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I Henp n 3a1a4nM caMOCTOATEILHOM BHEAYAUTOPHOM padoThI CTyAeHTA
Brimonnenue camocToATenbHON paboThI MpeciaeayeT 1eidb MPaKTUUECKOH OTpaOOTKU ajro-
PUTMOB ACATCIBHOCTH, KAaCAOMUXCA BOIIPOCOB PCIICHHA KPACBBIX 3a/la4 MCXAaHUKU z[e(bopMI/Ipye-
MOT'0 TBEPJAOTrO Teja, a TAKKE BOIMPOCOB peaIM3allMi COOTBETCTBYIOIIMX METOA0B HA DBM ¢ npu-
MCHCHHCM CIICHUAIM3UPOBAHHBIX MPUKIIAJHBIX IMAKECTOB U S3BIKOB MPOTpaMMHUPOBAHHA BBICOKOI'O
YPOBHSL.

II Conep:kaHue BONPOCOB CAMOCTOATEIbHON PadoThI
Bonpocsl, BEIHOCHMBIE Ha CaMOCTOSITENIBHYIO MPOPAa0OTKY, M3y4yaroTcsl MO y4deOHUKaM U
KOHCIIEKTUPYIOTCS B TEUEHHUE CEMECTpa MapajljieIbHO C ayJAUTOPHBIMHU 3aHATUSMHU, BHIHOCATCS HA
3a4eT U COACPMKATCS B TECTaX.

Ounas popma o0yueHus

Ne .
u/n Buasbl u gopmbl camocTosITeIbHO padoThI
3 cemecTp
1 |BpInoJHEHHE KOHTPOJIBbHO-KYPCOBOH pabOThI
2 |IloaroroBka K NpakTHYECKUM (CEMHHAPCKHUM) 3aHATHSIM
3 |IloaroToBka K IpOMEXYTOUHOM aTTECTAllMU U €€ IPOX0XKICHUE

3aounas gopma o0yueHust

Ne .
u/n Buabi u popMbl camocToATEILHON padoThI
3 cemectp
1 |BrImongHeHHE KOHTPOJIBLHO-KYPCOBOH PaOOTHI
2 |IloaroroBka K NPaKTUUYECKUM (CEMHUHAPCKHUM) 3aHATHUAM

3 |[IloaroroBka K IpOMEXYTOUHOM aTTECTAllMU U €€ IPOX0XKICHUE




BBEOEHUE

Ilenmpro caMOCTOATENEHOM pPabOTHI IO TUCITUIUINHE SIBISETCS pacluupe-
Hule TIPEACTABJICHHUS O TIPUMEHSIEMBIX METOJ[aX PEIICHUS KPaeBhIX 3a/ad Me-
XaHUKH Je(HOPMHUPYEMOTO TBEPIOTO Tela.

IIpu camocTOsATENLHOM U3yUYEHUU MaTepraja pEeKOMEHIYEeTCs UCIIONb30-
BaTh HE TOJIHKO UCTOYHHKH WH(POPMAIIUHU, MATEPUAIBl U3 KOTOPHIX MPHUBEIE-
HBI B KQUECTBE OPUECHTUPOBOYHOM OCHOBBI, HO U KHUTH, YKa3aHHBIC B OUOIH-
orpadguyecKkoM CIHCKe.

Kax u pu moATroTOBKE K MPAaKTUIECKUM 3aHATHSIM, OCHOBHBIMU BOIIPO-
CaMH SIBJISTIOTCS CIICAYIOMTHE:

1. KakoBa ocHOBHas ujesi MeToia pelleHus: KpaeBoi 3anaun?

2. KakoB ainroputm peanusanuu MeToa’?

3. Kakue orpaHnyeHHsl HAKJIAJbIBAIOTCS HAa MaTEMAaTHYECKYIO 3a7ady
MU pealn3aluu alropurMa Mmeroaa’?

4. Kak OCyIIECTBISETCS KOHTPOJb JOCTOBEPHOCTHU IMOJYy4aeMOIo pe-
3yabTara’?

KonTponb ypoBHS caMOCTOSTEIBHO YCBOCHHBIX 3HAHUW MPOBOIUTCA B
XOJIe TEeKYIIEro TeCTOBOrO KOHTpois (He MeHee 20 TECTOBBIX 3a/laHUil), B
XOJI¢ KOTOPOTO CTYACHT MOXET HOJIYYHTh 10 24 0aslIoB.



TEMA

1

METOAbI PELUEHWA HENWUHEWHBIX ANITEEPAUYECKHUX,
TPAHCLIEHOEHTHbIX YPABHEHUIA U UX CUCTEM

Temarrka caMOCTOSATENHHOU pabOTH paboduei mporpam-
MOH HE MPEAYCMOTpPEHA.
TEMA

2

METOZbI PELLEHWS
MHOFOMEPHbIX NIMHEAHBIX 3ABAY MEXAHUKH

2.2. MeTop pa3geneHus nepeMeHHbIX (MeTog Pypbe)

[IpumeHeHue 00UHAPHBLIX TPUTOHOMETPUYECKHUX PSIIOB
paccMaTrpHBaeTCs Ha MIpUMeEpe pelleHns KpaeBoi 3a1adu A
npsAMoyronbHol obnactu. B kauectBe 3amaunm MJTT B3sita
3aja4a 00 U3rnde TOHKOH MPSMOYTOJIBHOM IUIUTHI, 3aTrPy>KeH-
HOH MPOU3BOJIBHO PACTIPEAEIEHHON HArpy3KoH MHTEHCUBHO-
cru ¢g(x, y).
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Puc. 2.1. Tonkas IIuTa ¢ MAPHUPHBIM ONIMPAHUEM
IO IByM CTOpOHaM

