMIUICKCHBIM  CONpPSDKEHHEM — Kak

(X,y)=X*TY , rae oneparms X+ = (X°) ssnsercs spMuToBEIM compsikeHmem.

B cinydae, korma l_ij = (ei € )= dij , T.e. Matpuna ['pama sBIsSETCS €AMHUYHOM,

basuc {el,K,en} Ha3bIBAE€TCA OPTOHOPMHUPOBAHHLIM OasucoMm. IIpuMepom

OpTOHOPMHUpPOBaHHOro Oasuca B R3 sBisercs Tpoiika KoopauHaTHBIX OopToB. Eciu

M3HaYalIbHO OBLT 3a/laH HEOPTOHOPMHPOBAHHBIN Oazuc {fl,K,fn } TO JIMHEHHBIMU
npeoOpa3oBaHUsSIMH K3 HEr0 MOXHO TMOJYYUTh OPTOHOPMHUPOBAHHBIM 0azuc

{91 ,K,en } 1o Meroay oproronanusanuu [ 'pama-IlImuara:

e =fu/J(F,.F);
e, =0,/(9,,9,) , rae 9 =T _(f21el)91:

.......................................................

€ =0 /\/ (gnagn) ,rie Oy = 1:n - (fn ’en—l)en—l - K- (fn 'el)el-
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IpusMep 1 BbICHATh, MOXKHO /I B BEIIECTBEHHOM MpOCTpaHCTBe Rn BBECTH

CKaJISIPHOE MPOM3BENCHHE 10 (hopMyIie (X, )/) =X1Y1 —2%,Y,, n=2.
Pemenne. [Ipexkae Bcero, pacCMOTPUM aKCHOMY TTOJIOKHUTEILHON ONPEeNenEHHOCTH,

. 2 2
BBIUMCJIMB CKAJISPHBIM  KBaJpar: (X,X)Z X — 2X2. Bugno, uyrto jgaHHOE

BBIpDKEHHE ~OTPHIATENbHO [  HeHyneBoro BekTopa X=(0, 1), mO3TOMY

MMpCAJIOKCHHBIM cIocoOOM BBECTH CKaJIIPHOC IMPOU3BCIACHHC HCJIL34.

IIpuwmep 2. B KOMIJIEKCHOM NMPOCTPaHCTBE Cn CO CKaJIAPHBIM MPOU3BEIACHUEM
n

MJ_

(X, y) :ZXK Y, TOCTpouTh 0a3uc B OPTOrOHAILHOM JOINOJHEHUM

MOJMPOCTPAHCTBA M, ecimu kommoneHTHI BEKTOpOoB X € M YIOBJIETBOPSIFOT

ypaBHenuio X1 +1X2=0nu n=2.

L
Pemenne. Jdna snementa Y € M -, oproronansnoro X € M | umeem YCIIOBHE

oproronamsiocti  X,Y; + XY, =0. Ecom X€M, 10 no onpenenenmo

noxnpoctpancta M ero Bropas xommonenra csizama ¢ mepBoil cOOTHOIIEHHEM
X, =1X;, mootomy XY, +X Y, =Xy, +I1X¥, =0, orxkyma Y, +1y, =0.
IMocnennee pasenctso, skeuBanentHoe Y1 —I1Y2 =0, mommoctrio ompenenser

noxnpoctpanctBo M L. M3 1ByX KOOpAMHAT €ro 3JIeMEHTOB OJHY, HAIPHMeD, Vi,

MOJKXHO 3aJaBaTb IIPOU3BOJIBHO, T.C. M L ABIACTCA OOJHOMCPHBIM, KaK M CaMO M.

Bropas koopauHaTa ompenensercs u3 yciaoBus Y1 — iyz =0. Takum o6pasom,

6asucubiM BektopoM B M+ Gyer, Hanpumep, BekTop € = (1, — I) :

3agaun A8 CaMOCTOSITEIBHOTO PENIEHUs.
9.1. MoryT M BEKTOpHI Xlz(l, 1, 1), X2=(1, 1, 0) u X3=(1, 0, 0)

oOpa3oBath 0a3uc B TpExMepHOM mpocTpaHcTBe? [1OCTpOUTH C MOMOIIBIO
JTAHHOM CHCTEMbl BEKTOPOB OPTOHOPMHUPOBAHHBIN Oa3HC.
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9.2. Haiftu Bee 3HaueHus , npu KorTopbix Bekrop X =(7, -2, \) mumeiino

BBIpaXKaeTCs yepes Bekropel €, €,, €31 e = (2, 3, 5), e = (3, 7, 8)
, €3 = (1, — 6, l). [TocTpouTh OpTOHOPMUPOBAHHBIN 0a3uC Ha BeKTOpax €1,

e,, e,.
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9.3.

9.4.

9.5.

9.6.

9.7.

BhIACHUTH, MOKHO JI B BEIIECTBEHHOM MPOCTPAaHCTBE R, BBECTH CKaIspHOC
npousBeeHue o Gopmyie:

1) (X,¥) = 2x1y1 + 3% Y2, n=2;
2)(X’Y)::X1Y1“X1y2“X2Y14‘3X2y2,n::2.

BoisicHUTh, MOXKHO 1M B YHUTapHOM mpocTpaHcTBe C, BBECTH CKaJSPHOE
IpOU3BENIEHUE 110 hopMyJIE:

1) (X,y) = 3 ¥y +4X, ¥y, n=2, 6 N=3;

2 (X,y)=Xi¥2, n=2;
3) (X,y) = ix Yo tiX,y, 2.

» () =Xy, + (L)Y + (1-D)Cy +3xy,, n=2.
5) (X,Y)=5X,V1 +iX2¥2, n=2.

MOKHO 1M B JIMHEMHOM IPOCTPAHCTBE KBAJPATHBIX MATPHUI] BTOPOIrO IMOPSAIKa

BBECTHU CKaJIsIpHOE MIPOU3BEICHUE o dhopmyite
a, b 2, bz

(A, B) =adidy — b2b1 + C]_C2 - d1d2 , TIe A= ! ! 0 B= d 2
c, d; C, U,

[IpensioxkuTh CBOM  €cmOcOO  BBEAEHUS  CKAMSIPHOTO  MPOU3BEACHUS B
IPOCTPAHCTBE MATPHII.

[TokazaTh, 4YTO CKaJIpHOE MPOU3BEICHUE B MPOCTPAHCTBE MHOTOYJICHOB
CTENICHW, HE TMPEBOCXOAAIIEH ABYX, MOXETOBITb  BBeACHO IO (opmyiie

(f.9)=F(=1)-o(-1)+ £(0)- 9(0)+ f(1)- 9(1).

[Toka3aTh, 4TO B MPOCTPAHCTBE MHOTOYJICHOB CTETICHU HE BBHIIIE N CKAJISIPHOE
MIPOU3BEICHUE MOXKET OBITh 3aJ]aHO C TTOMOIIBI0 KOA(DPUIIMEHTOB MHOTOYJICHOB
n

(ao,al,K,an) u (bo b, K, bn) o popmyie (f , g): Zai b . Brrancmas

tt° Kt
Matpuily ['pama Takoro ckajasipHOro mpousseaeHus B 0azuce Hy L, L ) :
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9.8. Tlokasarp, 4TO CKaISIpHOE MPOM3BEICHUE B MPOCTPAHCTBE BEIICCTBEHHBIX
(YHKIMI, HHTErpUpyeMEIX Ha oTpeske [a,b], Moxer 6EITH BBeIEHO IO hopMyIE
b

(1,9)= [ 1 (a(x

a
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9.9. B xommiekcHoM mnpocTtpaHcTBe C2 CKalsIPHOE NPOM3BEACHUE BBEACHO I10

popuyre (X, ¥)= X ¥, + (@L+)x Y, +(1—0)X, ¥, +3X,Y,, a

Takske BoIOpan HoBbIi 6asuc f1=(1, 0), f2=(1, -1). Haiitu matpuuy I'pama B

0asuce {fl,fz}, a TaKKe BBIPA3UTh CKAISPHOE IPOU3BEICHUE (X,Y) uyepes
KOMITOHEHTHI X U Y B 3TOM 0aswmce.