Maremaruueckass MOJICIb 3aJlaud BKJIOYAeT AuddepeH-
[[HaJbHOE YPaBHCHHUE



dtw Fw dtw q(x, y)

p = 2.1
axt + dx’ay T ay’ D 2.1)
nr paHHque yCJ’IOBI/ISI
3*u
u =0, — =0
= 612 x=0
x=a ¥ . 2.2)

[Ipu y = +£b rpaHUYHbIEC YCIOBUS MOTYT OBITH TFOOBIMH,
HO HE3aBHCHUMBIMH OT X.
Pemenue 3agaun umercs B BUzie

‘_;
Il
| 13

fe (9) sin (mnx/a). (2.3)
m |

DyHKIUSA HArpy3KU TAKXKE MPEACTABISETCS B BUIE pslia
Dypbe 0 KOOPAUHATE X:

gyl = 9 gn(y) sin (max/a), s (2.4)

m=1

rae Ko>GGUIMeHTs! psaaa q,,(y) onpenensrorcs no GopmyJe:

a
Gm(y) = % Sn gx, y) sin (max/a)dx. (2.5)
JlanpHelmye NeHCTBUS MO PEIICHUIO 3aladyd BKIHOYACT
NOJCTaHOBKY (2.3) B ypaBHeHue (2.1), ucrnonb3oBaHue mpe-
ctaBieHus (2.4) B MOIy4eHHOM BBIPAXESHHUHU U MOCIIEAYIOIIee
(hopmupoBaHHe cHCTEMBI OOBIKHOBEHHBIX AndepeHnmnans-
HBIX YpaBHEHHUI

v ma\ 2., man\ * _ gmly)
ifrat (5}‘—2( ) fm(y)_‘_(_a_) IM(B’]— D

a

(2.6)
{m=1,2, ..}

C TEMH K€ TPAaHUYHBIMU YCIOBUAMU JUld £, (V) mpu y = *b,
4TO U U1 QYHKLIUH [TPOTUOOB W.

Obmee pemenue ogHopogHoro auddepeHnaTbLHOro
ypaBHEHUS, COOTBETCTBYIOMIETO (2.6), UMEeT BU



MeToz npsiMbIx

2 (y) =Bim ch amy + Bam Sh otmy+ Bimyy ¢h Gmty + Bimy sh 2y,
rae obosHaueHo o, = mn/a,m = 1,2, ...

*
YactHoe pemenue f, (y) HaxoamTcs JTHOOBIM U3 H3BECT-

HBIX CIIOCOOOB.
Bce pemenus ypasaenus (2.6) IMEIOT BUL

0 £
fu ) = L) 10 ()5 2.7)
a pelIeHue TOCTAaBICHHON 3a]au ONpeaessieTcs MOICTaHOB-
Kot 3Hauenuit £, (v) B paxa (2.3).

2.4. MeToabl cBeAeHNA MHOFOMEpPHbIX KpaeBbIX 3agad
K OQHOMEPHbLIM

PaccmarpuBaercss Metox mpsAMBIX cBeaeHUs auddepen-
LUaJbHOTO YpaBHEHHs B YAaCTHBIX NMPOU3BOAHBIX K CHCTEME
O0OBIKHOBEHHBIX Jr(depeHInanbHbIX ypaBHEHHH.

Mertoz psSIMBIX MOXKHO paccMaTpHBaTh Kak MpeelbHbIH
ciydail MeToJia CEeTOK, €CIIM MPHU HCIONB30BaHUU IPSIMOY-
TOJIFHOHM CETKH ILar e€ Mo OCH X CTPEMHUTHCS K HYIIO.

Merton aeMOHCTpUpPYETCSl Ha IpUMeEpe peLIeHHs 3aJa4u
Hupuxne nns ypaBHeHnus Ilyaccona

2 2
04+ 2% iy 2.8)
ax ay

B MPAMOYTONbHON 00nactu [a <x<b,c<y<d] c rpanuu-
HBIMH yCJIOBHSIMU
ulx, ¢) =golx); ulx, d)=q(x); (2.9)
u(a, y)=voly); ulb,y)=vi(y), )
CornacHo mpolieAype NPUMEHEHUsT METONa MPECTaBUM
MPOU3BOIHYIO PA3HOCTHBIM COOTHOIIICHHEM
Fup . (210

5 _?{ukﬂu]—?u*[ﬂ—f—uk-l{x”
e fu=ys




MeTop,
Bnacosa-
KaHTopoBuya

YTO IO3BOJIET MOJIyYUTh CHUCTEMY JIMHEHHBIX OOBIKHOBEH-
HBIX AU depeHINaNbHBIX YPaBHEHUN ¢ TOCTOSHHBIMH KO3 (-
¢unreHTaMu BUIA

u, (x)+ %‘ (g1 (x) —2ue(x) Ftr—1(x) ) =fe(x) (2.11)
C TPaHUYHBIMU YCIOBHIMU
u(a) = vo(vp), u () =y (vy);
ug(x) = 0g(x), u(x) = @(x); . (2.12)
k=1,2,...,n-1
OO0miee pemieHne 3TOW CUCTEMBI YpaBHEHHH M3BECTHO B
hopme

n—1 ) . o
Uplx) = Z sinL‘jk_:I{i}_ {A;E’&X—FB,E B, ) (213)

i=|
31ech UCIIOIB30BaHbl 0003HAUEHUS

5, = %sin[n(yi - C)J

1

2(d-c)
MeToz mpsIMBIX YIOOHO MPHMEHSTH, KOTJa B OMEpaTop-
HOM YpaBHCHUH

Llu(x,y)] = f(x,y), (2.15)
YIOBIETBOPAIOLIEM TPAaHUYHBIM ycJoBUsM (2.12), ko3¢ du-
[HCHTHI HE 3aBUCST OT X.