9.10. Jloka3aTh, 4TO B YHHTapHOM HpPOCTpaHCTBE M3 paBeHcTBa (X,y)=0 cnemyer

|| |
2

pasenctBo X~ + Y 2="X+Y . Uro MOXHO CKA3aTh O 3HAYCHUH (x,y), ecmu

M3BECTHO, YTO B YHUTAPHOM IIPOCTPAHCTBE MOCJICTHEE PABEHCTBO BHITIOJIHEHO?
9.11. Ha#itn ommOKy B J0Ka3aTelbCTBE: «B €BKIMIOBOM MPOCTPAHCTBE Rn JaH

IPOU3BOJILHBINA  Ga3uc {el,K,en}. Koopaunatel snementa €y B maHHOM

0aszuce Bce paBHBI HYIIO, KpOMe (ek )k =1 Torna mpu P # K CKAJISIPHOE
MIPOU3BEICHUE IBYyX. 4 pa3IM4HBIX 4 BEKTOPOB Oa3zuca
_|_

ek’ep :O O K+1 O K+O'1+K O'O:O’ T.C. 0a3uc
ABJIACTCA OPTOHOPMHUPOBAHHBIM) .

9.12. B npocrtpanctBe R4 maHBI TpH JUHEHHO HE3aBUCHUMBIX BEKTOpA

xi=(1, 0, 1, -1, 2),x,=(1, 0, 1, -1, -2)ux;=(1, 0, 3, 0, 0)

[Toctpouts mo wmetony ['pama-IlImMunara opTOHOPMHpPOBAHHBEINM Oa3uc B
JTUHEHHOU 000JI0YKE ITUX BEKTOPOB.

9.13. B mnpocTpaHCTBE MHOIOWIEHOB CTENEHH HE BBIIE JBYX C 0a3ucoMm

2
{1, X, X } 3a1aHO CKaJIIPHOE IPOU3BENICHHUE

(f ,g)= f (— 1)- g(— 1) + f (O) g(O) + f (1) g(l) [TocTpouts 1O
meroay ['pama-IlIMura OpTOHOPMUPOBAHHBIN 0a3KC B 3TOM MPOCTPAHCTBE.

9.14. Tloctpouts mo Merony ['pama-lllmuara mepBbie Tpu OPTOHOPMHUPOBAHHBIC
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1tt2. K t"
BEKTOpa B N +1-MEPHOM IPOCTPAHCTBE MHOI'OYJIEHOB LU KU ¢ ecm
1

CKaIIIPHOE TIPOM3BEACHUE 3a1aHO KAK ( f, g) = I f (x)g(x)dx :
-1
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9.15. Iloctrpouts mo Merony [I'pama-lllmunra mepBele Tpu  BeKTOpa

OPTOHOPMUPOBAHHOTO 0a3uca B OECKOHEYHOMEPHOM MPOCTPAaHCTBE (GYHKIIHIA
fn (X) = Exp(— I’]X), n=012,.., ecnmu ckansgpHOE NPOM3BEIEHHE 3aJAHO KaK
o0

(f.9)= 1 (090

9.16. TTokasats, uTo B mpocTpancTBe HempepsiBHbIX Ha [0,1] dynkmmit co ckanspHbiM
1

HpOU3BEEHHEM (f , g) :I f (x)g(x)dx YIoJl MEXAY COCEIHHMH BEKTOpaMu
0
fn =t"! g fn+1 =t" crpemuTcs K Hymo ipu 1 —> 00,

9.17. B KOMIUIEKCHOM TPOCTPAHCTBE Cn CO CKalIpHBIM IPOU3BEIACHUEM

n
_ L
(X, y) = Z X, Y moctponTh 6a3zuc B OPTOrOHAIFHOM IOMONHEHUH M

MTOAITPOCTPAHCTBA M , ecin KoMroHeHTsI BektopoB X € M YAOBIICTBOPSIOT

YPaBHEHUIO:

1) X1 +1iX, +(1-i)xs =0, n=3,

2) —ix, +(2+i)x, =%, =0, N=3.
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Fnasad nnellibe onepaTopH

C »osnemMeHTaMM JIMHEWHBIX TMPOCTPAHCTB MOXHO MPOU3BOAUTH  Pa3IMYHbIC
npeoOpa30BaHus, KOTOPBIC B JIMHCHHOU anreOphl caMu, B CBOIO OUYEPEb, SIBISIOTCS
JIMHENHBIMU. B Kypce aHAIMTUYECKON T€OMETPUU YK€ PAaCCMATPUBAIIUCH JIMHECUHBIC
npeoOpa3oBaHus KOOPJWHAT, HAMPUMEpP, IOBOPOTHl BOKPYI KaKOW-THOO OcCH,
KOKJIOMY M3 KOTOpPBIX OblIa COINOCTaBjeHa HeKoTopas Marpuia. JIuHelHble
npeoOpa3oBaHus, WIIK ONEPATOPHI, a TAKKE WX MATPUUYHBIC MPEACTABICHUSI, UTPAIOT
UCKJIFOYUTEILHO BaXKHYIO POJIb B KBAaHTOBOM (hU3WKE, TAC KaxI0u (Qu3ndecku
HaOII0/JaeMOM  BEJIMYMHE  COTOCTABJISICTCS  OMNpEeAeAEHHBIH  CaMOCOIPSHKEHHBIN
omneparop.

10. OnpeneneHue U MaTpudHas 3alycCh JUHEUHBIX ONEPATOPOB

JIunelHBIM OnEepaTopomM A, JeCTBYIOIMM U3 IMHEHOTo npocTpancTBa L B

muneiinoe  mpoctpanctBo M | HaseiBaeTcs  OTOGpaXkeHHE, COMOCTABISIONICE
snementry X€L osmemenr Y € M  u nuseitnoe mo CBOEMY apryMEHTY:

A((X X, + sz) =a A(Xl)-l- B A(Xz). 3ameTuM, 4TO 06paskl dneMenToB X;, € L

SIBISIOTCS, BOOGIIE TOBOps, dIeMenTamu apyroro mpoctparcra M | mpu stom

BCeraa A(O)= 0. Mnoxecrso 00pa3oB A(X)E M Beex Bektopos X € L

Ha3bIBaeTCs 00pa3oM oreparopa A u o6oznauaercs IMA. Muoxectso BEKTOPOB
X € L, orobpaxarommxcst B HyneBoil smeMeHT mpocTpaHcTBa M, HasbIBaeTCs

SJIpOM olieparopa A 1 oGosnauaercs Ker A.

Eciau o6pa3 351eMEeHTOB MpPOCTpaHCTBA L tawke nexur s L , TO JIMHEUHBIN

orepaTrop A nasbiBaercs HHEHHBIM npeobpazoBaHreM mpocTpanctBa L . B
JajgbHENIleM, €CJii 0c000 HE OTOBOPEHO, MbI OyJieM MOHUMATh IOJI OlepaTopaMu
JTUHENHBIE TPeo0pa30BaHns COOTBETCTBYIOMIUX MPOCTpaHCTB. Cpeau onepaTopoB

BBIJIENISIOT €JMHUYHBIN OrepaTop E . o6manaromuii croiicreom VXe L EX=X.
[poussenenne omepatopoB A u B onpemensercs kak omeparop,

NEACTBYIOIINIA 10 MPABUITY AB(X) = A(B(X)). Kak u B ciiydae mpOU3BEICHUS

MaTpHll, yMHOKEHHME OIEPATOPOB HEKOMMYTATMBHO W B OOLIEM  Ciydae

AB # BA | ipu srom pastocts [A, B] = AB — BA nassBaerca xommyraTopom
JIAHHBIX ONEpaTopoB. B cilyuae paBeHCTBA KOMMYTATOpa HyJIEBOMY ONEpaTopy
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orobpaxenuss A u B HazpiBaroTCst KoMMyTHPYIOIIUMU (TIEPECTAHOBOYHBIMH).
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IIycte B N -MepHOM JMHEWHOM TIpocTpaHcTBe L BwIOpan 0Oasuc {el,K,en }
[lozxeiicTBYeM Ha Kaublii M3 GasUCHBIX BEKTOPOB JIMHEHHBIM omepatopoM A | B

pe3yibTaTe 4Yero MmojayduTcs Habop oOpa3oB 0a3MCHBIX BEKTOPOB {Ael,K, Aen }
Kaxnapiii BEKTOp U3 JaHHOTO Ha0Opa MOXKHO Pa3JIOKUTh MO Oa3uUCy {el,K,en }, npu

ATOM JIIOOOMY BEKTOPY Ae j Oyner oTBedaTh CTONOEL CBOUX KOOPIUHAT BBICOTHI N.