Meron npeiaraeT cBeICHUE KpaeBoOH 3a7ayu IJsl ypaB-
HEHUH B YaCTHBIX IPOMU3BOIHBIX K KPAaeBBIM 3aadaM Al 00-
BIKHOBCHHBIX ypaBHEHHH. [Ipu 3TOM Hcmomb3yercs Ta ke
ujes, YTO U B METOIe MUHUMH3AIUN HEBA3KH.

OnHako B OTIMYUE OT METONAa MHHUMH3ALUU HEBS3KH B
KauecTBe KOA(P(PHUIIMEHTOB AammpOKCUMUPYIOMHX (QyHKITHIA
¢,(x,y) TPUHUMAIOT HE HEU3BECTHBIEC TOCTOSHHBIE, 4 HEU3-
BeCTHBIE (PYHKIIMU OAHOM U3 HE3aBUCHMBIX IIEPEMEHHBIX, KO-
TOPBIE ONPENEINSIOTCS U3 PEIICHUSI CUCTEMbI OOBIKHOBEHHBIX
muddepeHINaNBHBIX ypaBHEHUH.

; A, B; = const. (2.14)



MeTton oTiinyaeTcsi OONBIIEH TOYHOCTHIO B CPaBHEHUH C
METO/IaMH, B KOTOPBIX 3a/1a4a CBOJIUTCS K CUCTEMe ajredpau-
YECKUX YpaBHEHUM.

Pemienne no aToMy MeToay 3a7a4u, onpeneasieMon ypas-
HeHueM (2.15) mpu ycnmoBusx (2.12) mpemiaraeTcst UCKaTh B
BHJIC

tn(, ) =Yo(g) + 3 Xe(x) Ya(y),
¢ (2.16)

rae X,(x) — HeusBecTHas (QyHKIMS, yIOBIETBOPSIOIAs rpa-

HUYHBIM ycJI0BHAM (2.12) no nepemennoi x; Y,(y), Y, (y) —

U3BECTHBIE (DYHKIIMH, YIOBIETBOPSIOIIUE COOMBENCMBEHHO
HEOJHOPOAHBIM U OJJHOPOAHBIM I'PAHUYHBIM YCIOBUAM (2.12)
10 IEPEMEHHOM .

Onpenenenne pyHkumin X (x) TPOM3BOIUTCA B XOJE CO-
CTaBJICHUSI YCJIOBHSI OPTOTOHAJIBLHOCTH HEBS3KH W (PYHKIHMH
Y,(¥), KoTOpOE B JaHHOM CIly4ae MMEET B

d

V (L(unly, 1)) —F(x, ) Ye()dy=0 (k=1,2,...,n).(2.17)

[4
Bemonass uaTerpuposanue, u3 (2.17) dbopmupyor cu-
CcTeMy OOBIKHOBEHHBIX IU(PEpEeHITHATFHBIX YPaBHEHUN OT-
HOCUTENBHO X (X).
B kadecTBe mpuMepa paccMaTpuBaeTCs ypaBHEHUE
2 2
6u+d‘u — (2.18)

ax* dy’

B IIPAMOYTOINIbHOM obnactu [—a < x < a,—b <y < d] c rpanu-
ueii I pu yenosnn u|. = 0.
Hcnons3ys Gpopmy permenns (2.16) mnsa Yy(y) = 0 u

k =1, a Taxke TpaHWMYHBIE YCIIOBHS Ha KOHType oOiacTw,
IPEACTaBUM PELICHUE B IEPBOM NPUOIMKEHUH B opMe

U =Yy X (x) = (B2—y*) X (x). (2.19)

Cucrema (2.17) B 3TOM citydae CBOAUTCSA K OIHOMY ypaB-
HEHUIO:



b
§ o) (P —y) (—2X(x)) + 1) (B — ) dy=0. . (2.20)
— b

Brmmonuss npeanucannsie B (2.20) BbIUMCICHUS, MTOTY-
4yaeM OOBIKHOBEHHOE U PepeHInaNbHOE YpaBHEHHE

X7 (x) ~ —> K (x) = — —3_ 2.21)

057 PSR
KOTOpOE€, C y4ETOM IPaHUYHBIX YCIOBHH, UIMEET pPELICHHE
] DE o 1
X(xy)= — ——— V2.5 /b —xy2,5 /b 4
) 4 ch xtn@,gf{i {Er S )+ 2 (222)
OxoHuaTenbHOE BBIpAXKEHHE peleHus IuddepeHnuans-
Horo ypaBHeHus (2.18) nmomydaem, nojactasus (2.22) B (2.19):

U= {bg_y2](__ _,_____i — lexﬁ3/0+e—x\."§,5[b}+ _;_)

4 ch xaV25 /6

TEMA

3

METO[ KOHEYHbIX SMEMEHTOB

3.1. MKD kak meTtop Putua

PaccmoTpum 3TOT MeTOX Ha IIpUMeEpe ONpeesieHHs Ipo-
ru0a )KeCTKUX MPSAMOYTONbHBIX IacTuH. [lycts ona nsruba-
eTCsl Mo JCHCTBHEM npou380bHOU TIONEPEUHON HarpysKH
g(X, Y). PazoObeM miacTUHKY Ha 7 TPSMOYTOJBHBIX KOHEY-
HBIX DJIEMEHTOB CO CTOPOHAMH a U b.

X

a €,

0

Puc. 3.1. Pa3Ouenne miacTHHBI
Ha KOHCYHBIC DJICMCHTHBI ek.
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B kaxgom u3 y3moB OyeM CUYHTaTh pean3yHOIUMICS
TPH CTENIEHU CBOOOIBI:

1. Manbiii poru0 MIaCTUHBI W BIIONIb OCH Z JIOKAITBHOMN
OCH KOOpAMHAT (X, ¥, z).

2. Maublit yros moBopoTa BOKPYT OCH X — Ow/ 0x

3. Manslit yros moBopoTa BOKpYT ocu x — Ow/ 0y

Takum o0Opa3oM, otaenbHbl KD 10mkeH UMeTh dgenao-
yamp cTereHel cBoOOAbI, KOTOPble 0003HAYUM KaK (.