Bcero Oynem uMerb N cTONOLOB, KOTOPBIE, ClIEI0OBATEIBHO, O0OPa3yIOT KBaIpaTHYIO
MaTpuily A mopsiika N, Ha3pIBaEMYI0 MaTpulled JIMHEHHoro oneparopa A B 6a3uce

{el,K,en } EnuHrYHOMY OIIEpaTopy COOTBETCTBYET €IMHHMYHAS MaTpulia. JJaHHOE
OTIpeICJICHUEe, OUYE€BUTHO, MOKHO 00OOIIUTH Ha CITydail 0TOOpaxeHust N -MEpHOTO
npoctpancTBa L B m-mepHoe mpoctpanctBo M, B pesynbrare Hero mMarpuia
oneparopa A Gyzer npamoyronsHO# MaTpuneit mopsaka M X N,

-1 _ _
Onepatop A", ynosnersopstoumii coorromenmo A7TA = AA l-E,

Ha3bIBAETCS OOPATHBIM OIEPATOPOM s AaHHoro omeparopa A. HeoGxomuMeiM 1

A0CTATOYHBIM YCJIIOBUCM HaAJIWYUA O6paTHOFO JJIA  JaHHOI'O A ABIICTCA €TI0
B3aMMHasA OJHO3HAYHOCTH, T.C. HAJIMYHC B kerA JUIIb HYJICBOTO JJICMCHTA.

Marpuiia oOpaTHOTO OmepaTopa paBHa OOpaTHOW MaTPHUIC MCXOIHOTO OIEeparopa,
OTKyJa BUJJHO, YTO OOpAaTHMBIM MOJXET OBITh JIHIIb OTOOPAXKCHHE MEXKIY IBYMSI
MPOCTPAHCTBAMHU C OJIMHAKOBOW Pa3MEPHOCTHIO, JINOO TpeoOpa3oBaHUE JTUHEWHOTO
npocTtpaHcTBa. i mpuMepa pacCMOTPUM JIMHEWHOE MPeoO0pa3oBaHUE JBYMEPHOTO

MPOCTPAHCTBA C MaTpHUIIEH A= 0- ITockoabKy detA= 0, JaHHOE

00

npeoOpa3zoBaHue HE UMEET oOpaTHOro. YOenuMmces, 4To sSapo oneparopa A B TaHHOM

CITyHae COCTOUT HE TOILK(, U3 HYJFBOrO SIIEMEHTR: JUI MHOKECTBA BEKTOPOB BHIA
X, =a(0, nMeeM 0 =U, t1e. Xy €KErA. PaccmarpuBas neicTBue

JAHHOTO ONEpAaTOpa Ha MPOU3BOJBHBIM BEKTOp X = (Xl, X )T, MOJIy4aeM, 4YTO
2
oOpa3zoM orepaTopa SBISIETCS OJHOMEPHOE, KaK U sJIp0, MPOCTPAHCTBO BEKTOPOB

imA=x(1, 0).
Ecmu npy momomu HEBBIPOXKIAECHHOW MAaTPULbI S BemonHen nepexon OT

Oa3uca {el,K,en} K 0azucy {fl,K,fn }, TO MaTpuua A oreparopa A B HOBOM

o —_c-1
Oa3uce CBsA3aHa C MaTpPUIIEH Ae B CTapOM 0a3nce COOTHOIIEHUEM A; =STAS.
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IIpuwMme p 1l BoisicHUTh, sIBII€TCS U JaHHOE NpeoOpa3oBaHKUe MPOCTpaHCTBA R,

X,
JTUHEHHBIM: A(X) =1 ﬁ, n=2;
[
X1 —Xa[
Pemenne. IlpoBepseM  JMHEHHOCTH  HpeoOpa3oBaHUsS no  dQopmyie

A(ax + By) = aA(x) + BA(Y).

Hmeem: A(OCX + BY) = ((OLXZ + BY,),
T

(o (X1 — X2) + B (y1 — Y2)))T , UTO PAaBHO

a(X, X —%) +B(Yo, Vi—y ) =cA(X)+PBA(Y), te  nammoc

2
npeoOpa3oBaHUE SBISICTCS TUHEHHBIM.

IIpuwMme p 2 3anucare B AekapToBOM 0Oaszuce TPEXMEPHOTO MPOCTPAHCTBA MATPHUILY
oreparopa MPOEKTUPOBAHUS Ha MPSIMYIO JHHUIO, 3aJaHHYI0 ypaBHeHHEM X = Z = 0
Pemenne. Marpuma q1000r0 THHEHHOTO ONEpaTopa B JAaHHOM 0a3vWce MOXKET OBITh

MOCTPOEHA MPH PACCMOTPEHUM ACMCTBUS ATOrO OnepaTopa Ha Oa3MCHBbIE BEKTOPA.
Hampansitomuii  BexkTop A JaHHOW TPSMOM HMEET KOOPIUHATHI (1, 1, 1)-

O0603HaUUM MPOEKINIO0 KKIO0r0 U3 €AMHUYHBIX BEKTOPOB JEKApTOBOro 0a3uca Kak
ei'_ Bce BekTopa ei' napasuiesibibl d ¥ UMEIOT JUIMHY, PaBHYIO HaIpPaBIISIOLIEMY

KOCHHYCY BeKTOpa d, T.€. 1/\@ . KommoneHTrI ei' B UCXOJHOM JIEKAPTOBOM CUCTEME

MOJIyYaroTCs TMOCJIE€ MPOECKTUPOBAHUS ei' Ha OCH CHUCTEMbl KOOpPAMHAT, 4YTO JAET

101 1 !
' 1 i :]:'3(1, 1, 1)T. Tak BeIIAIUT THO00H U3

" B0GB BB

1 1 1
CTOJIOIIOB MAaTPHIIBI OIIepaToOpa, KOTOpast OKOHYATEIIBHO UMEET BUJT Ao 1 111

3
111
Jalauy INA CaMOCTOATENbHOTO PEIIEHIA.

10.1. BeisicHuTh, SBASETCS JH JAaHHOE MpeoOpa3oBaHWE MPOCTPaHCTBA R,
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JINHEUHBIM:

y A= B o,

0 X1 X201
AG)= 2

3) DXXD,nZZ;

0 1210
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0 0 0

12X3+ X

5 A)=" 2x x 0 n=3; ) AX)=0; 7 ()=D + 0 n=3.
I 31 [ AX X1 3X2]
0 —% [ ;%D

10.2. Ilycts M - moampocTpaHCTBO JuHEHHOro mpocrpaHcTBa L. OrtobpaxeHue
¢ . L — M onpenencro cnenyrommmu npasumamu: @ X) = X npu X€ M

u (P(X) =0 npu X & M . Spnsercamn  smmeiinbiM orepaTtopom?

1) A= (xa)= 2 AG) - g
a (an)

10.3. IIpeoOpa3zoBaHus TPEXMEPHOTO BEKTOPHOTO MPOCTPAHCTBA R3 UMCIOT BH/I
d
2 )

rne 4 u N - ¢QukcupoBanusie BekTOpa. I[IpoBeputrb, YTO JaHHBIE
peoOpazoBaHus SIBIAIOTCS JMHEWHBIMU, U YKa3aTh UX TEOMETPUUYECKUN CMBICIL.

10.4. JInneiiusiii onepatop A, neiicTByromuii B R3, ocymiecTsiser npoekTuposanue
BEKTOPOB M3 3TOr0 IPOCTPAHCTBA HA MPIMYI0, 3aJaHHYIO YpaBHEHUSIMHU

X1 = X2 = X3. 3anucarh MaTpHILy Az JIEKapTOBOM Oazmce.

10.5. 3ammcate B ngekapToBoM 0Oa3zuce  TPEXMEPHOTO MPOCTPAHCTBA MATPHILY
omeparopa MPOEKTHPOBAHUS HA IUIOCKOCTb, 3aJ]aHHYI0 YpPaBHEHHEM

X+y+z2=0

10.6. 3anucarh B JaekapTOBOM Oa3uce MaTpHIly oOIeparopa IMOBOpOTa Ha Yroi

¢ =27 |3 Bokpyr npsamoit X; = X, = X3.

10.7. 3ammcats B 6a3uce U3 TPUTOHOMETPHUYECKUX (DyHKIMI {COS X, sin X}

MaTpHuIly oneparopa auddepeHunpoBaHus D=d dx.

10.8. an 6asuc f,=(0, 1) u f,=(1, 0) mpoctpancta R,. Haiitn marpuiry Af
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oneparopa A B 5ToM 6a3mce, eciiM B CTAHIAPTHOM 0a3nce oOpassl 6a3HCHBIX

BekTopos umertoT Bun Af; =(2, 3) u Af, =(4, 5).