.

7 s ol .

(a.0) /b : (a.5) 74 o
¥ = . >

i s s
Yy € Yo

LR omAa 9y

(0.0) (&
L qn

q1 qin

Puc. 3.2. Crenenu cBo6oas! oTaenasHoro KO
B JIOKQJILHOH crcTeMe KOOpAHWHAT (X, ¥, 2).

Ha stu crenenn cBoOOIBI HalaraeTcs OrpaHUYCHHEM B
BUJE TpeOOBaHUS cosmecmHocmu TPEX CTENEeHeH CBOOOIBI
KaXaoro ysna muckperusanuu KD, KOTOpbeId sBIseTcs 00-
UM JUJISI JTF000TO KOJIMYECTBA DJIEMEHTOB.

Ilepemenienne, ompenensieMoe CTEIEHbI0 CBOOOABI ¢;
MedcOy Y3I0BBIMU TOYKAaMU Ha KOHEYHOM 3JIEMEHTE e 3aja-
JMM MHO2041eHoM ¢, (X, y) Tak, 4ToObl mporud Ha sToM KO
ONPEIEISIICA COOTHOILICHUEM

12
W (x.0)=2q,:0;(x.p), (x,v)Eg,
=1 . 3.

Baxxno ormetnts, uto npeacrtasieHue (3.1) onpenenser-
Cs TOJIBKO JIJISL OJTHOTO 3JIEMEHTa, TaK uTo s apyrux KO sta
(YHKIWS OTIpeNieieHa KaK H)le8ds.

B Hamrem npuMmepe JokanpHas cUCTeMa KOOPAWHAT Ha OT-
JISIIBHOM 3JIEMEHTE OTIINYAETCS OT TII00aThbHON TOIBKO TOJIO-
JKeHHeM B IiockocTH (X, Y). Tak 4To ycTaHOBJIEHHE CBSI3U



MEXIy KOOPAWHATHBIMH CHICTeMa TpeOyeT TONbKO mapal-
JIENBHOTO NEPEHOCA OCEH JTOKAIbHON CUCTEMBI.

IIpeanonaras, uro kaxnaeiii u3 n KO nemaer Bkian B co-
3nanue nporuda, ero ¢pyHkmuo B ['CK MOKHO mpecTaBuTh B
hopme:

n
Wx,y) = > Wilx.y). (3.2)
k=1
Janee 3amumieM MONHYO 3HEpPTHI0 aedopMaruu Tia-
CTUHKH, COCTOSICH U3 KOHEUHBIX 3JIEMEHTOB

;D 2 2 2 2
) 5” (VIV)) +2(1—p)[ijXY—Wk7X-ij]—Z%Wk
1 Vi

3neck V) — obnacte, 3aHuMaemas ogauM KO.
Hns GopmupoBanus cHUCTeMBbI anreOpaMdecKux ypaBHe-
HHMH OTHOCHUTEIBHO HEU3BECTHBIX 3HAUYEHMH Y3IIOBBIX IEpe-
K

MeEIIeHUH (CTelmeHel cBOOOIbI) z a,;q; = b,, MOXHO HC-

m=1
0Jb30BaTh MeTo Purna:

9 _ 0, (3.3)
a4,
rne s = 1,2, ..., K —4ucio creneHeit cBo0ObI BHYTPECHHUX

2
Y3JI0B aHCaMOJISI U3 77 KOHEUHBIX d1eMeHToB (K = 3(n—1)7).
B a0 cuctem:

i i
Ay = @y = [ETQI(x) @), (x) dx. b, = [q(x)p,, (x)dx (3.4)
0 0

11
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Bcero ke Hen3BeCTHBIX ApaMeTpoB ¢, Oynet 3(n + 1)2 .

Henocraromee 4uciao ypaBHEHHH U ONpPENENICHUS ¢
MOJIy4aeTCsl U3 KPAeBbIX YCIOBUM, YHCIIO KOTOPBIX OMpPEAes-
ercakak 3-2-(n+n).

TakuM 00pa3oM, METO KOHETHBIX DJIEMEHTOB COBIAIACT
¢ MeToJaoM PuTHa mpu IUCKPETHOM anmpoKCUMAIIMU HEU3-
BECTHBIX (PYHKITHH.

3.2. MaTtpuuia XECTKOCTH
YeTbIPEXYronbHOro 3feMeHTa NacTUHbI

[anee paccmarpuBaroTcs IJIACTUH NPUHUMAIOTCA CIpa-
BeanuBbIMU TuIote3sl Kupxroda-Jlssa, a matepuan cuuraer-
cs WJealbHO YNPYTHM M OpPTOTponHbIM. ['mmore3a o Hop-
MaJBHOM 3JIEMEHTE B IIPOCTEHIIEM CITydae MPUBOAUT K TPEM
CTEeTeHAM CBOOOIBI B y3JI€: CMEIIEHUE CPEINHHON MTOBEPXHO-
CTH U TIOBOPOTHI COOTBETCTBEHHO B IBYX B3aMMHO IEPIEHH-
KYJISIPHBIX HarpaBJICHUSIX.

3a MOJOKUTENBHBIA TNPHHAT NPOrHd, HAIPABICHHBIH
BHU3. [lonoxuTenpHbIE YINBI OBOPOTAa OTCUMTHIBAIOTCA MO
XOJly YaCOBOM CTPENKH OTHOCHTEIHHO OCH X M MPOTUB XOfa
YacOBOW CTpEIKU OTHOCHUTEIBHO Y, €ciu CMOTpPETh BIOJb
oceil 13 Havasia KoOpIMHaT.

CrnenctBueM MpPUHATHIX JONMyIIeHWHA Oyger wmarpuua
KECTKOCTH ueThIpéxyroapHoro KO pazmepom 12x12.

Kybuueckuii bunonurom, ynioBIETBOPSIONIUN OHOPOTHO-
My auddepeHIaTsHOMY ypaBHEHHS N3rH0aeMON MIIaCTHHBI
(T.e. ompenensonil GyHKIMIO MPOrHOOB IUIMTHI) IMEET BUI:

Z(x, y) =1+ Fox sy 4 fax’ + sy + foxy +fox’y + 35)
+ foxy® +fox® + froy® + o’y + Froxy®. '

C nomo1Ip10 3TOro MoJMHOMa MaTpHIa KECTKOCTH 12-T0
MOpsIIKa TS k-TO dIeMEeHTa MOXKET OBITh TOoIydeHa 1mo Gop-
MyJe

re=\ (A" ")°'B'CBA'dV (3.6)

v



HUcnonszyembie B (3.6) MaTpuIbl OMpENEIeHbl CIeayo-
M 00paszom:

* MaTpuiy A CTPOST NPOCTON MOJCTAHOBKOW KOOPAWHAT
Y3JI0B B MPUHATYIO GYHKLUIO nepememenuit (3.5); maTpuna
SIBIISIETCSL KBAAPATHOM, TaK KaK YMCIO Y3JIOBBIX IepeMelle-
HUI paBHO YKCITy KOMIIOHEHTOB nepeMeniennii KO;

* 10 (QYHKUHMAM, ONpPEAEISIOMUM 3aBUCUMOCTE (3.5) ot
Y3JI0BBIX [IEPEMCILCHUH f; CTPOSIT MaTpHLy Aedopmauuii B;

» Matpuna C sBIsSETCS MaTPHULIEH KECTKOCTH OECKOHEUHO
MaJIOTO 3JIEMEHTA, CBS3BIBAIOIIECH KOMIIOHEHTHI BEKTOpa Y3-
JIOBBIX YCHJIMH U Je(OpPMALHIi.

[Tpumem oO03HaUECHUS U151 )KECTKOCTEH TITUTHI

3 3
o EN L ER
©o12(1 —vay) Yoo12(1 —vay)
3
_ Gh _ _ (3.7
D, = ?,DV v.D,. = vyDy,

b
m = =, (a, b, h) — pa3Mepsl TIACTHHBI.
a

13
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B s1HX 0003HaUCHHS 3HAUYEHUS YIEMEHTOB MaTpPHII KECT-

KOCTH IPSAMOYT'OJIBHOTO 3JICMEHTA UMCHOT CJICAYIOMIUC 3HAYC-
HUA:

4mD, 4D, _ 2D. 14D,
TI=Tu=rm=riown=—m + P + e

ma* Sma
2m D; D\- D)(

a T35 Tt
2D, D, Dy

Te== —Tla= —rp=rip =

F|3=P4a=—-’?9=—r|o12——-Tnb—+~a—+¥;
I 4mi, 4 2D, 20, 140, ‘
a* mb* ma®  Bma’’
2 x K
Fis=—roy= —r;=rgg= ;?;D + 5?, .
’16=f3¢=—-'?|2=—r9r0=£§7—-&—%:
a a
2mD, 2D .
Fir=Fa1p= — D ;. 4 2D; " I4D;;
a mb ma oma
flﬁ=—f2?=—f4|1=r510=m—f£—%;
No=—ry=ryiz=—rg m————;—-)?—",
da
Filo=="re= ol _ 4D, _ b L=
2 mb* ma® S5ma®’



frn=rgp= ——r4g=—-r5?:_m_’£__&.__%_-
b ob
2D D
Flig=—ryg=ryg=—rg= —1> L 5.
310 49 rs ey -+ B
Faa=rss=rgg=r|;| = AmD, —-4.&
3 15m '
F3= —rss=ras= —ri 19=>D0,;
2mbD,
oy 2mDe 4D, 2D,  4mbD
?“‘_"53‘—_'3_——m—: T36=r912= —m — — x|
D mDy 2D miD
r39="re12== 3',; 5 Tsiz=ree= 3"?: = 15K§
r3s=res="roo=riz o= 4D, fih
' R TR B T

OTCyTCTBYIOLIHE 3JIEMEHTHI ONPEAEISIIOTCS CBOMCTBOM
CUMMETPHUHU MaTPHUIIBI )KECTKOCTH.

TEMA

4

METOObI BO3MYLLEHWUA B MEXAHWUKE

Temarnka caMOCTOSTENBHONU paboTHI pabodel mporpam-
MOI1 He IPeayCMOTpEHA.

TEMA

S

METOZbI PELLEHWUS HEMUHEMHBIX 3ADAY
MEXAHMKW JEGOPMUPYEMOTO TBEPLOIO TENA

15
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5.3. Mpumep peLueHnsi reoOMeTpUYECKU HeNMHENHbIX 3agay
TEOpPMU NNACTMH U NONOrMX 060Mo4eK

Tpebyercss poBeCTH pacu€T KBaIpaTHOW o020l 000-
JIOYKH TTOJIOKUTEIBbHON rayCCOBOM KPUBU3HBI, UWUAPHUPHO 3a-
KpPEIUIEHHOW MO KOHTYpY M Haxo[dIIeWcs Moj IeHCTBHEM
pasHomMepHo PACIpeneIEHHON Harpy3KH ¢, IpU pa3HbIX 3Ha-
YCHHSX PaJiNyca KPUBH3HBI R, = R, = R.

Puc. 5.1. 'eomerpryeckas cxeMa 000IOYKH B OCAX,
HaIlpaBJICHHBIM 110 TJIABHBIM KPpUBU3HAM

[Ipenmonararores crpaBeIITMBBIME THITIOTE36 Kupxroda-
JlsiBa 1 MpUHUMAETCSI, YTO IPOTHOBI OO0IOUKHU COUIMEPUMBL C
€€ TOJNIIMHOM.