10.9. Haiitu sagpo um oOpa3 ormeparopa A, 33ITaHHOTO CBOEW MaTpuleld B

IPOCTPAHCTBE Rn ;
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-2 5 3
25 60
1) A= , N=2; 2) A= 5 3 n=3.
60 144 5 _5 _3|

2 n
10.10. B 6a3zuce {1,t,t Kt } IPOCTPAHCTBA MHOTOYJIEHOB CTENEHH HE BhIIE N
3anucaTh MaTpUIly, a TAK)KE HAWTH PO U 00pa3 CIETyIOUUX ONepaToOpOB:

1) Onepatop muddepenrmposarus D =d |dt ;
t

2) Onepatopa uHTerpupoBanus | = i f(@ )d@ :

11. 3amagya 0 cCOOCTBEHHBIX 3HAUCHUSX M COOCTBEHHBIX BEKTOpax

Ecnu oGpa3sbl oneparopa A or BEKTOPOB HEKOTOPOTO MoAmnpocTpancTa M
JUHEWHOro mpocTpaHcTBa L BHOBBL Jexar B no;[npOCTE\aHCTBe M, TO OHO

HAa3bIBACTCA MHBAPHUAHTHBIM ITOAIIPOCTPAHCTBOM OIICPATOpPa ) I[CﬁCTBYIOHIGI‘O B L

. B ciyuae, xorma M oxroMepHO, To ectb st Becex X € M mveem AX = 7\«X, rae

A- BCIICCTBCHHOC NI KOMIIJIICKCHOC YHCJIO. Torz[a HGHyneBOﬁ BCKTOpP X Ha3bIBaCTCA

COGCTBEHHBIM BEKTOpOM omeparopa A | a 4mcio A - COOTBETCTBYIOLIMM €My

coOcTBeHHbIM 3HaueHueM. Habop COOCTBEHHBIX 3HAYEHUH JIMHEWHOTO
orepaTropa HasbIBaeTCs ero crnekTpoM. Eciu B N -mepHOM mpoctpaHcTBe L 3aman

0azuc {el,K,en } U ompejiesieHa MaTpuiia A TaHHOTO OMepaTropa, TO HaXOXKICHHE

COOCTBEHHBIX 3HAYEHMH M COOCTBEHHBIX BEKTOPOB MPENCTaBIsACT COOO0M 3amady o
PEIICHUHN CHCTEMbI JJMHEHHBIX OJTHOPOJIHBIX YPAaBHEHHH MOPSAKA N I KOMIIOHEHT

COOCTBEHHOTO ~ BEKTOpa X, OmHCHBaeMmyio Marpuieii (A — 7\,E) CobcTBeHHbIE
3HAYCHUS A HAXOMSTCS M3 YCIOBHSI PABEHCTBA HYJIIO ONPEICIIUTENS JTAHHOW CHCTEMBI,
a  TOJy4eHHOE B pe3yjibrare anreOpanyeckoe ypaBHEHHE

det(A - KE) =0, sBumomeecs ypaBHeHHeM N-if CTelmeHM Ha A, Ha3bIBaeTCS

XapaKTEepUCTUUECKUM ypaBHeHHEeM. (COrjlacHo OCHOBHOW Teopeme aireopbl, BO
MHOKECTBE KOMIUIEKCHBIX YHCEJ XapaKTEPUCTUUECKOE YPABHEHHE BCET/Ia UMEET N
KOpHEH ¢ y4€TOM WX KpaTHOCTH. YHCITO BEIIECTBEHHBIX KOPHEH MOXKET OBITh MEHBIIIE,
Y OHHU MOTYT OTCYTCTBOBATh BOBCE.
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[Ipumep 1. Haiftn coOcTBeHHBIE 3HAYECHHSI W COOCTBEHHBIE BEKTOpa OIEpaTopa,

3  2+2

3aJaHHOTO cBoei MaTpuieii A= 2o .
Pemenne. [Ins HaxXoXIeHUST COOCTBEHHBIX 3HAUYEHHMM peliaeM ypaBHEHUE
3-1 2+2i — 0 OTKyJa 7\,1 =5 u 7&2 =—1. Jlna mepBoro coGCTBEHHOTO
2-21 1-A

1a A(SUC BHEHMH JJI1 KOMIIOHEHT COOCTBEHHOI'O BEKTOpa UMEET BUJ
[araratag s g@’ OTKyZla IIEpBBbI COOCTBEHHBIN BXKOpPa 0 0IL+1
: — :

(2 _3( - 4X = 0 1 [ = J|-:|

[ 1 2 [ Xz I [
Jns  BTOpPOIrO _(‘(5)6CTBGHHOFO 3HAQYEHUsI UMMEEM  CHUCTEMY  YpaBHEHUU
04x,+(2+2% =~ ~, OTKyja HaxXoAMM KOMIIOHEHTHI  BTOPOrO COOCTBEHHOIO
[

(2-X +2x =0
i 1 2 .
BEKTOpa _Ux 1I(=1+1)/ 21

, 0 U=10 [

0%0 0 1 g

[Tpumep 2. HaliTh coOCTBEHHBIC 3HAYCHHUS M COOCTBEHHBIC BEKTOpa OIEpaTopa,
-1 2
3aJJaHHOTO MaTpULEH A= 3 1| C YYETOM TMPHUHAJICKHOCTH COOCTBEHHBIX

3HAYCHUMN MHOKCCTBY pallMOHAJIbHBIX YHUCCII.

-1-A 2

Pemenne. XapakTepucTUYEeCKOE YpPaBHEHHE HMEET BUJ =0, Hm

3 1-A
A\’ — 7 =0. [TockoJbKY JaHHOE ypaBHEHHE HE UMEET KOPHEHN B 00JIaCTHPALMOHATBHBIX
YHUCeNl, TO COOCTBEHHBIX 3HAYEHUW M COOCTBEHHBIX BEKTOPOB, YIOBJICTBOPSIOIIMX
YCIIOBUIO 33J]a4H, HE CYIICCTBYET.

3az[aq1/1 1A CaMOCTOATCIBHOT'O PCIICHUA.

11.1. Haiiti coOCTBEHHBIC 3HaUYCHHS M COOCTBEHHBIC BEKTOpA OIepaTopa, 3aJaHHOIO
-1 2

Matpuied A= , C Y4€TOM MPUHAJJICKHOCTH COOCTBEHHBIX 3HAYCHUI

MHOKCCTBY BCIICCTBCHHBIX YHUCCJI.

11.2. HailiTu coOCTBEHHBIC 3HAUEHHUS U COOCTBEHHBIE BEKTOpPA ONEPaTOPOB, 3aJaHHbIX
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CBOMMHU MAaTpHUILlAMH:
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2 -1 - 3 -1 0

3 2 —i _
1) A=, . . 2)A=[0 -1 0|; 3)A=|i 3 0;4)
2+1 7
0O 2 1 0 0 4
1 0 0 O 1 00 0
A 000 0; 5, 0000,
1000 0000
0001 100 1

11.3. Oneparopsl I—]_I/I |—2 B HEKOTOPOM Oasuce MpeacTaBiIeHbl MaTPULIAMU
paTop p p p

010 0 -i O
L,= =2 10 1lu L,= = i 0 ~—i|.Haift;m coOcTBeHHBIN 6a3uc onepaTopa
V2 010 V2 0O i O

|—1 Y BUJ] MaTPHIT L, u |—2 B 3TOM Oa3uce.

0o 1p

11.4. Haiitu Bua omepatopa ¢ Marpuuei Ilaynmu o, = B COOCTBEHHOM
01 Og
00 1
Gasuce omneparopa ¢ marpuiieii [Taynu O :[ID— i 0% :

11.5. Haiitu coOCTBeHHBIC 3HAaue€HHUS H COOCTBEHHBIE BEKTOPHI OIllepaTopa
MIPOCKTUPOBAHMSI HA TIPAMYIO JIMHHIO, 3aJaHHYI0 YpPaBHCHUAMH X; = X, = X3.