Marepuan o0ojouku moguuHseTcs 3akoHy ['yka, a ne-
(opManMy OMHUCHIBAIOTCS T€OMETPUYECKH HEIMHEHHON Teo-
puei.

CpenuHHasi HOBEPXHOCTh O00JIOUKH NPUHUMAETCS 3a KO-
OPAUHATHYIO II0BEPXHOCTb.

Cas13p gedopmannii 1 nepeMenieHui:

__ du | dw \*
e g~k t o (5 )

d | d 2
=gy —he+ (5 )

du du dw dw

Y=g T ot o oy



3akoH I'yxka:

E
—_— B Zy. - z zy .
Ox= i V2 {£x+'\’8yl, Oy= 1 ,vz {E-y—Jf-va},

T ————E F
Y oMy

w 8w 8w

gz= r 0 — —_—
PTG T TR ay’ P V=V —22 e axay ’
1 |
PR S
R T

Veunus 1 MOMEHTHI Ha SIMHUYIHON JIMHE CCUCHMA, IIpU-

BCIACHHBIC K Cpe[[HHHOfI MMOBCPXHOCTU 000JI0UKH:

h2 A2 hy2

N:= | odz, N,= S 0ydz, Noy= | tydz,

— A2 —hy2 —hy2
hy2 A2 /2
M,= E o.2dz, M,= E oyzdz, M,,= S Txy2dz.
—hy2 —hy2 —h/2
YpaBHEHUS paBHOBECHS 000JIOUKH:

oNe | N,
9 "y TP

<——><

xy +py=0;

‘w 0w
9N,
yz )+ et

dw ( N, | N, ) dw ( N, | dN,,
" ox dx t dy ay dy + dx )+
a*M. a’M, a*M
2 % =
T2 T T2 %k, TI=0

I'pannyHbIe ycnoBUSA (C BapuaHTaMHU ONUPAHUs):
enpux = 0,x = a

Ny=0 nan u=u"; Noyy=0 unu v=0";
Jw aM, aM

. 9 My _ — "
ydy+6x+ 3y 0 nn w=uw";
M, OHJIHd—w=H'l.
ax

17
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eipuy = 0,y = b
Neyy=0 wnu u=u"; Ny=0 unu v=1";

dw dw aM oM
N N, ] 2 il B —w"
ary + Ny x + 3y + P 0 win w=w";
M,=0 nan 0] =0,.
dy

* B YIJIOBBIX TOYKaX
x=0:y=0umy = b,

x=ay=0wmwmy = b;

M. = 0wmmw = w*,

xy
Jnst »ddeKTUBHOCTH YHCICHHOTO PEIICHHS 3aIrIleM

ypaBHEHUSI PaBHOBECHUS Yepe3 MEepeMEeIIeHNs TOYEK CPEeIHH-
HOW TIOBEPXHOCTH, HCIIONB3YS Oe3pa3MepHbIe MepeMeHHBIC

napaMeTphl:
a* , i’ , d°
V= —— W Tao= — A —
| P + oy 2=|4| 3t + o
2 N ]2 2 Ca 62
Vai= 62 :‘-‘—r—2; Va=v — A" 7
at i aE’ an

L?E a 62 2
‘?5=kl§g§— + Lk —d—'l'i'? v Ry =Ry VA Ry,

ka=vke 2 kg i =05(1=v); pp=05(1+v);

U=Ua/h®, V=Vb/h:, W=W/h,

E
ky=b°/ (Ryh), h=a/b;

=x/fa, n=y/h,
P=a'q/(ERh*), ky=a’/(R.h).
U, V, W — nepeMellleHHs TOUYEK CPEIUHHON TOBEPXHOCTH
OTHOCHUTENFHO OCel II00aNbHOM CHUCTEMBI KOOpAHMHAT (CM.
Puc. 5.1.).
Hns pemwenns copMyIupoOBaHHONW HENMHEHHOW 3aaadu
1enecoo0pa3Ho HUCIONb30BaTh MOAN(BHUKALINIO METOA MOCTIe-

JOBaTeJIbHBIX HarpyXeHUH B (OopMe C MOPSAKOM TOYHOCTH

O(AHP):



Fiy(Un, Hi) AU+ Fu(Un, Hi) AH,=0;
AUn+AULJ2, Hoh AH/2) AU+ Fiu(Un+
+AUL/2, Hot AHo/2)AH,=0;
Unpr=Un+AUn, Hoyr=Ha+AH,.

[Ipu 5TOM Ha KaXJIOM k-3Tarne HarpyKeHHs: HeOOXOAUMO
06a paza PelInTh CUCTEMY JIMHEAPU30BaHHBIX ypaBHEHUH 3a-
JIa4M B BHJIE
v, aw, oWy 8w
atan + _6§_ V 1w+ pad? an “atom

. -
a:; (V1 W— k) + poh? 0;* 3;:; =0;
Wy Fuwe
Gt atay

Vildp +|uzJL2

+

62:1;.

* atan

AW,
18 +V:ﬁv'k+'-w oW+ Ho

n dwy, 0°W, +am
W25t “atan an

du# 02W’k 6{1
12—
an otan + 3t V s+

(VoWe— k) =0;

Oute

V.o 2
12 ﬂﬁ {VaW: k|}+2‘1|.l|?~

duv o _
+22; h“ + 1222 6‘: 7 Wt

, dve 8°W, , Ve Fw,
A CITRY
at  dtan gt dEdn
av lw, atwy
1207 —— 7wy — —2A? — !
TN S Ve SN’ P
0“_'/* dwk tj‘?g auy
— 12 (kghy + W2k oks) we+ 1207k 12k,
o 2 *om o T 3 4t
W, ( aW, dwe
dEan

— 12(We ¥ swe+ we 7 s We+ 24,7 —
9t an

anUJ; an a“?k
8tom ot on

AW, duw
an ak
a“?ﬁ dills
L at

) + 24A2

Wy 2 L aWe\?
5wy + bk ( ——-) Vawe+
E an

+12 T

73 —I—'S(

B 1011 cucTemMe UCIIonbp30BaHbl 0003HAYECHUS
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k—1 k-1 k—1

k—1
U= Z ui; V= Z v, Wi= Z wi; Pr= Z pi.
i=1 i=1 i=1 =1
OTy cHCTEMY ypaBHEHHI B 4aCTHBIX POU3BOAHBIX OTHO-
cUTeNnbHO QyHKUMH nepeMerienuit metonom byonoBa-I"anép-
KHMHA CBOJAT K CHCTEME JIMHEHHBIX anreOpanyecKux ypaBHe-
HUH, I KOTOPBIX pean3yeTcs CIEAYIOIMNHA aJrOpUTM BbI-

YUCJIECHUH:

B80d we xodHox
amsix AW,

W Ag Ky A9

g=0, Y=V=-W=0

e

Ssiqucnesue
AU Lee ey 7}

l

Pewterue cucmems:
AuHedrnbrx o Ererud
omHocumensvHo afi), b{i), cfi)

U=yral, V= V+AV
W=w+AW, g=g+dg

Be1808
v v.w, G, g

Hem

Ja



CommmacHo Mertony byOHOBa-l'anépkuHa, HCHOIB3YIOCA
annpoKCUMHUpYIOIUe (OYHKLIUH, YIOBIETBOPSIOIINE BCEM
TPaHUYHBIM YCJIOBHUSIM, B COCTABE CIEYIOLIETO MpeacTaBiie-
HUSI HICKOMBIX TIepeMelIeHui Ha k-OM 1are:

w= ) aqi(E, M), vi= Z bopi (E, m),

f= i=1
we = ) coulE m),
i=I
rae cyMMupoBaHue Benérca Ao N, a Ko3(UIHEeHTs cyMM
moagjecxkart OHpe,Z[eJ'ICHI/IIO II10 B XO04€ peannsaunn aJ'Il“OpI/ITMa.

3HaveHus KO3(PPUIIMESHTOB Ay By, Cyjy ..., T; 3aBHCAT OT

ij>
WCXOIHBIX MAaHHBIX W OT HAKOIUIEHHBIX K k-My JTaIly 3Haue-
HHI Uka I_/ka V_Vk, pk-

YHucnennple pe3yiasTarhl (B Oe3pa3MepHOM BHJIE) IPE-
CTaBJIEHHI TPa(h)UKOM «HATrpy3Ka-TpOTHO»:

P

600
400

208

Puc. 5.2. KpuBble «Harpy3ka-rnporuo» pereHus
TeOMETPUYECKH HEJTMHEHHOW 3a/1aun
0 TIporudax MoIoToi 000I0UKH

21
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5.4. Mpumep peLueHns pruanyeckn HermMHENHbIX 3apad

TpeGyercst HaliTH HOpManbHbIE HANPSHKEHUS G, BO3HU-
Karoliye MpH U3rube 3aneMIEHHON MOJIOCHI, HATPYKCHHOU
cuinoil F Ha cBOOOIHOM KOHILE.

h F

b
R

uj
Puc. 5.3. Pacuérnas cxema MmoJIOCEI

Bynem cunrtarh, 4TO MCHONB3YETCS MAaTEpUal, 3aKOH
YIPYTOCTH KOTOPOTO MOXKET OBITh IIPEACTABIEH B BUIE

_ _ 2, _% ., _To
k(SO) - 1’ g(to) =1 +g2t(), SO - 5{’ to - 6, (51)

rae (5.1) onpenenser GpyHKIIUU CpeHETO HANPSHKEHUS U HH-
TEHCUBHOCTH KacaTeIbHBIX HAPSOKEHUH.

[Tpu 3TOM OCHOBHBIE (PU3NYECKHE COOTHOLICHUSI MEXKIY
nedopManysIMiA M HalPSHKCHUS TIPEIIONAraloTcsl MpeacTaB-
JICHHBIMU B BUJIC

1 1 :

£,= 3K kR (50) 004 Q_Gg“é} (0x—00);
I 1 -

&= mx k(50) 00+ 5o g(1) (0,—00);
1 | .

Br= o k(50) G0+ 5= & (£5) (0:—00): .

1 -
Pyy= _G_g(fé)tx.u;
|

(5.2)

2

Yyz = g (40) Tys;

g(3) T,

G
1
V=7



OTH COOTHOIICHUS NEPEXOJaAT B JINHEHHBIC Ipu yCJIOBHUH

2
k(sg) = g(ty) = 1.
Pemiars 3agauy Oyaem ¢ y4éTOM TOTO, YTO IJIACTHHKA Ha-
XOJIUTCS B IUIOCKOM HaNPsHKEHHOM COCTOSHUU:

Puc. 5.4. Cxema Harpy>xeHUs
IIpH IJIOCKOM HaIPSHKEHHOM COCTOSIHUM

DTO M3MEHSET CUCTEMY ypaBHeHH (5.2) K BUIY

l
£,.=— ?1}-( k{ss)oo+ %—QHE] {6, —0a),

I I ;
g,y=ﬁk(su)ﬁu+ ggg[f;}(ﬁu'”“)' (5.3)

1
Yoy = el g ("ﬁ}T.w-

Benenune ¢yHkunu HanpspkeHuid Opu @(x, y) AaéT BO3-
MOXHOCTB B 3TOM city4ae c(hOpMUPOBATh I He€ ypaBHEHUE
B YaCTHBIX IPOU3BOAHBIX ‘-IeTBépTOFO nopsaka:

AAG M (@axns (20, + @y + 205, — 200:00s) +
+ Pyyyy ([Pi; + Q(Pi; + 2@391 — 2QxxPyy) +
4 2@y (PrePys + Sfpiy} +
+2(2¢xx — Pyy) (2QryPrery + (Pi.rx) S
+2(200— Pxx) (2PrsPrvns +Pyus) +

23
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+ 2cp.3xy (3(‘)1-’5 - [pyy) + 2[P,Iiyg (3(|Jyy - [pxx) +
4 26y, PrexPryy + 2PrxPrxyPuyy +
42 Pay (QrryPryy — PrxxPuyy) +
A 12y (PrexPrry + 2@exyPryy + ProyPyuy) ) =0,
A=g:K/((3K+ G) G*)
rJe napaMeTp A OLEHUBAETCS MO 3HAYEHHSIM ITOCTOSHHBIX
YIPYTOCTH KaK MaJIbIi.

Torma pemenue ypaBHeHHS mis (QYHKIHH DpU MOXKHO
UCKaTh €€ pa3iIoKEeHHUEM 110 ITOMY TapaMeTpy B hopme

=00+ Ag 422D .. . (5.4)

[TepBoe W3 ypaBHEHHH I CHCTEMBI OUTapMOHHYECKUX

¢dbysKIHH B cocTaBe (5.4) COOTBETCTBYET YPaBHCHHIO JTHHEH-
HOH TEOpHUH YIPYrocTH

Ao = 0. (5.5)
Bropoe ypaBHeHHE nMeeT BUA
Ao+ 4, =0, (5.6)

riae Ay — nonyyaerca quddepeHnupoBaHeM QyHKIIUI (p(o) ,
noiyueHHol pemenueM (5.5). CnocoObl muddepeHunpona-
HUS 1 KOMOMHAIMN TPOM3BOJHBIX ONPEAEIISIOTCS HCXOAHBIM
I depeHInalIbHBIM YPaBHECHHEM.

TpeTbe ypaBHEHHE TONydYaeTCs M3 PABEHCTBA HYIIO KO-
3¢ duruenToB npu A

AP + 4, =0, (5.7)

rae AQ — mnonyvaercs auddepeHnupoBanreM QYHKIUN
(p(o), ¢, momydeHHBIX pemeHueM (5.5)-(5.6).

IIpouecc yTOUHEHHS peEIIECHUS MPOZQIKAETCA [0 TeX
1Op, TIOKa 3HAYEHHS NMPOU3BEACHUS A (p(k)(x, y) HE CTaHyT
HE3HAYMMBIMHU B TUANa30HE N3MEHEHHS apI'yMEHTOB X, ).

B kawectBe ¢yHKIMH DpH HauaNbHOTO HPUOIHKEHUS
(5.5) mpumem PpyHKIIIO



(p(o) = lcx(y3 - 3b2y), c = —% . (5.8)
6 26°h
Ota QyHKIHMS YIOBISTBOPSET IPAaHUYHBIM YCIOBHUSIM:
* BJIOJIb BEPXHETO ¥ HWYKHETO Kpasi MOJIOCHI

= +h- =
y=1b o, =1,

* Ha CBOOOJHOM KOHIIE ITOJIOCHI
b

x=0: o,=0, jrxydy =0.
b
YpaBHeHHE TIEpBOrO MpHOMMKEeHUS (5.6) 3amumiercs B
BUJIC

AoV + 2672y + 8xy —5b7xy) = 0. (5.9)

Pemenne Ourapmonndeckoro ypasHeHus (5.9) coctaBum

U3 YaCTHOTO PEIICHUS] HEOJHOPOIHOTO YPaBHEHUS U OOIIEro

pelieHnss OMHOM YacTH, YHOBIETBOPSIOMIETO CHOPMYIHPO-
BAaHHBIM I‘paHI/I‘IHLIM YCJIOBI/IHM:

3
= — é‘ﬁ( 2%+ %xyT—r%b”ﬂyrq—

- —]'ii blxy® 4 20wy + ——1:%2_ by — -—:;—;)— bﬁxg) :
[Ipouexypy mnomydeHus NpUOIIDKEHHH GYHKIUN OpHu
MO>XKHO IIPOJIOJIKUTb.
Pemenne 3amaun, OCHOBaHHOE Ha JABYX IOJyYEHHBIX
MIPUOIKEHHUSX OMUCHIBAETCS COOTHOIICHUSIMHE:
* B HAYQJILHOM MPHUOIMKEHUH (JTMHCWHBINH 3aKOH YIPYTO-
CTH)

oy __ (0 P L D L B
U.c "_"Py_l,r:fxy: Gg _‘Pxx_’ﬂl
(oy [ 9 F]

Try = — 9 (y —b }l

* B IEPBOM IPUOIMKEHUN

25



3
6= — ]C—5xy( 10x%y? — 652 + 6y* — 136%% + ﬁ b)
et .
o))=— =y (b' 4"

= ( 30x%y* — 36b%%y° +64b*x* +

+44° — 13b%y bﬁ,r’— - "

35

366 51 )

Jns OLEeHKH BEIMYMHBI MAJOro mapaMeTrpa MOXHO BOC-
IMOJIL30BAaTHCA CICAYIOIMIUMHA JaHHBIM!
F=333H; b=5 cm; =50 cm; h=1 cm;
K =1,33:10° MIla; G=0,47-10° MIla; g.=7,26-10°
Brruncnennoe 3HaueHUe mapaMeTpa Ja€T 3HaYeHHe
1
MTla’
CornmacHO 3THM JaHHBIM HCKOMOE HaIpsHDKCHHE TIPel-
CTaBIIAETCS CIEAYIONIe KoMOMHaen 3Haqum71:

o, = o)+l = 10,0-0,98 - 107 - 266 =
= (10-0,26) MITa

A =0098-10"
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