11.6. IlycTh X, 1 X, - COOCTBEHHBIC BEKTOPA JMHEHHOTO orneparopa A, OTBeYaroIIHe

pa3IMYHbIM COOCTBEHHBIM 3HAYEHUSIM 7&1 * 7L2. [Toka3aTp, 4YTO BEKTOP

X, + BX, c nenyneBbMH uncnamu U 3 He sBISETCS COOCTBEHHBIM
BekTOpoM oreparopa A,

e

11.7. Haiitu cobcTBeHHbIC (DYHKIIMH M COOCTBEHHBIC 3HAueHHs oreparopa !

20
rpe 0<o <2n.
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11.8. TTycts muneiiasie onepatopsl A u B xommyTtupyror. ITokasars, uTo B 3TOM
clly4ae y HUX uMeeTcs o0t Habop 6a3MCHBIX BEKTOPOB.
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12. Jluneiinte OnTepaTopu B EBENUNTOBRX TPDOCTDAdHCTBAX

B CBKIIMAOBOM IIPOCTPAHCTBC L co CKAJLIPHBIM IIPOHU3BCIACHUCM (X,y) I

JaHHOTI'O J'II/IHGI:/CIHOFO orcparopa A MOXHO BBCCTH ITOHATHUC COprDKéHHOFO My

omeparopa A , YIOBJIETBOPSAIOIIETO PABEHCTBY (AX,Y)= (X, A*y s JTFOOBIX

AJIEMEHTOB TIpoCcTpaHcTBa. B Gasuce el,K,en ¢ marpuueii Ipama [ i =\€i,€;
p p j ]

.. * -1 AT
MATpHIIA CONPSIKEHHOTO OMepaTopa BerauciseTcs o popmyre A = [A"[ &

* -1
BCIHICCTBCHHOM CJIy4dac H A = r A r B KOMIUICKCHOM CcClIy4dac, I'ZIc 4epTa
0003HaYaeT KOMIIJICKCHOE COIIPAKCHUC. B YaCTHOCTH, B OPTOHOPMHPOBAHHOM

* *
Oasuce A = AT B BCIICCTBCHHOM CBKIIMAOBOM IIPOCTPAHCTBC H A = A+ B

*
YHUTapHOM IpocTpaHcTBe. OrmepaTtop, Uil KOTOPOTO A" = A nuaseBacres

CaMOCOIIPAKCHHBIM, WUJIN 3PMHUTOBBIM. Ero MaTpulia, KakK 3TO CICAYCT U3 q)OpMYJ'IBI

*
TS A , SIBJIIETCS BEIIECTBEHHON CUMMETPUYHOU JTMOO KOMIUIEKCHOM 3PMHUTOBOM

Matpuiieid. E€ coOCTBeHHBIC 3HAYCHHS BEIICCTBCHHBI, a COOCTBEHHBIC BEKTOpA,
OTHOCSIIIUECS K Pa3IMYHbIM COOCTBEHHBIM 3HAUCHMSIM, OPTOTOHAJIBHBI U 00pa3yroT

0a3uc B mpocTpaHcTie, L.
Omneparop ,  COXpaHAIOWMH  CKAIPHOE  MNPOW3BEICHHE,  T.C€.

YAOBJICTBOPAIOIIUN  COOTHOLICHHIO (Ux,Uy)= (X,Y) I JIOOBIX  BEKTOPOB

npocTpancTBa L , HA3BIBAIOT OPTOTOHANBEHBIM OIIEPATOPOM B CIydae BEIIECTBEHHOTO
MPOCTPAHCTBA U YHUTAPHBIM OIEPATOPOM B Cllydae KOMIUIEKCHOTO MPOCTpaHCcTBa. B
ATOM CiIy4ae MaTpHlla COMPSHKEHHOTO orepaTopa B OpPTOHOPMHPOBAHHOM Oa3zmce

* -1
paBHa O0OpaTHOM MaTpHIle, U =U"" Co6ersennsie 3nauenus YHUTAPHBIX

OTIEPaTOPOB MO MOJIYJIFO PaBHBI €AUHUIIE, 2 COOCTBEHHBIC BEKTOPA, KaK M JJIS
CaMOCOTPSHKEHHOTO OTIepaTopa, 00pa3yroT OpTOHOPMHUPOBAHHBIN Oa3HC.

ITpumep 1. Haiitu conpsik€HHBIA oOmeparop K JHUHEHHOMY ONEpaTopy A

OCYIIECTBIAIOMEMY TIOBOPOT Ha yron P = 21 ‘3 BOKpYT ipsiMoit X1 = Xy = X3 B

npocrpanctee Rj.

Pemenue. Ilpu yka3aHHOM B 3aj1ayd NOBOpPOTE OasMCHbIE BEKTOpa JEKapTOBOM
CHCTEMBI IPeOOpasyroTCs ciefyromuM obpasom: €, —>€,, €, > €5, €; > €,
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0 01
O3TOMY MaTpHIa npeoOpa3oBaHus uMeeT BUJI A=l1 0 ol
010

B  oproHopmupoBaHHOM  0a3uce  BEIIECTBEHHOTO MPOCTPAHCTBA  MaTpuIla
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CONPSDKEHHOIO  ONEparopa paBHA TPAHCIIOHUPOBAHHOW MAaTpPULE HCXOIHOIO
0 1

orcparopa, I03TOMY OKOHYATCIIbHO UMCEM A= AT = 0
1

0
0 1
0 0
[Tpumep 2. B eBkiIMIOBOM  mpocTpaHcTBE Rz €O cTaHIapTHBIM

OPTOHOPMHUPOBAHHBIM 0a3MCOM {el’ez} 3aaH 0azuc {fl,fz} U MaTpuiia Af

JMHENHOTO oreparopa A 5 stom 6asnce. Haiitu B 6asmce {fl,fz} MaTpHUILy

* 1 4
COIPSKEHHOTO OIlepaTropa A ,ecmm f=e , f =—6 +e,u A = :
f 1 1 2 12
o1
Pemenue. Martpuiia conpsok€HHOTO omnepaTropa HaxoauTcs 1o dopmylie

A"=A T, rne I_'jf :(fi’fj) ecth Marpuua I'pama B Oasuce {fl’fZ}'

Boruucnsss e€ B ¢ mnomomipto Qgopmyn f,=e,, f,=-e,+e, u wucnonplys

R
OPTOHOPMHUPOBAHHOCTh ~ Oa3uca {el,ez}, uMeeM [ _ , a obparHas
f _1 2
2 N
Matpuia mMeer Bup [ ! - . Bpluncnas mpoussesieHHe TPEX MaTpHI
1
A"=T"1A I, nomyuaem okoHuaTensHo A~ — 3 0
3 -1

dalaum 119 CaMOCTOATENbHOTO pemeHndg.

12.1. JIuneitnsiii oneparop A , ISHCTBYIOIINI B N -MEPHOM MTPOCTPAHCTBE L , saman
nuaroHansHoi Matpuneil ¢ kosdduumentamu (A1, K, An). Haiitu matpumy

* .
CONPSKEHHOTO omepaTopa A", ecm (a) Bce k0d(pPUITMEHTHI Li R u (0)

Bce Koaddunuents! Ai € C . Sdnsercs nmu oneparop A CaMOCOTIPSIKEHHBIM?

12.2. B eBKIMIOBOM MPOCTpPAHCTBE Rz €O CTaHAAPTHBIM OPTOHOPMHUPOBAHHBIM

0azucoMm {61,82} 3a7aH  Oas3mc {fl,fg} U MaTpuia Af JIMHEMHOTO

oreparopa A & stom 6Gasuce. Haiith B Gasuce {fl,fz}‘ MaTpPHILY
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* 1 2
COINPSKEHHOTO OIEpaTopa e f=e, f =2¢ +e ,uA =

1 3

12.3. IlycTh B €BKJIMIOBOM IIPOCTPAHCTBE L samanm CaMOCOIIPSKEHHBIN onepaTopA
, UMeromui oOpatHelid. [TokazaTe, yTo 0OpaTHBIN OMEpaTOp TaKKE SIBISETCS
CaMOCOIPSIKEHHBIM.
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12.4. B mpocTpaHcTBE

12.5.

R3 3aJlaH OII€paTop BEKTOPHOT'O YMHOXKCHHUS AX = [a’ X]

rae a:(a1, d,, 3-3) - (ukcupoBaHHBIM BekTOp. Hailitu

CONPSKEHHBIN OIIEPATOP A

MoxeT nu MaTpuia CaMOCOHpH)KéHHOFO Hp€06pa30BaHI/ISI BCIHICCTBCHHOTI'O
CBKIIMAOBOI'O ITPOCTPAHCTBA OBITH HGCHMMCTpH‘IHOfI?

12.6. Tlycts M - uHBapmaHTHOE OTHOCHTENBHO OpPTOrOHAIBHOrO omeparopa A

MoAIIPOCTPAaHCTBO CBKJIIMAOBOI'O IMPOCTPAHCTBA L . HOKaSaTB, qTo

1
OPTOTOHAJIBHOC  TOTIOJTHEHMEC M TaK)KC MHBApPUAHTHO OTHOCHUTCIBHO
oreparopa A.

12.7. B eBKIMIOBOM IIPOCTPAHCTBE Ry, caMocompsxéHHbIH omepatop A 3aman

cBoell Marpuueil A. Haiitu matpuily omneparopa B TaKoIo, 4TO B2=A

(3amaua o kopHe U3 oneparopa). CylecTBYEeT JI PelIeHHE 3a/1auu JJIsl JTI000r0

CaMOCOIIPSHKEHHOTO OIIEPATO a‘?
B patop |2 32
1) A= 2) A=

-2 8 32 5|2
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[rasa & bununefinse 1 ¥BafpaTuHunse GQopuy

B kypce aHanuTUYeCKOW TeOMETPUHM paccMaTPUBAIUCH YPABHEHMSI KPHUBBIX
BTOPOTO MOPSAJIKA HA IJIOCKOCTH, & TAKKE YPaBHEHUS IOBEPXHOCTEM BTOPOTO MOPSIIKA
B MPOCTPAHCTBE. B 3TH ypaBHEHHsS] BXOJUT CyMMa HEKOTOPOIO YHCIA CIaraeMbIX
BTOPOTO TMOPSAKA, Ha3bpIBaeMasl TPYNIONW KBaJApaTHUHBIX claraeMbix. O00O0IeHnEM
MOJ0OHBIX BBIPAKEHUHN Ha CIydail MpOCTPaHCTBA JIDOOTO YKCIIa U3MEPEHUM SIBISIETCA
TEOpHs KBaIPAaTUIHBIX (OT OJTHOTO apTyMEHTa) U OMJIMHEWHBIX (OT JBYX apTyMEHTOB)
¢dopm. Kak u B 3a1auax aHaTUTHICCKON TEOMETPHUH, OCHOBHBIM BOTIPOCOM SIBIISICTCS
BBIOOp TaKOW CHUCTEMBI KOOPJMHAT, TAe (opMa mMeeTHAnOoJee MPOCTOM BUJT CYMMBI
KBaJPATOB C ONPEACIEHHBIMU K0P DUITNECHTAMU, Ha3bIBAEMbIF KAHOHHYECKIM BHIOM.
Kpome Toro, B npuito:KeHUAX K MEXaHUKE OYEHb BayKE€H BOIIPOC O MOCTOSHCTBE 3HAKA
JUTSI 3HAYCHUH, MPUHUMAEMbIX KBaJIpaTUYHON (DOPMOIA MPHU Pa3IMUHBIX aAPTYMEHTAX,
YTO MPUBOAUT K HEOOXOIUMOCTH U3YUCHUS KJIacCU(DUKAIIMU KBAIPATUIHBIX (OPM.

13. Marpuiia OuIMHEHHON U KBaJpaTUYHOU (HOpM.
[IpuBeneHre K KAHOHUYECKOMY BUTY

bununeiinont popmoit B(X, Y), 3aJlaHHOM Ha JHMHEHHOM mpocTpaHcTBe L,
Ha3bIBae€TCAd 4YHUCIOBas (YHKUIUS OT JIBYX OJEMEHTOB JaHHOTO TMPOCTPAHCTBA,

JMHEWHAs M0 KKIOMY U3 HHX, T.C. B(OL X+ B Z, y) = B(X, y) + B B(Z, y)

U aHAJIOTMYHO JJIsi BTOPOTro aprymMeHTa. Mbl OyJieM paccMaTpuBaTh BELIECTBEHHbBIE
(GopMbl, KOrja 3HAYEHUE B(x,y) Opy JIIOOBIX 3HAYEHUSX apPryMEHTOB SIBISETCS

BELIECTBEHHBIM 4nciIOoM. Ecnu B(X,Y)Z B(y,x), TO OwinuHeiHas (¢opma

Ha3bIBAaCTCSI CUMMETpUYHOW. DyHKIMSI OJHOTO apryMeHTa A(X)E B(X, X),
MOJIydYeHHas U3 CHUMMETPUYHON OWIMHEHHOW (POpMBI, Ha3bIBa€TCS KBaJAPATUUHOU

dopmoii. OOpaTHO, TO 3aJaHHON KBaJApaTU4YHOU (opme A(x) MOXXET OBITh
OCTPOEHA CUMMETPUYHAS OWIIMHEeMHAs dbopma

B(x,y) = 12(A(x +y)-A(X)- A(y))- B OGasuce e Ken ) -MEpHOTO

npoctpaHcTBa L OmnmHeitHas u kBajgpaTudHas GOpMbI MOTYT OBITh 3alMCAHbI YEPE3

T T
CTONOIBI KOOPAMHAT X = (Xl ,KXn ) nY = (yl Ky, ) CBOMX apryMEHTOB

IpU TOMOIIM MATPUYHOM 3aluch OWJIMHEHHON (HOopMBI B(X,Y)= XTBY | rge

Marpuia OWIMHEHHOU (bOpMSI ompejeneHa dYepe3 €€ 3HaueHUST Ha Oa3UCHBIX
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BEKTOpax Kak bij =B €,€ j

().

3allUChIBAKOTCA KakK B X’y = Zb
i, J=1

i Xi Y
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MmaTpunia 1) KBaapaTH4HO# (OPMBI BCeT/ia SBISETCS CAMMETPUYHON. B wacTHOCTH,

CKAIDHOE  MPOM3BEIAEHHE B  BEHIECTBEHHOM  E€BKJIMJAOBOM  IPOCTPAHCTBE
MpeICTaBIsIeT cO00 OUMMHEHYI0 (POpPMY C CUMMETPUYHON MaTpUIIEH, SIBISIOIIEHCS
matpuneid ['pama. Ecnu mpu moMoIy HEBBIPOKJIEHHOW MaTpULbl S BBHIMOJIHEH

nepexoa or 0Oasuca {el,K,en} K 0Oa3zucy {fl,K,fn}, TO MaTpula Bf

OmMHENHHON (hOpPMBI B & nosom 6asuce cpszana c MaTpUIIeH Be B CTapoM 0Oasuce

_ QT
COOTHOIIIEHHEM Bf =3 BeS,

bazuc, B koTOpoM Marpuiia KBaJpaTUYHOU (POPMBI MMEET AMArOHaIbHBIN
(KaHOHWYECKHUI) BUJ], Ha3bIBACTCS KaHOHUYECKUM OaszucoM. KBanpatuunas ¢opma B
TakoM 0Oa3uce SBIAETCS CYMMOM KBaJpaTOB KOOpAMHAT €€ apryMeHTa,

2
A(X): Z}M X , Tae Koa(b(bHuI/IeHTLI (7\- ,KX ) Ha3bIBAIOTCI KAaHOHUYECKHMH
i 1 n

i=1
kodddunmentamu.  [IpuBectn  OwnmHelHyr0  (KBaapaTuyHyr)  QopMy K
KaHOHUYECKOMY BUJTY, WJIM IMArOHAIM30BATh €€, 03HaYaeT MOCTPOUTDH CYTIEPIIO3ULIUIO
HEBBIPOXKIACHHBIX IMPeoOpa3oBaHuil 0a3ucoOB, B MOCIEAHEM M3 KOTOPBIX MaTpuIla
(dbopMBbI SABISETCS AUArOHAIBHOW, MPU ITOM YHKCIA HA JUATOHAJIU MATPHUILI OyIyT
MUCKOMBIMU KaHOHUYEeCKUMHU Kodhdurmentamu. OJIMH U3 METOAOB TMArOHAIM3AIUH,

W3BECTHBIM Kak MeToJ JlarpaHxa, 3aK/IFOYaeTCs B MOIIArOBOM
BBIJICJICHUN TIOJIHOTO KBajpaTa KaKJIOW M3 KOOPJWHAT B BBIPAXKCHUU IS (HOPMBI

A(X). pyroii MeToJ OCHOBaH Ha BBINOJHEHUM B €BKJIMIOBOM IIPOCTPAHCTBE

paBEeHCTBa B(X, y) = (AX,Y), rze A - HeKOTOpBIH CaMOCONPSIKEHHEINH OIEpaTop,

Ha3bIBAEMbIW MPUCOEIMHEHHBIM K OMIMHENHON (KBagpaTUIHOI) popme B(X, Y) B

OPTOHOPMHPOBAHHOM 0a3uce MaTpullbl OWJIMHEWHOW (OPMBI U TPUCOETUHEHHOTO
oreparopa COBMAJAIOT, MOTOMY B HOBOM 0asmce, COCTOAIIEM U3 COOCTBEHHBIX

BEKTOPOB MPHUCOCIUHEHHOTO OlepaTropa A | Gumneiinas (kBampatuuHas) Qgopma
UMEET JIMaroHajJbHbIM BHJ, a €€ KaHOHUYECKUMU KOIPDUIIMEHTAMU SIBIISIOTCS

COOCTBEHHBIE 3HAYCHHs Oleparopa A . [TockosibKy Tiepexol OT OJHOTO
OPTOHOPMHPOBAHHOrO 0a3uca K JIPYyroMy OCYUIECTBISIETCS OPTOTOHAIBHBIM JIHOO
YHUTApPHBIM MTPe0Opa3oBaHUEM, JaHHBIN ClIOCO0 MPUBEACHUS K KAHOHUYECKOMY BUIY
Ha3bIBACTCSI MPUBEJICHUEM OPTOTOHAIILHBIM IIPEOOPa30BaHUEM.

Ipumep 1. Io 3amannoii kBampartuunoi popme A = —18X X, + 9X? cocrauth
2
oumHeitHy0 GopMy B pocTpancTBe R2 ¥ 3ammcars eé Martpuily.
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Pemenne. Kak m3BecTHO, MO 3aJjaHHON KBaJpaTUYHON (opme A(X) MOJKET ObITb

IMIOCTPOCHA CHMMCTPpHUYHASA OMJIMHEHHAas (bopMa, 3aaBacMasl  BBIPAKCHUCM
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B(X, y) = %(A(X - y) - A(X) — A(y)). Ucnons3ys oty (Gopmyity, IOIydYaeM, YTO

TUIA TaHHOU A(X) OmnHenHas dbopma HMEET BUJT
B(X, y) = —9X1 Y, — 9X2 Y, + 9X2 Y, , ¥ €l COOTBETCTBYET MaTpUIlA B — 09 _99

. BBIIIOJTHUM NpPOBEPKY, MOJICTAaBUB HAWJEHHYIO OMIMHENHYIO (JOpMY B BBIpaXKCHHUE
A(X) = B(X, X) ANl KBaJpaTHYHOW (OpMBI, TONYYMB B peE3yidbTaTe MCXOJHOE

BBIPAKCHUC IJIA A(X)

[Ipumep 2. [IpuBectu KBagpaTHUHy0 GOpPMY A(X)z 2X3X4 B mpocTpancTBe R, k

KaHOHUYECKOMY BUIY METOJ0M Jlarpamka, Haiid KaHOHHYECKUE KOA(PHUIMCHTHI U
npeobOpazoBaHue Oasmuca.

Pemenue. B ncxomHoii (hoopMe OTCYTCTBYET cllaracMo€ C KBaJapaToM Kako-IH0O0 W3
KOOPJIMHAT, TT0O3TOMY Cpa3y IMPOU3BECTH BBIACIICHHUE ITOJIHOTO KBaApaTa HEBO3MOIKHO.
ITo anamorum ¢ 3aJayaMM aHAJIUTHYCCKOH T'C€OMETPUU O IPHUBEICHUH ypPaBHCHUI
KPUBBIX BTOPOIO MOPSAIKA K KAHOHUYECKOMY BUIY MOXKHO IMPUMEHHUTH
npeoOpa3zoBaHue IMOBOPOTa X _¥s—Ys nonepemennbiM X , X , OCTaBUB Y =X mu

3 3 4 1 1

g y@y

Ox =3 4

ot V2
Y2 =X2. B HOBBIX KoOpAMHATax KBaJapaTu4Has (opma cpa3dy HpUMET
KQHOHMYECKHH  BHJ A( Vi You Vs y4) = y§ — yf C  KaHOHMYECKHMH
koo durenTamMu (O, 0, 1, —1) u npeoOpa3oBaHUEM Gasuca

1 0 0 0

(Xll K Xn)T=S(Y1, K yn)TCManHueI‘/’I S:O 1 0 0
0 0 V2 Y2
00 -12 142

3&2[3‘—114 A CaMOCTOATCIBHOT'O PCIICHUA.

13.1. CocraBuTh MaTpully JaHHOM CHUMMETPUYHOU OwnuHeiHOW (opmMbl B
IPOCTPAHCTBE R, M 3amucaTh COOTBETCTBYIONIYIO €l KBapaTUYHYIO (hopmy:
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1) B=xy,, N=1; 2) B=x,y,, N=2;

3) B=2Xy; — X1Y, —Xo¥1 —5%X;¥,, N=2.
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13.2. Ilo 3amaHHON KBaApaTHYHOM (opMe COCTaBUTh OWIUHEHHYIO (GopMy B

IPOCTPAHCTBE Rn U 3amucath €€ MaTpuILy:

1) A=-3%, n=1; 2) A=2x% —6x;X, —3x?, N=3.
1 2

3) A=X{ + 4% X, + 4X; X5 +5X% +12%,%; + 72, N =3.
n_

1
n A= inxm ,
i=1
13.3. IlpuBecT KBaapaTuyHyo GopMy B IPOCTPAHCTBE R3 KAaHOHUYECKOMY BH]Y

MeTo oM Jlarpam»ka, Halias KaHOHHYECKHE KOd(DPHUIIMEHTHI U MpeoOpa3oBaHKe
Oa3uca:
1) A(X)=3x2 + 3x2 + dxaxa + 4X1Xs — 2Xa Xs;

2 A(X)= x2 +3X2 + x2 + 2%, X, — 4%, Xs;
3) A(X) = XX + X Xg;  4) A(X) = XXy + 2% X5 + 4XpXs.

13.4. [IpuBectu kBagpaTuyHbie POPMBI B MPOCTPAHCTBE R3 « KAaHOHUYECKOMY BUJLY

METOJIOM  OPTOTOHAJIBHOTO  MpeoOpa3oBaHMsA, HAWAS  KAHOHUYECKHE
ko3 puieHTs 1 IpeodpazoBaHue Oazuca:

1) A(x) = —2X,Xg: 2) A(X)= X2 +3X2 + 2X, X, ;
3) A(X)=3X2 +3X2 + 4X, X, + 4X; X3 — 2X, Xg

14. Knaccudukamnus KBaJipaTUIHBIX GOpM

KBagparnynas q)OpMa A(X) HA3bIBACTCS TTOJIOKUTEIBHO ONPEACIEHHOM, €CITU

VX #0 umeem A(X) >0 u A(X) =0 X=0. Coorsercrrenno, cmenoii

3HAKa HEPABEHCTBA BBOJAUTCA  IIOHATHE  OTPULIATENIBHOM  ONPENENIEHHOCTU
KBaJIpaTHUHOUN (OPMBI, a MIPU HATUYUU HECTPOTOro HepaBEHCTBA (popma Ha3bIBACTCS
nonyornpenenéHHond. Ksaapatuunas ¢opma NOJHOCTBIO Ompenensercs HabopoMm
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CBOHX KaHOHHMYCCKHX KOC—)(i)(i)I/IHI/ICHTOB (7\‘1 1K7\‘n ) ) IMOJTYUYCHHBIX Ipu
n

2
npUBEACHUU €€ K JAMaroHaJIbHOMY BHUIY A(X) = Zki Xi . Bcim Bee Ai >0,

dbopma A(X), OYEBHUIHO, SBJISICTCS TOJIOKUTENBHO ompenenéHHon. Kanonndeckuii
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0a3uc M 3HAUYEHHE BCEX 7\'| 3aBHCHT OT CIOco0a MNPUBCACHHUA K JUArOHAaJIbHOMY

BUIYy, OJHAaKO YHCIO TMOJOXHUTEIbHBIX U  OTPHUIATEIbHBIX KAHOHHMYECKUX
K03 (UIIMEHTOB SIBIAECTCS MHBAPHUAHTOM IIpeoOpazoBaHus Oa3uca. ITO yTBEPKIACHHE
HOCHUT Ha3BaHHE 3aKOHA MHEPLUHU KBAIPATUYHBIX (POPM.

Y CTaHOBUTH 3HAKOOIPEAEIEHHOCTh KBaAPAaTUUHON (DOpMBI MO €€ MaTpuiie

a-ij , HEe TIPUBO/IS €€ K KAHOHUYECKOMY BUJTY, TO3BOJIsIeT KpuTepuid CunbBectpa. s

9TOr0 MU3y4arOTCsA 3HAKU YIVIOBBIX MHUHOPOB Ak MAaTpPULIBI aij , TIPEACTABIISIONINE

coboii onpenenutenan K -ro mopsiika, COCTaBICHHBIC U3 3JICMEHTOB B JIEBOM BEPXHEM

YTy MaTpPHIIbI aij pasmepom K x k. Ecmu Bce Ak > 0, KBajipatuyHas ¢opma c

MaTpULEen aij ABJISICTCSL TOJIOKUTENBHO onpeaenéHHon. Ecmmu  3Hakm Ak

YepeAayrTca, MNPUIEM JAVIRS 0, KBaJpaTu4yHasi ¢opma SBISETCS OTPHUIATEIHLHO

omnpenenéHHON. 3aMeTUM, YTO B 00OUX CIydasx det A= An =0, Haxkonen, ecim

yKa3aHHbIE  YCJOBHSI ~ HE  BBINOJHAIOTCS,  ¢opMma aij HE  SIBJISIETCS

3HAKOOMPEACTIEHHOM.

Ipumep 1. Tlpn kakux 3HAYeHWsX Tapamerpa A KBajgpaTnuHas Qopma

A(X)Z 7»)(12 — dXiX2 + (7» + 3))%2 ABNIAETCA (a) IOJIOKHUTENIBHO ONPENEIEHHON U

(6) oTpunaTeabHO ONPeneNEHHOMN?

Pemenne. CocrtaBuM MaTpuily JaHHOM KBaapaTUYHOM (DOPMBI: A x— 23.
2 AT

Haiiném e€ yriioBble MUHOPBI: Al =d; = A A = det A= 7\,(7\. + 3) -4,

JI1s1 TIOJIOKUTENIBHOM OMNpeIeIEHHOCTH HEOOXOAMMO OJIHOBPEMEHHOE BBITOJHEHUE

ycnosuit  Ag > 0 u A2>0. Peuas IIOJIyYEHHYI0O CHUCTEMY HEpPaBEHCTB
OTHOCHUTENBHO ITapaMeTpa , Haxomum, 4to (opma SBIAETCS MOJOXKUTEIHHO
ONPEAECIEHHON IpH >1. Janee, YCJIOBHE OTPHULIATEIIBHOW ONPENEeIEHHOCTH

o3mauaer, uto A1 <0 u A2 >0, uro npuBoAUT K APYroMy PELICHHIO CHCTEMbI

HCPAaBCHCTB OTHOCHUTCJIBbHO IIapaMcTpa , HWMCHHO, < _4 HaKOHel_I, B
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npomexytke 3Hauenmii —4 < <1 xpampatuumas dopma He sBIsercs HU
MOJIOKUTENBHO, HU OTPULIATEIBLHO ONPEAEIEHHOM, TOCKOJIBbKY KpuTepuil CriibBeCTpa
JUISl JAHHBIX 3HAYEHUHM  HE BBIITOJHACTCS.
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[Ipumep 2. [Ipu kakoM HEOOXOAMMOM M JIOCTATOYHOM YCIIOBUU JIBE KBaJIpaTUUHbIC

bopMbI A(X) n — A(X) MOTYT OBITh PUBEJICHBI K OJJHOMY KaHOHUYECKOMY BULY?
Pewenue. Ilponmmtoctpupyem perieHre 3aJadd Ha MpocToM npumepe. BHavane B

JIBYMEPHOM MPOCTPAHCTBE PACCMOTPUM KBAAPAaTUUHYIO (HOpMy A(X) = X12 — Xg,
UMEIOITYI0 KAaHOHUYECKUH BUA. Y JaHHON (OpPMBI paHr paBeH IBYM, a YHUCIIO

OTpULIATEIIPHBIX M TIOJIOXKUTENbHBIX  Ko3(duuueHtoB  paBHo.  Dopma
— A(X)=—-X% 4+ X? TakKke MMeeT KAHOHMYECKMH BHJ, OTIMYAIOUIMICS OT
1 2

MpeAbIAYIIEro OO0MMM 3HAaKOM. /[ TOro 4roObl KAHOHMYECKHE BUIbI COBMAJIANH,
HEO0OXOJIMMO MPOBECTH 3aMeHy KoopauHaT X1 <> X2. Teneps paccMOTpUM Apyroi

npumep ¢ HopMoii, UMEIOIEH paHT, PaBHBIA TPEM: A(X) = X2 _ b + Xg. Jlerko
_ A( )____ 2 2 _ 2
BUJIETh, YTO COOTBETCTBYOmAs (hopma X)= Xl + X2 X3 HE MOXXET OBITh

MpUBEACHA K MPEAbIAYIIEMY KaHOHUYECKOMY BUAY JJIA A(X) MyTEM BBIJCIICHUS

oOIIero 3Haka M NEPECTAHOBKM KOOPAMHAT, MOCKOJIbKY MMEET HEUETHBIA PaHT, T.€.
HEYETHOE YUCIIO HEHYJIEBBIX KaHOHMYECKUX KO3 dunnentoB. Hakonel, paccMoTpum

dbopMy BTOpOro panra A(X) = X12 + Xg, Uil KOTOpOM — — A(X) = —Xf — Xg.
BusHo, 4TO B CHIy HEpaBEHCTBA YHUCIIA TOJOKUTENBHBIX (2) u oTpunatenbHbIX (0)
KAaHOHUYECKHX KOA(P(UIHEHTOB Yy (OpMBI A(X) IIPOU3BECTH TEPECTAHOBKY

KOOPJIMHAT C LIEJIbI0 COBNAJCHUS KAHOHMYECKOTO BHUIA A(X) u — A(X) TakKe He

IpEeNCTaBIAeTCS  BO3MOXKHBIM.  (OO000IeHHe TOJMYyYEeHHBIX  PE3yJlbTaTOB  Ha
IPOCTPAHCTBA JIFOOOW pa3sMEPHOCTHU U JTIO0bIE KBapaTUIHbIe (DOPMBI, KOTOPHIE BCETa
MO>XHO TIPUBECTH K KAaHOHMYECKOMY BHUJy, HE MPEACTABISAET 3aTpylHEHUU. Takum
oOpa3oM, OTBET Ha TIOCTABJICHHBIH B YCJIOBUHM 3aJaydl BOMPOC 3BYYUT TakK:
KBajipaTu4Has (popma JOKHA UMETh YETHBIN paHT M PaBHOE YMCIIO TOJIOKUTEIbHBIX
U OTPUIATEIHHBIX KAHOHUYECKUX KOI(D(DUIIUEHTOB.

3aiauu JJ1 CaMOCTOSITENIbHOTO PEIICHUS.

14.1. TIpu KaKUX 3HAYCHMSX Tapamerpa A JaHHAs KBagpaTHdHas (opMa SBISETCS
(a) MOIOKUTENBHO OTpeIeIEHHOM U (0) OTpUIIATETFHO ONPEACIEHHOMN?

1) A(X) = —9%2 + 6Ax; X, — X5;

2) A(X)=5%2 + x2 + AXZ + 8% X, — 2X X5 — 2Xp Xs

3) A(X)=2x2 + X2 + 3X2 + 2AX; Xp + 2X; X
4) A(X)= %2 + %2 + 5% + 201Xz — 2X1Xs + 4X2 X3 .
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14.2. Tlycts A(X) - KBajJpaTuyHasi (opma B MPOCTPAHCTBE Rn. SABnserca mm

IMOoAIMPOCTPAHCTBOM Rn MHO>KECTBO M BCKTOPOB Xe Rn TaKHux, 4YTO
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A(X) >0 PaccmoTtpeTh B KauyeCTBE npuMepa bopmy

A(X) = X12 + X22 - )§2 B TPEXMEPHOM TIPOCTPAHCTBE.

14.3. Jlana ueBbIpoxaeHHas MaTpuiia C mopsiaka N. ITokazaTe, 4To KBajgpaTUIHas

14.4.

. B _CT .
dopma ¢ marpuueit B =C' C spisercs momoxurensHo onpenenéHHoi.

[lycts kBaapaTHas MaTpuila A ssnsercs MaTpUIed MOJ0XKUTEIHHO

. o o -1
onpeenéHHoN KBaapaTuaHoii Gpopmel. ITokasats, uro oOpaTHas MaTpuna A

TaK)KE€ SABIIETCS MaTPULEH TOJOKUTEIBHO ONPENEIEHHON KBaJApPaTHYHOU
(OpMBL.
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